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Notations

We introduce a set of notations that will be consistently applied throughout the thesis.

o RN :={(xq,x2,...,xn) : x; €R, foralli=1,2,.., N}

o LTOC(Q) = {f : 2 — R measurable : fK |fIPdo < oo for all compact sets K CC Q}, l<p<oo
eA:=AUfxeX:x is a limit point of A, A C X}

e JA:=ANX\A

olxl:= 2 +..+x forxeRN

N 3
o Au(x) := Z 372 (the Laplacian of u)
i=1 i

o A"y := the m-th iteration of (Au)
o supp(f) == {x €X: f(x) # O}
1 if f>0

esgn(f):=1-1 if f<0

0 if f=0

. C]t(;" (D) := the space of functions u(t, x) € Ckin t and C" in x on domain D
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CHAPTER

Introduction




Introduction

The study of the nonexistence of a solution, or, in other words, the necessary conditions for
the existence of a solution, constitutes an important topic of the theory of partial differential
equations, which was initiated by the well-known Liouville theorem for harmonic functions.
The literature includes numerous results devoted to this subject. For instance, we refer to
the monographs of Samarskii, Galaktionov, Kurdymov, and Mikhailov [18], Straugham [19],
and the survey papers by Galaktionov and Vazquez [20], and Levine [11]. The mentioned
references contain the main bibliography related to the blow-up theory for nonlinear parabolic
equations. Interesting studies related to the necessary conditions for the existence of global
solutions to nonlinear hyperbolic problems can be found in the monographs of John [9] and
Strauss [[16]. A consistent list of references related to the nonexistence of solutions to nonlinear
elliptic problems can be found in the papers by Serrin [14], Mitidieri and Pohozaev [12], and
Serrin and Zhou [15]. In the mentioned references, the blow-up of a solution in a finite time for
evolution equations was proved by the construction of lower blow-up solutions and the use
of the comparison principle. The same approach was used for the corresponding nonlinear
elliptic problems.

The pioneering ideas related to capacity methods were first introduced by Baras and Pierre
[54]. Subsequently, Mitidieri and Pohozaev [13] developed these ideas into a systematic
approach, known as the nonlinear capacity (test function) method. This approach does not
employ the comparison principle. It is essentially based on a priori estimates. Namely, the
method consists of deriving an a priori estimate for a solution to the considered nonlinear
problem and determining an asymptotics for the obtained a priori estimate with respect to a
certain parameter that tends to +co0. Next, arguing by contradiction, the nonexistence follows
by proving that the corresponding a priori estimate admits the zero limit. The derivation of
an a priori estimate is essentially based on an optimal choice of a test function. This choice
depends on the problem under study and the considered domain.

In this thesis, we are concerned with the study of the nonexistence of a weak solution to some
nonlinear evolution problems posed outside an obstacle, under inhomogeneous boundary

conditions. Our approach is based on the nonlinear capacity method described above.



The first work dealing with the study of the nonexistence of a solution to exterior problems

with inhomogeneous boundary conditions is the paper of Zhang [17], where several exterior

boundary-value problems covering semilinear parabolic and hyperbolic equations were

studied. Namely, Zhang considered the evolution problems:

ot — Au = Vu? (u > 0)

u(t,x) = f(x)

u(0,x) = up(x) = 0

diu — Au = VuP (u>0)

2t = f)

u(0,x) = up(x) =2 0

and
oyt — Au = V0ulP

d
(0 = f)

(0, x), d4u(0, x)) = (uo(x), u1(x))

(0,00) X D5,
(0, 00) X D, (1.0.1)

D¢,

(0,00) x D,
(0, 00) X 9D, (1.0.2)

D¢,

in (0, 00) X D,
in (0,00) x dD, (1.0.3)

in D,

where D¢ = RN\D, N > 3, D is a bounded Lipschitz domain of RY, and f=f(x)>0isa

nontrivial L'(dD) function, and V(x) ~ |x|" as |x| — oo with m > —2. Here, v denotes the

outward (relative to D) unit normal of dD. It was shown that problems (1.0.1), (1.0.2), and

(1.0.3) share the same critical exponent given by

p*(N/ m) =

N+m
N-2

More precisely, the following results were obtained:

(i) f1<p<p"(N,m)(1<p<p(N,m)for (1.0.2)), then (1.0.T), (1.0.2), and (1.0.3) admit no

global solutions.

(ii) If p > p*(N, m), then (1.0.I), (1.0.2), and (1.0.3) admit global solutions for some initial

values and f > 0.



It is interesting to mention that in the homogeneous case f = 0 (see [11]), the critical exponent

for (1.0.1) and (1.0.2) with m = 0, coincides with the Fujita critical exponent [2]

. 2 . _ N
pF_1+N(<p(N’O)_N—2)

for the semilinear heat equation posed in the whole space RY. So, from the above results
of Zhang, an interesting phenomenon appears: The additional inhomogeneous term f, no
matter how small it is, has the effect of increasing the critical exponent. We also mention that

the critical case p = p*(N, m) for problems (1.0.1)) and (1.0.3) was left as an open question in the

paper [17] of Zhang. Also, the two-dimensional case was not studied in that paper. All these
questions were completely solved in the papers by Jleli and Samet [5], Jleli, Samet, and Ye [8],
and Jleli, Kirane, and Samet [4]. Namely, for N > 3, it was shown that p = p*(N, m) belongs to
the nonexistence case. Furthermore, if N = 2, then for all p > 1, problems (1.0.I), (1.0.2), and
admit no global solutions (p*(2, m) = o).

The first chapter of this thesis is concerned with the study of the existence and nonexistence
of solutions to higher order evolution inequalities posed outside the half-ball. Namely, we
consider the problem

Fu+ Lyu>|x"uf  in(0,00) x Q, (1.0.4)
t

where
O=(xeRY:|x>1), RY={r=@,x, -, xn)eRV:xy>0, N>2,

u = u(t,x), k > 1 (kis a natural number), 8’; = %, te€R,p>1,and

2
P

Ly=-A+—, >
* PE 4

Problem (1.0.4) is studied under the boundary conditions

u>0 on(0,00)X X, (1.05)

u>w on(0,00) XL,



where w = w(x) € L'(X1) and
Yo={xeRN:xy=0,x>1}, Z;={xeRY:|]x=1).

We show that the dividing line with respect to existence or nonexistence for problem (1.0.4)
under the boundary conditions (1.0.5), is given by a Fujita-type critical exponent that depends
on A, N, and 7, but does not depend on the order of the time-derivative. Hamidi and Laptev

[3] (see also Jleli and Samet [33]) investigated problem in the case Q = RN, N > 3,
Az- (I\%)z, and 7 = 0. Namely, they studied the problem

Fu+Lyu>uf  in (0,00) x RV (1.0.6)

subject to the initial condition

u©,x) >0 inRV. (1.0.7)
t

It was shown that, if one of the following assumptions is satisfied:

A>0,1<p<1+

4

2

k+s*
or
h\2
—(M) <A<0, 1<p<1l+ ,
2 2 _g,
k
where
., N-2 N -2\2 .
s = > + A+(T)’S*_S +2—N,

then problem subject to the initial condition (1.0.7) admits no nontrivial weak solution.
For other results related the study of evolution problems (posed in the whole space RN)
involving the differential operator L,, we refer to the papers by Abdellaoui, Attar, Bentifour,
and Peral [35], Abdellaoui, Medina, Peral, and Primo [36], Abdellaoui, Miri, Peral, and
Touaoula [31], and Abdellaoui, Peral, and Primo [34,137]]. We also mention that problem (1.0.4)
under the boundary conditions was previously studied by Jleli, Samet, and Vetro [7]

in the special case k = 2 and A = 7 = 0. Namely, they considered the hyperbolic differential



inequality

Pu—Au>uf  in(0,00) x Q (1.0.8)
under the boundary conditions (1.0.5)). It was shown that,

(i) if 1 < p < ¥4, then problem (T.0.8) under the boundary conditions (T.0.5) admits no
weak solution satisfying

f xNw(x)dSy > 0; (1.0.9)
Iy

(ii) ifp > N +1 , then problem (1.0.8) under the boundary conditions ((1.0.5) admits solutions
P p y

for some w satisfying (1.0.9).

N+1

It is interesting to mention that 575 is the Kato critical exponent [10] for the wave inequality

P?u—Au>uf  in (0,00) x RN.

In the first chapter, our main motivation is to study the influence of the inverse-square
potential ﬁ as well as the order of the time-derivative k on the critical behavior of Problem
under the boundary conditions (1.0.5).

The aim of the second chapter is to study the questions of existence and nonexistence of weak

solutions to the system of polyharmonic wave inequalities
g+ (=A)"u 2 |x"lof, (£, x) € (0, 00) x RN\By,
o (1.0.10)
v+ (=A)"v 2 [xPlul?,  (t,x) € (0, 00) X RN\B.
Here, (u,v) = (u(t,x),v(t,x)), N > 2, By is the open unit ball of RN, m > 11is an integer,
a,b > -2m, (a,b) # (-2m,-2m), and p,q > 1. We investigate (1.0.10) under the Navier-type
boundary conditions

(~AYu> fi(x), i=0,--- ,m—1, (t,x) € (0,00) X 9By,
(1.0.11)

(-A)o > gi(x), i=0,--+ ,m—1, (t,x) € (0,00) X By,
g

where f;, g; € L'(dB;) and (—A)" is the identity operator. We establish a sharp criterium for the



nonexistence of weak solutions to (1.0.10)—(1.0.11). Next, we deduce an optimal nonexistence
result for the corresponding stationary problem. This work is motivated by the papers by
Jleli, Samet, and Ye [8], and Jleli and Samet [6]. In [8], the authors studied (1.0.10)—(1.0.11) in

the special case m = 1. Namely, they considered the system of wave inequalities

Ut = Au > x”lofP, (£, x) € (0,00) x RN\By,

(1.0.12)
O — Av > |x|b|u|q’ (tl X) € (0/ OO) X ]RN\Bl
under the Dirichlet-type boundary conditions
> fox), (t,%) € (0,00) X 9By,
(1.0.13)

v 2 go(x), (t,x) € (0,00) X IBy,

wherea, b > -2, (a,b) # (-2,-2), and p, g > 1. The following result was proved: Assume that

Ifo = fo dS, >0, Iyo = f g0 dS, >0, (Ifol 190) # (0,0).
0B 0B

IfN=2,0orN>3and

’ Sgn(I 90 )

2p(g+1)+pb+a 2q(p+1)+qa+b}
N < max<sgn(ls) ,
{g W -1 pg—1

then (1.0.12)-(1.0.13) admits no weak solution. Moreover, Jleli, Samet, and Ye pointed out the
sharpness of the above condition. In [6], Jleli and Samet studied (1.0.10) in the special case
m = 2, under different types of boundary conditions. In particular, they considered the system

of biharmonic wave inequalities

ug + A%u = |xol, (£ %) € (0,00) X RN\By,
(1.0.14)
Uy + AZU 2 |x|b|u|q’ (tl X) € (0/ OO) X RN\Bl



under the boundary conditions

u>0,-Au > fi(x), (t,x)€(0,00)xdBy,
(1.0.15)
v>0, -Av > g1(x), (t,x) € (0,00)XIBy,

where a,b > —4, (a,b) # (—4,-4), faBl f1dSy > 0, faBl g1dSx > 0, and p,qg > 1. Namely, the

following result was obtained: If N € {2,3,4}; or

4 1 b
N =5, N<max{ pa+1)+p +“,44(P+1)+11a+b},

pq—1 pg—1

then the system under the boundary conditions (1.0.15) admits no weak solution.
Moreover, it was shown that the above condition is sharp. In the second chapter, we extend

the obtained results in [6, 8] from m € {1,2} tom > 1.



CHAPTER

Existence and nonexistence results for higher order evo-

lution inequalities posed outside the half-ball

The result of this chapter is published in: Manal Alfulaij and Mohamed ]leli. Existence and nonexistence
results for higher order evolution inequalities posed outside the half-ball. Discrete and Continuous

Dynamical Systems-S 17.10 (2024): 3046-3063.
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This chapter focuses on existence and nonexistence of weak solutions to semilinear higher
order (in time) evolution inequalities with Hardy potential and posed outside the half-ball
of RN (N > 2). We impose inhomogeneous Dirichlet-type boundary conditions, and show
the dividing line with respect to existence or nonexistence is given by a Fujita-type critical
exponent which depends on a suitable parameter A, but does not depend on the order of the
time derivative. We conclude naturally optimal nonexistence results for the corresponding

elliptic inequality.
2.1 Introduction and main results
For N > 2, let RY be the half-space, i.e. RY = {x = (x1,x2,--,xn) € RN : x5y > 0}. We

consider the exterior domain Q = {x € RY : |x| > 1}. Let £y = {x € RN : xy = 0,|x| > 1} and

T ={xeRN:|x|=1}. For A > -2

1+ we focus on the differential operator

A

Ly=-A+—,
+ P2

and we point out that the term —Z\Tﬂ appears in the Hardy-type inequality

2 N7 ¢’
f [Vl dx — fN X dx >

forall ¢ € CSO(]RIJ:’ ), see e.g. [30].

In this chapter, we are concerned with the higher order (in time) evolution inequality
Fu+ Lyu > " ulP  in (0,00) X Q, (2.1.1)

where u = u(t,x), k > 1is an integer, T € R and p > 1. Here, for any nonnegative integer i,
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di = g—;. Problem (2.1.1)) is considered under the Dirichlet-type boundary conditions

u>0 on(0,00)X X,
(2.1.2)

u>w on(0,00) XXy,

where w = w(x) € L!(Z1). Namely, our goal is to study the existence and nonexistence of weak
solutions to (2.1.1)—(2.1.2). We recall below some related works from the literature.

Among other problems, Abdellaoui et al. [31] (see also [34]) considered problems of the form

p-1

(™Y = Ayu = A”(W +u7 (u>0) in(0,00) xRV, (2.1.3)

wherel <p <N,g>0and 0 <A < (?)p. Namely, it was proven that there exist two

exponents g*(p, A) and F(p, A) such that

(i) ifp-1<g<F(p,A) <q"(p,A) and u is a solution to (2.1.3) satisfying a certain behavior,

then u blows-up in a finite time;

(ii) if F(p, A) < g < q*(p, A), then under suitable condition on u(0, -), (2.1.3) admits a global in

time positive solution.

Hamidi and Laptev [32] (see also [33])) investigated problem (2.1.1) in the case Q = RN, N > 3,

2
A= - (%) and 7 = 0, namely they studied the following problem
Ku+Lyu>uf in(0,00) x RN (2.1.4)

subject to the initial condition

Fu0,x) >0 inRN. (2.1.5)
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It was shown that, if one of the following assumptions is satisfied:

A>20, 1<p<1l+ 2 ;

2 *
E+S

or
A2
—(M) <A<0, 1<p<1l+ ,
2 2 _g,
k
where
., N-2 N -2\? .
s = 5 + A+(T)’S*_S +2—N,

then (2.1.4)-(2.1.5) admits no nontrivial weak solution. Other results related to evolution
equations with a Hardy potential in the whole space RN can be found in [36, 35,137, 38] (see
also the references therein).

Evolution equations and inequalities have been also studied in exterior domains of RY
under different types of boundary conditions: semilinear heat equation under homogeneous
Dirichlet and Neumann boundary conditions [39, 24], semilinear wave equations with
homogeneous Dirichlet boundary condition [40, 51} 42, 43| 144], semilinear evolution equations
with inhomogeneous boundary conditions [17], systems of semilinear parabolic inequalities
with inhomogeneous Dirichlet-type boundary conditions [25] and systems of wave inequalities
with various types of inhomogeneous boundary conditions [8, 45]. Other related results can
be found in [46) 47]].

In [22]], among other problems, the authors studied the special case of (2.1.1)-(2.1.2) when

k=2,A =1 =0, namely the problem

Pu—Au>uf  in (0,00) x Q (2.1.6)
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under the boundary conditions (2.1.2)). It was proven that,

(i) ifl<p< %, then (2.1.6), (2.1.2) admits no weak solution satisfying
f xnw(x)dSy > 0; (2.1.7)
Xy

(ii) ifp > %—j, then (2.1.6), (2.1.2) admits solutions for some w satisfying (2.1.7).

Notice that % is the Kato critical exponent for the wave inequality
Pu—Au>uff in(0,00) x RN,

We refer to [10, 48, 49] for more details about the above problem.

The main motivation of this work is to study the influence of the inverse-square potential #
as well as the order of the time-derivative k on the critical behavior of Problem (2.1.6) under
the boundary conditions (2.1.2).

Before stating our obtained results, let us define weak solutions to —. Hence, we

introduce the sets
Q=(0,00)xQ and LI, =(0,00)x%; i=0,1.

Notice that ZiQ C Qforalli = 0,1. Further, by ® we mean the set of functions ¢ = ¢(t,x)

satisfying the following properties:
(A1) @ 20,9 € CPAQ)
(A2) supp(p) cC Q;

(As) P =0,i=0,1;
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) .
(Ag) 8—g0| vi <0,1=0,1, where v; denotes the outward unit normal vector to X;, relative to Q).
Vi TQ

We can now define weak solutions to (2.1.1)—(2.1.2) as follows.

Definition 2.1.1. [etk>1,71e R N>2, A > —NTZ, p>1landw = w(x) € LY(X1). We say that

ue LfOC(Q) is a weak solution to (2.1.1)—(2.1.2), if

d
flxITIulpgodxdt—f —(Pw(x)dedtS(—1)kfu8’;(pdxdt+fuL;\g0dxdt (2.1.8)
Q S vy Q Q

forall = ¢(t,x) € D.

Using standard integrations by parts, it can be easily seen that any smooth solution to
(2.1.1)—(2.1.2) is a weak solution, in the sense of Definition

We now introduce some further notations. For A > —Nfz, let us define the parameter

[ 2
u = —%[ + 4[A+ % (2.1.9)

For w € L1(%,), let

Iw:f w(x)xn dSy.
X

Finally, we consider the set
L' (%) = {w e LY(Zy) : I, > 0.

Our main results are stated in the two theorems below.
Theorem 2.1.1. Letk>1, 1€ RN>2, A > —NTZ and p > 1.

() Letw € LY*(Zy). If

(N+pu-1p<N+u+1+rm, (2.1.10)
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then (2.1.1)—(2.1.2) admits no weak solution.
) If
(N+u-1p>N+pu+1+r7 (2.1.11)

then R11)-(2.1.2) admits nonnegative (stationary) solutions for some w € LV (Zy).

When A > —NTZ and (N + u —1)p = N + u + 1 + 7, we have the following nonexistence result.

Theorem 2.1.2. Letk>1,Te R,LN>2, A > —NTZ andp > 1. Ifw € LY (%) and
(N+u-1p=N+u+1+1, (2.1.12)

then (2.1.1)—(2.1.2)) admits no weak solution.

The proof of the nonexistence results given by Theorem (I) and Theorem relies
on nonlinear capacity estimates specifically adapted to the operator L), the domain ) and
the considered boundary conditions. The existence result provided by Theorem (II) is

established by the construction of explicit solutions.

Remark 2.1.1. Theorems and leave open the issue of existence and nonexistence in

the critical case:

N2
A:_T’ (N+u-1p=N+pu+1+r

Remark 2.1.2. We note the following facts:

- [ 2
N+y—1:N22+ A+NI>O.

(i) If A > -2, then
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Hence, (2.1.10) and (2.1.12) reduce to

T+2

>-2 1<p<l+—-—-—
TS SPE I N

and (2.1.T7)) reduces to

T+2

TS—Z,p>1,‘ or T>—2,p>1+m.

Consequently, when 7 > -2, (2.1.1)—(2.1.2) admits a Fujita-type critical exponent given

by
T+2

14 (/\,N,T) =1+ m

It is interesting to observe that p*(A, N, 7) is independent of the value of k. Furthermore,
if A =0and 7t =0, thenp*(A,N, 1) = %—Jj, which is the critical exponent obtained in [7]

for problem (2.1.6) under the boundary conditions (2.1.2).

(i) When A = —NTZ, we have

N-2

N+u-1= 5

>0.

(@) If N = 2, we deduce from Theorem [2.1.1|that (2.1.1)—(2.1.2) admits a critical value

T = =2 in the following sense:

e ifwe LY (X)) and 7 > 7*, then 2.1.1)-(2.1.2) admits no weak solution;

e if 7 < 7%, then 2.1.1)-(2.1.2) admits solutions for some w € L"*(Z,).

(b) IfN > 3,then N+u—1 > 0. Hence, when t > -2, 2.1.1)-(2.1.2) admits as Fujita-type
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critical exponent the real number

o
p*(L, N, 7) =P*(—NI,N,T): 14 2(T+2)‘

N-2

Clearly, Theorems[2.1.Tjand yield existence and nonexistence results for the corresponding
elliptic inequality

Lyu> |x|Yuff inQ (2.1.13)

under the boundary conditions

u>0 on(0,00) X XL,
(2.1.14)

u>w on(0,00)X L.

For readers’ convenience, we now give the analogous of main theorems in the case of elliptic

problem (2.1.13).

Corollary 2.1.1. Let N >2, Tt € R, A > —NTZ and p > 1.

() Let w € LY*(Zy). If @.1.10) holds, then R.1.13)~[Q2.1.14) admits no weak solution.

{) If @-IIT) holds, then R2-1.13)—~@-1.14) admits nonnegative solutions for some w € L¥*(L).

Corollary 2.1.2. Let N > 2,71 € R, A > =X and p > 1. If w € LY*(Z,) and @112) holds, then

(2.1.13)—(2.1.14) admits no weak solution.

The rest of the paper is organized as follows. In Section 2.2} some auxiliary results useful for
the proofs of Theorem [2.1.1] (I) and Theorem [2.1.2]are established. Namely, we first establish

an a priori estimate for problem (2.1.1)-(2.1.2) (see Lemma [2.2.1). Next, we introduce two

families of test functions belonging to @ and depending on three sufficiently large parameters
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T,R, ¢, and a nonnegative function H, solution to the problem

L;H=0inQ, H=00nXyUX;.

The first family of test functions will be used for proving Theorem (I). The second one
will be used for proving Theorem For both families of the introduced test functions,

some useful estimates are provided. Finally, Section [2.3]is devoted to the proofs of Theorems

2I1dand2.12

2.2 Auxiliary results

2.21 A priori estimates

Throughout this chapter, the symbols C, C; denote always generic positive constants, which
are independent on the scaling parameters T, R and the solution u. Their values could be
changed from one line to another. The notation R > 1 means that R is sufficiently large.

The first step of our approach here is the establishment of useful estimates and bounds. In
this setting, we point out the following basic estimate directly linked to the notion of weak
solution (see Definition . Further estimates, needed to conclude the proofs of main
results, will be proved in a forthcoming subsection.

Letk>1,N>2,7eR,p>1land A > —NTZ. For ¢ € @, we introduce the following functionals:

e = | oy 7 T i, @21)
supp{o; ¢
- = o
J2(¢) = f " )lelﬁ(pp_11 ILag|7™ duxdt. (2.2.2)
Supp{ta¢

Then, we establish a priori estimate for Ji(p), i =1,2.
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Lemma 2.2.1. Let u € L} (Q) be a weak solution to .11 . Then, we have

- j; 1 jvl w(x) dSy dt<CZL (2.2.3)

forall ¢ € @, provided Ji(p) < o0, i=1,2.

Proof. Letu € LfOC(Q) be a weak solution to (2.1.1)—(2.1.2), and let ¢ € @ be such that [;(¢) < oo,

i=1,2. By (2.1.8) (i.e., the definition of weak solution), we have

f |x|*|ulP o dx dt — f avlw(x )dS, dt < f |ullof | dx dt + fQ lul |Lagp] daxdt. (2.2.4)

By means of Young's inequality, we deduce easily that

f (11t ) (117 7 10¥) v
Q

%f|x|1|u|’”(pdxdt+C]1((p). (2.2.5)
Q

f |ul|F | dx dt
Q

IA

Similarly, we obtain the inequality

f |u] IL/\(PI dxdt < %f IX|*|ulP @ dx dt + CJ2(e). (2.2.6)
Q Q

Using (2.2.5) and (2.2.6) in the right-hand side of the principal inequality (2.2.4), we conclude

that the estimate (2.2.3) holds true. O

2.2.2 Test functions

As mentioned in Section [2.1|a crucial ingredient of our finding is the appropriate definition of

test functions to manipulate our integral functionals. So, we first introduce the function H
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defined in Q by

e (1 = N2 if A > -2
H(x) = xnh(|x]) = xn (2.2.7)
X% In x| ifA=-2

where the parameter 1 is defined by (2.1.9). We collect below some useful properties satisfied

by H.
Lemma 2.2.2. The function H defined by fulfils the following properties:
(i) H>0,LA,H=0inQ, Hy, =0,i=0,1;
(ii) R>1,x€Q, |x] <R = H(x) <xnlx|*InR;
(iii) R>1,x€Q, |x| > R = H(x) > Cxnlx|*;
(V) S0 = ~h(x), x € T
(v) g—i(x) = —Cxn, x € X1.
Proof. Property (i) follows from elementary calculations, hence we omit the details. Properties

(i) and (iii) follow directly from the definition of H. On the other hand, for all x € Q, we have

2 (i + (N + N2 x if A > -8,
VH(x) = h(|x)en + xn (2.2.8)

(pel#* =2 I o] + x|t =2) x if A=-N
where ey = (0,---,0,1) € RN. Using (2.2.8), we obtain

g_i(x) = —VH(X) . EleN:O = _h(|x|)/

where - denotes the inner product in RN, which proves property (iv). Again, using (2.2.8), we
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get
JH
8_1/1(x) = —VH(x) - x|x=1
2u+N if A>-N,
= —xnh(x)l=1 — 2N
. 2
1 if A=-2
~Qu+Nuxy if A>-N
—XN if A= —NTZ,
which proves property (v) (recall that 2u + N > 0). This concludes the proof. m|

Let &, 9,1 € C*(R) be three cut-off functions satisfying the following requirements:

0<&E<, &E@B)=1ifls|<1, &(s)=0if|s| =2, (2.2.9)
0<9<1, 9(6)=1ifs<0, I(s)=0ifs>1 (2.2.10)

and
t>0, supp(t) cc(0,1). (2.2.11)

For T,R,{ > 1, we consider the auxiliary functions:

ar(t) = Lf(%), t>0, (2.2.12)

Br(x) = H(x)é"(lz—f, xeQ, (2.2.13)
In(L£L

yr(x) = H(x)d’ (VE) xeQ. (2.2.14)
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Combining the previous functions, we now introduce the following test functions:

p(t,x) = ar(t)pr(x), (t,x)€Q (2.2.15)

and

1l)(t/ x) = aT(t)VR(x)/ (t,x) € Q. (2.2.16)

We note that test functions of the form (2.2.15) will be used in the proof of part (I) of Theorem
In the proof of Theorem we will make use of test functions of the form (2.2.16).

Next two preliminary results fix the regularities of our test functions.
Lemma 2.2.3. The function ¢ defined by (2.2.15) belongs to ®.

Proof. By the definition of function ¢, it can be easily seen that (A;) and (A») are satisfied. On
the other hand, by Lemma (i), we have gomfg =0,i=0,1, which shows that (A3) is also

satisfied. Furthermore, in view of (2.2.9) and (2.2.13), we have
Br(x) =H(x), xnx>0,1<[x|<R,

which implies by Lemma (v) and (2.2.15) that

IPR oH
8_1/1(x) = 8_1/1(x) =—Cxn, x€X

and

P
ﬁ(t, x) = ~Cxyar() <0, (%) € I, 2.2.17)

This shows that ¢ satisfies (A4) for i = 1. Finally, we have to show that (Ay) is satisfied for
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i = 0. By (2.2.13), for all x € Q, we have
Vi) = (% i oo + s >va"(' i )

which implies by Lemma (i), (iv) that

o (b
)| e, S0 = (<||>5( ))

x€Xy -

x 2

Hence, by (2.2.15), we deduce that
dg Ipr 0

8_1/0(t’ x) = T(t)a_(x) <0, (tx)eXy,

which shows that ¢ satisfies (A4) for i = 0. The proof of Lemma is now completed. O
Lemma 2.2.4. The function 1 defined by (2.2.16) belongs to ®.

Proof. By the definition of function 1, and making use of Lemma [2.2.2(i), it can be easily seen

that (A1), (Az) and (A3) are satisfied. On the other hand, by (2.2.10) and (2.2.14), we have

yr(¥) = H(x), xn>0,1<|x< VR,

which implies by Lemma (v) and (2.2.16) that

IR oH
8_1/1 X) = a—Vl(X) =—Cxyn, Xx€2X1

and

d
Ti(t’ x) = —Cxnar(t) <0, (t,x)€ Zé. (2.2.18)



24

This shows that 1 satisfies (A4) for i = 1. Proceeding as in the proof of Lemma we can

show that (A4) is also satisfied for i = 0. m|
Turning to the function H defined by (2.2.7), we can provide some useful estimates too.

Lemma 2.2.5. Let H be the function defined by Z.2.7). For R < |x| < V2R, xy > 0, the following

estimates hold:

2

Hx)A & e < CR7?InRxplx|t&E2 Ll , (2.2.19)
RZ RZ
2 2

VH(x) -V & 1 [ CR2In R xnx|t &2 i} (2.2.20)
R2 R2

Proof. By (2.2.9) and invoking Lemma (ii), for R < |x| < V2R, xn > 0, we have

|x[?
‘M(ﬁ)

which yields (2.2.19). On the other hand, by (2.2.8)), for R < |x| < V2R, xy > 0,and A > —NTZ,

|x[?

< CR72&2 (ﬁ) H(x) < Cxnlx* InR,

we have

2
VH(x) -V & (';;—L

2 2
= ce! ('1’;—'2) & ﬁ) R [h(ixlen + el (e + (N + )™ 72) o] - x

2 2
= Cgf—l (llz_lz) & ﬁ) R2 [h(|x|)xN + an|x|# (ll + (N + u)lxl—N—Zy)] '
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Then, by (2.2.9) and using that N + 2 > 0, we get

'VH(x) vl (|x|2)

< CR72£2 (';' )lexl“ [+ (Il + N + )l =N72))
2
< CRxyx|"&f2 (%)

X
< CR™%xylx* InR & 2(|R|2)

which proves (2.2.20). Similarly, by 2.2.8), for R < |x| < V2R, xy > 0, and A = -2, we have

VH(x) - vgf(lxl )

— -1 @ ’ ﬁ -2 u=2 .
=ce o )€ (%5 R [h(|x|)eN + Nl (uIn x| + 1)x] x
_ -1 @ ’ % -2 u

=C& Rz &= |R [A(lx))xn + xnlxl (un|x] + 1)].

It follows by (2.2.9) that

|x]

o e s

< CR—zg“( )xN|x|” (2 + |l In |x])

X
< CR™xylx* InR & 2(|R|2)

which proves that the estimate (2.2.20) holds true. m|

Using (2.2.8)), (2.2.10) and similar calculations as above, we obtain the following estimates, to

avoid repetition we omit the details.

Lemma 2.2.6. Let H be the function defined by 2.2.7). For VR < |x| < R, xy > 0, the following
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estimates hold:

In(42) In(42)

VR VR
H(x)A 8¢ < Cxn(InR)x|t29¢2 ,

(x) S < Cxn(InR)™[x| (VR

In(4) In(44)

VR VR

VH(x) - V 8¢ < Cxn(InR)x|t29¢2
A oY e In(VR)

2.2.3 Estimates of [i(¢)

For T, R, ¢ > 1, we shall estimate the terms [;(p), i = 1,2, defined by (2.2.1) and (2.2.2), where

@ is the function given in (2.2.15).

Lemma 2.2.7. The following estimate holds:

4
k p=1 K
f ) pl(t) ddff(t) dt < T 1. (2.2.21)
supp
Proof. By (2.2.11) and (2.2.12), we obtain
gk = T gk =
o] e [ ()l
t t dt = 1= — _ At
fsupp(d”)% e LL T)|ar " \T
<crit [ (L) (L)
- Pl =) 7T (=
o Lo\T)! (T)
ki 1 ki
= cT' f (T () ds
0
which yields (2.2.21). O

Lemma 2.2.8. The following estimate holds:

(2.2.22)

;1+N+1)p ,u -N-1- 1)

f lef’lﬁR(x)dx<ClnR(lnR+R
supp(Br)



Proof. By (2.2.9) and (2.2.13), we obtain

f |77 Br(x) dx
supp(fr)

IA

. 2
f |71 H(x)&¢ (%) dx
1<[x|< V2R, xy>0 R

f |71 H(x) dx.
1<|x|< V2R, xn>0

Then, making use of Lemma [2.2.2](ii), we deduce that

f 7 B () dx
supp(Br)

—__T
Slan [x|* P Txn dx
1<|x|< V2R, x>0

PR
< lan T da
1<|x|< V2R

V2R .
= Clan N gy
r=1

InR

=CInR{ 1

(u+N+1)p—

'—‘"&:

which proves (2.2.22).

From (2.2.]] ), Lemmas[2.2.7/and 2.2.8, we deduce the following result.

Lemma 2.2.9. The following estimate holds:

Ji(g) < CT 71 lnR(lnR +R

We now prove the following result.

if t=(u+N+1)(p-1),

if t>+N+1)(p-1),

-N-1-1

if t<(u+N+1)(p-1),

(y+N+1)p y N-1-— r)

27
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Lemma 2.2.10. The following estimate holds:

(N+u-1)p—N-1-pu-1

f leﬁﬁ (x) |L/\ﬁR x)|” Tdx<CR  »T  (In R)v T, (2.2.23)
supp(Lapr)

Proof. By (2.2.13), for all x € supp(Br), we have

o (5o 2

_ éf('x'z)AHu H(x >Aéf('x'2) 2VH(x) - vsf(""z)

2
| |2 ( )55(|x| )

_ sf('x'2)LAH<> H(x >A5"('x'z) 2VH() - v(sf('x'z)

LyBr(x)

which implies by Lemma (i) and that
¢ | |2 £ |X|2
Lir(x) = —~HX)AE _OVH(x)- V& (2.2.24)

and

f WP BT () |LaprOOT dx
supp(LAﬂR)

. =L P
:f |x|rﬁ‘81’;1(x) |LAﬁR(x)|”’1 dx.
R<|x|< V2R, x>0

(2.2.25)

On the other hand, by Lemma for R < |x| < V2R, xy > 0, we have

X
ILABR()| < CR™? In Raxyx|#& 2(|R|2)

which yields

Ll e UL (o |x|?
ILABR()| < CR™ ”l(lnR)Plx x| E T ol (2.2.26)



Furthermore, by (2.2.13) and Lemma (iii), for R < |x| < V2R, we have

|
T
<
—_
=
~
™~
i

=L -1 —¢ 2
i = e (B

A
@)
=
il
2
TR
e
T
—_—
E
N
SN —

Thus, in view of (2.2.25), (2.2.26) and (2.2.27), we obtain

f 7 BT () |LaprOO T dx
supp(LAﬁR)

_2 w2 |y]?
< CR 7 1(InR)#- |~ PN E T | 5 | dx
R<lx|< V2R, x>0 R
p=1=(t+)+up

2
< CR ™1 (InR)7T f W dx
R<|x|< V2R, x>0

2p _p pl-(tHp)+up

<CR 7 (InR)* R »+ RN

[
|

(N+u-1)p—-N-1-pu-t r

p1 (InR)# T,

which proves (2.2.23).

Lemma 2.2.11. The following estimate holds:
N+u-1)p-N-1-u-t 14

(@) <CTR " F = (InR)7,

Proof. By ([2.2.2), for the test function given in (2.2.15), we have

- d PR L] dx.
R@® (‘[SUPP(“T) o t) [‘fs‘uPP(LAﬁR) I Py |LA5R| §

29

(2.2.27)

(2.2.28)

(2.2.29)
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On the other hand, by (2.2.11) and (2.2.12), we have

LN
f ar(t)ydt = f l(—) dt
supp(ar) 0 T
1
=T f 1(s) ds. (2.2.30)
0
Hence, by Lemma[2.2.10} (2.2.29) and (2.2.30), we deduce the inequality (2.2.28). O

2.2.4 Estimates of J;(¢) in the critical case

In this subsection, for A > _TNZ and T,R, ¢ > 1, we shall estimate the terms [;(1), i = 1,2,

defined by (2.2.1) and (2.2.2), in the critical case (N + p —1)p = N + u + 1 + 7 (see Theorem

2.1.2), where 1) is the function defined by (2.2.16).

The proof of the following lemma is similar to that of Lemma so we omit the details.

Lemma 2.2.12. Let A > _Z\Tﬂ and (N + u —1)p = N + u + 1 + 7. The following estimate holds:
= 2
f [x[~Tyr(x) dx < C(lnR + R )
supp(yr)

Using (2.2.1), (2.2.16), Lemmas[2.2.7|and [2.2.12} we deduce the following estimate.

Lemma 2.2.13. Let A > —I\TIZ and (N + u —1)p = N + u + 1 + 7. The following estimate holds:
-ty 2
Ji(y) < CT" T (lnR + RH).

We now prove the following result.

Lemma 2.2.14. Let A > —I\TIZ and (N + p —1)p = N + u + 1+ . The following estimate holds:

o =L a
f Ty (%) |L/\VR(x)|p Tdx < C(IHR)P’ll- (2.2.31)
supp(Layr
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Proof. By ([2.2.14), Lemma[2.2.2)(i), and following the proof of Lemma forallx € supp(yr),

we obtain
In (ﬂ) In( d )
VR ¢ VR
Livr() = —H@A S| — 2| _ovH@) - v 9 ) (2.2.32)
V In(VR) In(VR)
which implies by (2.2.10) that
- =% £
[ W @] dx
supp(Lye) (2.2.33)
. -l N
= f X7y e (x) |L)\)/R(x)|‘“’1 dx.
VR<|x|<R, x>0
On the other hand, by (2.2.32) and Lemma 2.2.6, for VR < |x| < R, xy > 0, we have
In ( 54_)
R
Laiyr(x)| < Cxn(In R) 7} x|#29¢2 ,
| AVR | N In( VR)
which yields
p P 2p  (€-2) ln(%)
P L =2 (=2 R
Layr@)|™T < Cxl T (nR) T |x| 7 9 7 : (2.2.34)
Lol In(VR)
Furthermore, by (2.2.14) and Lemma (iii), for VR < |x| <R, xn > 0, we have
=y _1 u . In ( bdﬁ)
YR () < Cx x| 19T (2.2.35)

In(VR) |
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Hence, in view of (2.2.10), 2.2.33), (2.2.34) and (2.2.35), we get

=L A
[ R @ el s
supp L/\yR)

In (2L
> =2p—t-p -2 R

< C(InR)#1 x| 7T xnd P dx

\/E<|x|<R,xN>O 11‘1( VR)

(u=p—t-p-1

< C(InR)71 f W T dx
VR<|x|<R

A R (N+u=1)p-N-u-1-1 1
=C(InR)#1 r Pl rdr.
r=VR

Since (N + u —1)p = N + u + 1 + 7, the above estimate yields

_ R
C(nR)7T f 7 dr
r=VR

_r =L o
f Ty R () [Layr@)[ T dx <
supp LA)/R)
- C(nR)",
which proves (2.2.3T). This concludes the proof. 0

Using (2.2.2), (2.2.16), (2.2.30) and Lemma[2.2.14] we obtain the following estimate.

Lemma 2.2.15. Let A > —NTZ and (N + p —1)p = N + u + 1+ . The following estimate holds:

J2(¥) < CT(InR)7.

2.3 Proofs of the main results

We first establish the nonexistence results given by part (I) of Theorem and Theorem

Next, we willestablish the existence result given by part (II) of Theorem 2.1.1}
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2.3.1 Proof of Theorem|2.1.1/(I)

We use the contradiction argument. We suppose that u € LfOC(Q) is a weak solution to

@.I1.1)-@212). Then, by Lemma (2.2.3) holds for all ¢ € @ (with Ji(p) < o0, i =1,2).

Hence, from Lemma [2.2.3] we deduce that for T,R, ¢ > 1,

- o 1w(x)ds dt<CZ Ti(g), (2.3.1)

where ¢ is the function given by (2.2.15). On the other hand, by (2.2.17) and (2.2.30), we have

fz 1 w(x)dS dt C fo fz ] w(x)xnar(t) dSy dt
c( fo ar(t) dt) ( fz G dsx)

CTf w(x)xn dSy
|
CTI,. (2.3.2)

Hence, by (2.37)), (2.3.2), Lemmas[2.2.9|and 2.2.11] we obtain

(u+N+1)p—u-N-1-1 ) (N+u-1)p—-N-1-u-t
+

ki
CTl, < TP IR (InR+ R T (In Ry

that is,

ki ki
Io < C(T_Fpl(lnR)z + T MR InR + R¥(In R)%), (2.3.3)

where
_(@+N+Dp—-(u+N+1+7)
= =
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and
- (N+u-1p-(N+u+1+1)
= = )
Taking T = RY, where
-1
0> max{”(pk—p),o}, (2.3.4)
the estimate (2.3.3)) reduces to
I, < C(R # (InR)? + R" 7 InR + RY(In R)7T 1). (2.3.5)

Notice that from the choice (2.3.4) of the parameter 0, one has a — 5_kp < 0. Moreover, due

o (2.1.10), one has b < 0. Hence, passing to the limit as R — oo in (2.3.5)), we obtain I, < 0,
which contradicts the condition w € L*(Z). Consequently, 2.1.1)-(2.1.2) admits no weak

solution. This completes the proof of Theorem (D). m|

2.3.2 Proof of Theorem/|2.1.2

We also use the contradiction argument by supposing that u € LfOC(Q) is a weak solution to

(2.1.1)—(2.1.2). Then, from Lemmas and we deduce that for T,R, ¢ > 1,
< 3.
. 81/1 w(x) dSy dt CZ Tiw (2.3.6)

where 1) is the function given by (2.2.16). On the other hand, by (2.2.18) and (2.2.30), we obtain

f 5 0 dSxdt = CT. (2.3.7)
Zl
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Hence, making use of (2.3.6), (2.3.7), Lemmas[2.2.13|and [2.2.15| we obtain

kp 2, _
TL, < C [Tl‘F’l (lnR + R!’Tpl) + T(lnR)PTll],

that is,
_ LA =
Iy < C(T M InR + T RAT + (In R)iT ) (2.3.8)
Thus, taking T = RY, where 0 > %, and passing to the limit as R — oo in (2.3.8), we obtain a

contradiction with w € LV*(X4). o

We now prove our existence result.

2.3.3 Proof of Theorem 2.1.1|(II)

We consider separately two cases depending on the value of parameter A.
(i) The case A > —NTZ.

For 6 and € satisfying respectively

T+p+1
max - —H, pT <O0<u+N (2.3.9)
and
1
0<e< (—62 + N6 + /\)”’] , (2.3.10)
let

Use(x) = exnlx|?, xeQ. (2.3.11)
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Notice that by (2.1.9), since A > —NTZ, one has —u < u + N. Moreover, due to (2.1.11)), one has

T+p+1

— <u+N.

Hence, the set of values 6 satisfying (2.3.9) is nonempty. On the other hand, observe that —u

and u + N are the roots of the polynomial function

P(d) = —6* + N6 + A,

which implies that P(6) > 0 for any 0 satisfying (2.3.9), so P((S)P+l is well-defined, and the set

of € satisfying (2.3.10) is nonempty. Elementary calculations show that

Latise(x) = ePO)xnlx[ 072, xeQ. (2.3.12)

Then, in view of (2.3.9), 2.3.10), (2.3.11) and (2.3.12), for all x € Q, we obtain

\%

Latse(x) > ee”tay|x|™072

- 1- —5— —
|x|I€pxP x| op X Plxl 0—2+0p—1
N N

\%

|x|'ru§,€(x)|x|(5(p—l)—(’c+p+l)

\%

! (x),

which shows that for any 6 and € satisfying respectively (2.3.9) and (2.3.10), functions of the

form (2.3.11) are stationary solutions to (2.1.1)—(2.1.2) with

w(x) =exy, x€Xq.
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We next study the second case.
(ii) The case A = —X.

For

O0<xk<1l p>1, >0, (2.3.13)

we consider functions of the form

Uy p,e(x) = exnlxl“[In(plx)]*,  x € Q. (2.3.14)
Taking into consideration that A = —NTZ (so u = —%), elementary calculations show that
Lt p,e(x) = ex(1 = x)xnlx|* *[In(plx)]* 2, x € Q. (2.3.15)

In view of (2.3.13), (2.3.14)) and (2.3.15)), for all x € O3, we obtain

Lathope(@) = ", () (! 7Px(1 = )y Pl 2~ [In(plx])|<~27*)

\%

el e (0) (7P x(1 = ) [In(pl)]*>7), (23.16)

where

C=(p-Dp-(-pu+1+)=N+p-1p-(N+pu+1+1).

Notice that due to (2.1.11)), one has C > 0, which yields

lir+n (1 = x)s%[In(ps)]* 27 = +co.
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Consequently, there exists a constant A > 0 (independent on x) such that

k(1 = ) [In(plx)]< 27 > A, xeQ. (2.3.17)

Thus, taking

0<e<Ar, (2.3.18)

using (2.3.16) and (2.3.17), we obtain

L/\”K,p,s(x) 2 |x|Tui,p,s(x)r x€Q,

which shows that for any «, p and ¢ satisfying (2.3.13) and (2.3.18), functions of the form

(2.3.14) are stationary solutions to (2.1.1)-2.1.2) with

w(x) = exn(Inp)*, xeX.

This completes the proof of part (II) of Theorem 2.1.1] O
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A nonlinear hyperbolic polyharmonic system in an exterior domain of RY is considered under
inhomogenous Navier-type boundary conditions. Using nonlinear estimates specifically
adapted to the polyharmonic (—A)", the geometry of the domains, and the boundary conditions,
a sharp criterium for the nonexistence of weak solutions is obtained. Next, an optimal

nonexistence result for the corresponding stationary problem is deduced.

3.1 Introduction

In this chapter, we study the questions of existence and nonexistence of weak solutions to the

system of polyharmonic wave inequalities.

ug + (=A)"u > [xI[ofF,  (tx) € (0,00) x RN\By,
(3.1.1)

(47 + (_A)mv > |x|b|u|q/ (t/ x) € (0/ OO) X ]RN\B_l

Here, (u,0) = (u(t,x),v(t,x)), N > 2, By is the open unit ball of RN, m > 1is an integer,
a,b>-2m, (a,b) # (-2m,—2m), and p,q > 1. We will investigate (3.1.1) under the Navier-type

boundary conditions

(=A)u> fi(x), i=0,---,m—1, (t,x) € (0,00) X 9By,
(3.1.2)

(_A)iv > !]i(x)/ i= 0/ e, M= 1/ (tr X) € (0/ OO) X aBl/

where f;, g; € L'(dB;) and (—A) is the identity operator. Notice that no restriction on the signs
of f; or g; is imposed.

The study of semilinear wave inequalities in RN was firstly considered by Kato [10] and
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Pohozaev & Véron [49]. It was shown that the problem

uy — Au > ufP, (t,x) € (0,00) x RN (3.1.3)

possesses a critical exponent px = %—j in the following sense:

(i) If N>2and 1 < p < pk, then (3.1.3) possesses no global weak solution, provided

f u(0, x) dx > 0. (3.1.4)
RN

(i) If p > pk, there are global positive solutions satisfying (3.1.4).
Caristi [53] studied the higher-order evolution polyharmonic inequality
dlu

i I[CA™u > ulP,  (t,x) € (0,00) x RV, (3.1.5)

where a < 2m. Caristi discussed separately the cases a« = 2m and a < 2m. For instance, in the
hyperbolic case j = 2 and a = 0, it was shown that, if N > m + 1 and 1 < p < 32, then (3.1.5)
possesses no global weak solution, provided holds. Other existence and nonexistence
results for evolution inequalities involving the polyharmonic operator in the whole space can
be found in [50) 48|, [13]].

The study of the blow-up for semilinear wave equations in exterior domains was firstly
considered by Zhang [17]. Namely, among many other problems, Zhang investigated the
equation

Uy — Au = |x|ﬂ|ulpl (t/ x) € (0/ OO) X IlQN\D/ (316)

where N > 3,4 > —2, and D is a smooth bounded subset of RN. It was shown that (3.1.6)
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under the Neumann boundary condition
Ju
5 = f(x) =0, (t,x)€(0,00)xdD,

admits a critical exponent % in the following sense:

() If 1 < p < X, then (3.1.6) admits no global solution, provided f # 0.
(i) If p > %Jrg, then (3.1.6) admits global solutions for some f > 0.

In [4}15], it was shown that the critical value p = N 2 belongs to the case (i). Furthermore, the

same result holds true, if (3.1.6) is considered under the Dirichlet boundary condition
u=f(x)>0, (tx)e(0,00)xdD,

where D = B;.

In [8], the authors considered the system of wave inequalities in the case m = 1.
The system was studied under different types of inhomogeneous boundary conditions.
In particular, under the boundary conditions (3.1.2) with m = 1 (Dirichlet-type boundary
conditions), the authors obtained the following result: Assume thata,b > -2, (a,b) # (-2, -2),

Iy, := [ip fodSx 20,1 = [, g0dSx =0, (I, Igo) # (0,0),and p, g > 1. If N = 2;0r N > 3 and

sl X

2 1 b 2 1 b
N<max{sgn(1f0)>< P(q;)ﬂ? +a qp+1) +qa+ }

then (3.1.1)-(3.1.2) (with m = 1) admits no weak solution. Moreover, the authors pointed out
the sharpness of the above condition.
In the case m = 2, the system (3.1.1) was recently studied in [6] under different types of

boundary conditions. In particular, under the boundary conditions (3.1.2) with fy = 0 and
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90=0,1ie,

u>0,-Au > fi(x), (t,x)e€(0,00)XxdBy,
(3.1.7)

v>0, -Av > g1(x), (t,x) € (0,00) X IB;.

Namely, the following result was obtained: Let N > 2,a,b > —4, (a,b) # (-4, —4), faBl f1dSx >0,

Jyp, 91dSx > 0,and p,q > 1. IfN € {2,3,4); or

N5 N<max{4p(q+1)+pb+a,4q(p+l)+qa+b}’

pq—1 pq—1

then (with m = 2) under the boundary conditions admits no weak solution.
Moreover, it was shown that the above condition is sharp.

Further results related to the existence and nonexistence of solutions for evolution problems
in exterior domains can be found in [46, 40| 51}, 50, 52, 25].

The present work aims to extend the obtained results in [6} 8] from m € {1, 2} to an arbitrary
m > 1. Before presenting our main results, we need to define weak solutions to the considered
problem.

Let

Q=(0,00) x RV\B;, Xq =(0,00)X IB;.

Notice that Xg C Q.

Definition 3.1.1. We say that ¢ is an admissible test function, if
i) ¢ € CX2"(Q);
(ii) supp(p) cC Q (¢ is compactly supported in Q);

(i) ¢ >0;
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(iv) Forallj=0,1,---,m—-1,

AN @)
v

Nolg, =0, (-1) Iz, <0,

where v denotes the outward unit normal vector on dBj, relative to RNV\B;.
The set of all admissible test functions is denoted by ®.

Definition 3.1.2. We say that the pair (1, v) is a weak solution to (3.1.1)-(3.1.2), if

(u,0) € L] (Q) X L}, (Q),

f|x|“|v|i7§0dxdt—2f fi(x) A=A )m KNP it

Sfu(—A)mgodxdt+fu(pttdxdt,
Q Q

(3.1.8)

and

m—1 1=
(=A™ 1-i
flxlblul”/(pdxdt—Zf giwwdt
© =0 VE0 ’ (3.1.9)

va(—A)mgodxdt+fvgottdxdt
Q Q

for every ¢ € ®.

Notice that, if (1, v) is a regular solution to (3.1.1)-(3.1.2), then (u, v) is a weak solution in the
sense of Definition

For every function f € L'(9B,), we set

If = ﬁBl f(x) do.

Our first main result is stated in the following theorem.
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Theorem 3.1.1. Letp,q > 1, N > 2,and a,b > —2m with (a, b) # (-2m, —2m). Let f;, g; € L'(9By)
foreveryi=0,--- ,m—1. Assume thatl¢ I, , >0and (If,_,I;, ) # (0,0). If N < 2m; or
N >2m+1and

2mp(g+1)+pb+a

N < max {sgn(lfml) X - ,sgn(ly, ) X

2mg(p+1)+qa+b
pq—1

}, (3.1.10)

then (3.1.1)-(3.1.2) possesses no weak solution.

Remark 3.1.1. Notice that (3.1.10) is equivalent to

N-2m<a, I;, >0, or N-2m<pB, I , >0, (3.1.11)
where
- a+2mp—;—€(ll7+2m) (31.12)
and
_ b+2m+qg(a+ 2m)' (3.1.13)

pq—1
On the other hand, due to the condition a,b > —2m and (a, b) # (—2m, —2m), we have a, § > 0,

which shows that, if N < 2m, then (3.1.10) is always satisfied.

The proof of Theorem is based on the construction of a suitable admissible test function
and integral estimates. The construction of the admissible test function is specifically adapted

to the polyharmonic operator (—A)", the geometry of the domain, and the Navier-type

boundary conditions (3.1.2).

Remark 3.1.2. By Theorem we recover the nonexistence result obtained in [8] in the case

m = 1. We also recover the nonexistence result obtained in [6] in the case m = 2.
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Next, we are concerned with the existence of solutions to (3.1.1)-(3.1.2). Our second main

result shows the sharpness of condition (3.1.10).

Theorem 3.1.2. Letp,q > 1and a,b > —2m with (a,b) # (-=2m, —2m). If

N —2m > max{a, B}, (3.1.14)

where a and g are given by (3.1.12)) and (3.1.13), then (3.1.1)-(3.1.2) admits stationary solutions

for some f;, g; € L'@By) (i=0,--- ,m—1) with Ig, 1, 1g,, > 0.

Theorem will be proved by the construction of explicit stationary solutions to (3.1.1))-

(3.1.2).

Remark 3.1.3. At this moment, we don’t know wether there is existence or nonexistence in

the critical case N > 2m + 1,

2 1 b 2 1 b
N:max{sgn(lfml)x mp@g+1)+pb+a ma(p +1) +qa + }

,8gn(ly, ;) X
Pq_l g(g 1) pq_l

This question is left open.

From Theorem we deduce the following nonexistence result for the corresponding

stationary polyharmonic system

(=A)"u > |x]"[off, x € RN\By,
(3.1.15)

(=A™ > |x’lulf, x € RN\By
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under the Navier-type boundary conditions

(~AYu> fi(x), i=0,--- ,m—1, x € IBy,
(3.1.16)

(-A)Yv > gi(x), i=0,--- ,m—1, x € IBy.
Corollary 3.1.1. Letp,q >1,N > 2,and a,b > —-2m with (a,b) # (-2m, —2m). Let f;, g; € L'(9By)
foreveryi=0,--- ,m—1. Assume thatl¢ I, , >0and (If,_,I;, ) # (0,0). If N < 2m; or

N > 2m + 1 and (3.1.10) holds, then (3.1.15)-(3.1.16)) possesses no weak solution.

The rest of this manuscript is organized as follows: Section[3.2)is devoted to some auxiliary
results. Namely, we first construct an admissible test function in the sense of Definition
Next, we establish some useful integral estimates that involve the constructed test function.
The proofs of Theorems and are provided in Section

Throughout this paper, the letter C denotes a positive constant which is independent of the
scaling parameters T, 7, and the solution (u,v). The value of C is not necessarily the same

from one line to another.

3.2 Auxiliary results

In this section, we establish some auxiliary results that will be used later in the proof of our
main result.
3.2.1 Admissible test function

Let us introduce the radial function H defined in RN\B; by

In |x| if N=2,
H(x) = (3.2.1)

1- PN if N>3.
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We collect below some useful properties of the function H.
Lemma 3.2.1. The function H satisfies the following properties:
(i) H>0;
(ii) H € C>"(RN\By);
(iii) Hlyp, = 0;
(iv) AH = 0in RN\By;

(v) Forallj>1,

, I(ATH)
AH|pp, = TlaBl =0;

. 0H
(vi) a—vbBl =-C.

Proof. (i)—(v) follow immediately form (3.2.1). On the other hand, we have

9H 1 if N=2,
EbEl = '
“(N-2) if N>3,

which proves (vi). O
We next consider a cut-off function & € C*(IR) satisfying the following properties:

0<&<1, &s)=1ifls| <1, &) = 0if Js| > 2. (3.2.2)

Forall T > 1, let

|x]

s =¢(2), veRME,
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that is (from (3.2.2)),
1 if 1<x<T,
E(x) = 5(%) if T<lx <21, (3.2.3)
0 if |x| =2t
For k > 1, we introduce the function
Co(x) = H)EN(x), x e RM\By. (3.2.4)

We now introduce a second cut-off function G € C*(RR) satisfying the following properties:

G >0, supp(G)cc(0,1). (3.2.5)
ForT>0and k> 1, let
Gr(t) = Gk(%), £>0. (3.2.6)
Let ¢ be the function defined by
p(t,x) = Gr(t)C(x), (£,x) € Q. (3.2.7)

By Lemma 3.2.1} (3.2.3), (3.2.4), (3.2.5), (3.2.6), and (3.2.7), we obtain the following result.

Lemma 3.2.2. The function ¢ belongs to ®.

3.2.2 A priori estimates

Forall A > 1, u > —=2m, and ¢ € @, we consider the integral terms

i) = [ i pPi-ay ol dxd (3258)
Q
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and

KMwwﬁiLMﬁwﬁwmﬁwﬂ- (3.29)
Lemma 3.2.3. Let @ be the admissible test function defined by (3.2.7). Assume that
@) Jp,a,9), ], b,¢), K(p,a,¢), K(q, b, p) < oo
(i) If, , Ig,, 2 0.

If (u,v) is a weak solution to (3.1.1)-(3.1.2), then

I < CTH a0 7 + Ko, g)] 7 )7 210

(g b + Kbl 7 )

and ,

9-1 -1

s <CTH (@ )] T + K@ bg)] 7 )" (32.11)

Pq

p-1 p-1 1
: ([](p, 8,97 +[Kp,a,0)] 7 )M :
Proof. Let (u,v) be a weak solution to (3.1.1)-(3.1.2) and ¢ be the admissible test function

defined by (3.2.7). By (3.1.8), we have

f|x|“|v|P§0dxdt—Zf fi(x) A=A )m KNP it

Sfu(—A)mgodxdt+fu(pttdxdt.
Q Q



On the other hand, by Lemma (v), (vi), (3.2.9), (3.2.6), and (3.2.7)), we have

M e

=-C fm-1(xX)Gr(t) do dt
I

- —c( fo " GT(t)dt) fa , fm-1(x)do
([ o) e
= —CT( fo 1 GK(s) ds) Iy .

= -CTlj, ..

Consequently, we obtain

f [x["lofp dxdt + CTIg, | < f u(=A)"pdxdt + f U@y dx dt.
Q Q Q
Similarly, by (3.1.9), we obtain
f P lul?q dx dt + CTl,, , < f o(=A)" @ dx dt + f vy dx dt.
Q Q Q

Furthermore, by Holder’s inequality, we have

fu(—A)m(pdxdtsflul |(—A)’”(p| dx dt
Q Q

b 1 =b m =1
= fQ (171t ) (117 [ -] o )

% —b 1 -1 qq;l
s( f IXIquIq(dedf) ( f R (N dxdt) :
Q Q
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(3.2.12)

(3.2.13)



that is,

IRGSREYE ( | ity dxdt)ﬁ bl .
Q Q

Similarly, we obtain

1
f u(pttdxdts( f |x|b|u|‘7(pdxdt)q (K6, b, )] .
Q Q

Thus, it follows from (3.2.12)), (3.2.14)), and (3.2.15) that

f Ix|"lolP g dx dt + CTly,
Q
1

< ( L x| ullep dx dt)q ([I(q, b, GD)]%

Using (3.2.13) and proceeding as above, we also obtain

fQ x|’ lullep dx dt + CTI,,, |

s( fQ |x|”|v|"q0dxdt) (U(p,a,@]T

Using (3.2.16), (3.2.17), and taking into consideration that I, , > 0, we obtain

f Ix[“lofPp dxdt + CTlIp, |
Q

< ( fQ |x|"lol g dx df)pq (U(P/ a, (P)]p”;1

1

(D@b el ™ + Kbl T).

+ [K(q, b, @)]%) :

+[K(p,a, @)]’%1).

+ [K(p,a,¢)]

-1

=
=

==
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(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)
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Then, by Young’s inequality, it holds that

f [x["lol g dx dt + CTIf, |
Q

glflxlﬂvlpgodxdt
P9 Jg

+Pq_
P9

P‘1 Pq

-1

(a7 + Kpa, e T (11 0T + K@ b T |

Consequently, we have

(1 - l)f [x|"lolP g dx dt + CTly, |
pPa)Ja

pg-1 o =
<= (Ul 7 +Kpapl 7 )

p p4
pg—1 1 —1\ pg-

(@bl T + (K@ LN )",

which yields (3.2.10). Similarly, using (3.2.16), (3.2.17), and taking into consideration that

Ig, , 20, we obtain

f |x|b|u|‘7q) dxdt + CTI,,
Q

RSYT

< I, tutgaxat]” (10,17 + kb ) 7)
(U@ +Kp.a 7).

which implies by Young’s inequality that

f xI"lullq dx dt + CTI,,,
Q

slflxlblulq(pdxdt
Pq Jo

-1
P
pq

i
_p_ RN

T (U enT + Kpa T

([] @b, +[Kab, (p)]"T)
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Thus, it holds that

(1 - l)f |x|b|u|‘1g0 dxdt + CTI,,
pqa)Jq

pg-1 iR 1\ = =
<P (Ul T +Kab ol )" (U] 7 +Kpo ]l )

Pq
pg-1
7

which yields (3.2.11). O

3.2.3 Estimates of J(A, u, @) and K(A, u, )

The aim of this subsection is to estimate the integral terms J(A, 1, ¢) and K(A, y, @), where
A >1, u>-2m,and ¢ is the admissible test function defined by (3.2.7) with 7,k > 1.

The following result follows immediately from (3.2.5) and (3.2.6).

Lemma 3.2.4. We have

f Gr(t)dt = CT.
0

Lemma 3.2.5. We have
A
A-1

2
PO\ 4 < o (3.2.18)

dar?

S |

-1
G
0

Proof. By (3.2.5) and (3.2.6), we have

o
-1
fGT
0

A
-1

2
4Cr dt (3.2.19)

dt?

d?Gr
dt?

=i T
dt:f GIT
0

and

0 =k6 (1) 007 (5)+ o ) 1)

for all t € (0, T). The above inequality yields

d>Gr
dt?

£
T

(t)

SCT‘ZG"‘Z( ) te(0,T),
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which implies that
d*Gr

G/\ s}
dr?

T

Then, by (3.2.19), it holds that

0 2 A T
f G| Lot dt<CTﬂf Gkt () ar
o L | df2 0 T
1
= CT'" GFi1(s)ds
0
= CT %1
which proves (3.2.18). m|

To estimate J(A, u, @) and K(A, u, @), we consider separately the cases N > 3 and N = 2.

3.2.3.1 ThecaseN >3

Lemma 3.2.6. We have

u+2mA

-u =L
f | TT O [(—AY"C, |7 dx < CoN~ T (3.2.20)
RN\B;

Proof. Since H and &, are radial functions (see (3.2.1) and (3.2.3)), to simplify writing, we set

H(x) = H(r), &(x) = &(r),

where r = |x|. By (3.2.4) and making use of Lemma (iv), one can show that for all

x € RN\B;, we have

A"Co(x) = A" (H(x)é’é(x))

2m1 2m—i

-y <>Z

1+] Zm

Z]



where C; ; are some constants, which implies by (3.2.3) that
m N .
supp (A CT)C{XEIR .TSIXISZT}

and
2m—1

A" (0] < C Z

2m—i

Loy

On the other hand, for all x € supp (A™C,), we have by (3.2.1) and (3.2.3) that

digk
d]()

d FHT2m - x e supp (A"Cy).

. Hr) if i=0,

dri

()'
Cr2N-i jif j=1,---,2m—-1

and (we recall that 0 < &; < 1)

k
]E < CT_]Ek ](1’)

< CTIERM(p), j=1,-- 2m— i,

Then, in view of (3.2.1), (3.2.21), (3.2.22)), (3.2.23), and (3.2.24)), we have

2m—12m—i
|AmCT(x)| < Cék Zm(r)[H(r)Z ]r] 2771 2 N Z Z ]r] —2m
i=1 j=1
< Cék 2m(1,)( 2-N- Zm)

< CT &k (x)
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(3.2.21)

(3.2.22)

(3.2.23)

(3.2.24)

for all x € supp (A™C,). Taking into consideration that H > C for all x € supp (A"(;), the above

estimate yields

k— 2mA

: T (x), xesupp(ATCy).

o =L A
[T CH(=A) G T <

(3.2.25)
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Finally, by (3.2.21)) and (3.2.25), we obtain

—u =1 ) 4
f . T CT (= A) "G |77 dx = f | T CT (=AY Co |7 dx
RN\B;

T<|x|<2T

—2mA—pu k— 2mA

< Cr T f & TT(x)dx
T<|x|<2T

—2mA—u 21 N-1
< Ct T r o dr
r=T

u+2mA

= CTN_ AT,
which proves (3.2.20). m]
Lemma 3.2.7. We have
u+2mA

J, ) < CTTN5F1,

Proof. By (3.2.7) and (3.2.8), we have

MWPF( f Gﬂt)dt)( f P T (- A)"Cel 1 dix).
0 RRN\B;

Then, using Lemmas @ and we obtain the desired estimate. O

Lemma 3.2.8. We have

f W™ (x) dx < C (V77T +In7). (3.2.26)
RN\B,



Proof. By (3.2.1), (3.2.2), (3.2.3), and (3.2.4), we have

f x| 1 Lo () dx = f x| 7T (1 _ |x|2—N) £x (M) i
RN\B, 1<lxl<2t T
< f x| =T dx
1<|x|<2t

2T u
= Cf N2 dr
r=1

CtN-t1 if N- 5 >0,

IA

Clnt if N—%:O,

: o
C if N—m<0

< C(TN_% +11’1’[),

which proves (3.2.26).

Lemma 3.2.9. We have

K(A, i, @) < CTV 71 (V777 +In 7).

Proof. By (3.2.7) and (3.2.9), we have

K(A,u,fmz[ NG dt]( [l W @),
0 RN\B;

Then, using Lemmas and we obtain the desired estimate.

d’Gr
dt?

3.2.3.2 Thecase N =2

Lemma 3.2.10. We have

2mA+u

-u =L
f T |(—AY" Lo |71 dx < C72 T I,
R?\B;

58

(3.2.27)
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Proof. Proceeding as in the proof of Lemma 3.2.6, we obtain
supp (A"Cr) C {x eR>:t<nl < 2’[}

and

IA"Co(x)] < CT 72" InT EF2"(x),  x € supp (A"Ly).
The above estimate yields

— A

=3 L m —2mA—pu k— 2mA
X TTCH(=A)"Ce 7T < CT7 T Int &

: 71(x), xe€supp(A"C).

Then, it holds that

—2mA—, _2mA
A-1

AL L 2l
f WITTCT (=AY Co| T dx < Cr AT lan éli AT (x) dx
R2\B; T<|x|<271

27
—2mA—u
< Ct lan rdr
=T

2_2m}1+‘u
<Ct“ 7 Inrt,

which proves (3.2.27). O

Using (3.2.7), (3.2.8), Lemmas[3.2.4]and 3.2.10] we obtain the following estimate of J(A, , ¢).

Lemma 3.2.11. We have

2mA+u

J(A, w, @) < CTt* 7T Int.

Lemma 3.2.12. We have

f ™1 (x) dx < Clnt (12777 +1n1). (3.2.28)
R?\By
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Proof. By (3.2.1), (3.2.2), (3.2.3), and (3.2.4), we have

f T dx = f | T In [x] £ (m) dx
R2\B, 1<lx<2t T

u
< f |x| 7T In |x| dx
1<|x|<2t

27 u
=C f rI=1 T Inrdr
r=1

Ct>tilnt if 2- % >0,

IA

C(In 7)? if 2-+5=0,

- p
Clnrt if 2-35<0

<Clnrt (’[2_% +ln’c),

which proves (3.2.28). O

Using (3.2.7), (3:2.9), Lemmas[B.2.5|and 3.2.12] we obtain the following estimate of K(A, pt, ).

Lemma 3.2.13. We have
KA, u, @) < CT' "% Int (Tz_/‘“Tl +1In T).
3.3 Proofs of the main results

This section is devoted to the proofs of Theorems[3.1.1|and 3.1.2}

3.3.1 Proof of Theorem|(3.1.1

By Remark [3.1.1] (3.1.10) is equivalent to (3.1.1T). Without restriction of the generality, we
assume that

N-2m<a, I, >0 (33.1)
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Indeed, exchanging the roles of (Is,_,,4,p) and (I, _,, b, q), the case

N-2m<B, I; >0

reduces to (3.3.7).

We use the contradiction argument. Namely, let us suppose that (1, v) is a weak solution to
(3.1.1)-(3.1.2) (in the sense of Definition [3.1.2). For k,T,t > 1, let ¢ be the admissible test

function defined by (3.2.7). Then, by Lemma we have

bl il pl p1
If,::] <CT 7 ([](p,a,(p)] 7+ [K(p,a,9)]7 )
(3.3.2)
-1 -1\1
(U@ bolT +KG LN T )
Making use of Lemmas[3.2.7/and 3.2.12] we obtain that for all N > 2,
JOh 1) < CTTN""F Int, A>1, 4> —2m. (33.3)
Similarly, by Lemmas[3.2.9/and 3.2.13] we obtain that for all N > 2,
KA, p, ) < CT#1 (N7 +Int)Int, A>1, u>-2m. (3.3.4)
In particular, for (A, ) = (p,a), we obtain by (3.3.3) and (3.3.4) that
p1 p1
Up,a, )7 +[Kip,a,¢)] 7
- a+2mp \ p— - — a p-1 —
<c|T7 )T a7+ T (N7 4 1nr) 7 (ln’c)pTl] (3.3.5)
p-1
= CTVTIT( _%)F]Tl(hw)p%’_1 1+7T72 (T;Ti) + T_(N_ lep)ln T) ! ]
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Furthermore, taking T = 79, where

a+2mp p—1
6 > maxqm, . - N|——¢, (3.3.6)

we obtain

Then, from (3.3.5), we deduce that

— — a+2m el
I0,0,0)]7 +[Kp,a,0)] 7 <C|t™* N5 Inz|’ (3.3.7)
p.a, ¢ p.a, ¢
Similarly, for
b+2mg g-1
6 > maxm, -N|——¢;, (3.3.8)
q-1 q
we obtain
— -1\9 b+2m "7_1
(D@ b1 + K@ beN'T ) <C["N 5 Inx| (3:39)

Thus, for T = 79, where 0 satisfies (3.3.6) and (3.3.8), we obtain by (3.3.2), (3.3.7), and (3.3.9)

that
pa-1 - a+2m, el +2m 11—1
If”_1 <Ct WZ . TG+N_% In T] ’ [TeJrN_bqi_lq In T] ,
that is,
;L_l pq-1
I} <Ct(nT) 7, (3.3.10)
where
5= pg—1 N — (b+2mq)p +a+2mp
p pq—1
_p-1

(N-2m-a).
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Since N — 2m < @, we have 6 < 0. Then, by the Monotone Convergence Theorem, we are
allowed to pass to the limit as T — oo in the integral(3.3.10), we reach a contradiction with

I, > 0. This completes the proof of Theorem3.1.1] o

3.3.2 Proof of Theorem|(3.1.2

Let us introduce the family of polynomial functions {P;}y<;<,,, where

1 if i=0,

Pi(z) = i-1 i
[Ter2p[[N-2j-2 if i=1-,m.
j=0 j=1

From (3.1.14), we deduce that
N -2j>max{a,p}, j=1,---,m.
Furthermore, because a,b > —2m and (a, b) # (—2m, —2m), we have a, > 0. Then,
Pi(z)>0, i=0,1,---,m, zé€{a,p} (3.3.11)

For all

O<e< min{[Pm(a)]v%, [Pm(ﬁ)]ﬁ}, (33.12)

we consider functions of the forms

u(x) = x|, xeRN\B; (3.3.13)



and

ve(x) = elx| P, x e RN\B;.

Since u, and v, are radial functions, elementary calculations show that

(_A)iuf(x) = 5Pi(“)|x|_a_2i/ i= O/ 1/ s, m, X € RN\Bl

and

(=A)ve(x) = eP;(B)x[P%, i=0,1,---,m, xeRN\By.

Taking i = m in (3.3.15), using (3.3.11), (3.3.12), (3.3.13), and (3.3.14), we obtain

(=8)"1:(x) = ePp(@)l ™"
= [x|"eP|x| ¥ (PP (c)lx =20

> || (x) x| 2R

On the other hand, by (3.1.12) and (3.1.13), one can show that
—a—2m—a+pp=0.

Then, we obtain

(—A)"ue(x) > [x'0f(x), x € RV\By.
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(3.3.14)

(3.3.15)

(3.3.16)

(3.3.17)
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Similarly, taking m = i in (3.3.16), using (3.3.11), (3.3.12), (3.3.13), and (3.3.14), we obtain

(=A)"0(x) = ePy(B)lx|F~2"
= |x|b8q|x|—ab] (Sl—qu(ﬁ)|x|—[3—2m—b+aq)

> el ()| P20,

Using that

—-B-2m—-b+aq=0,

we obtain

(=A)"0:(x) 2 [xPul(x), x € RN\By.

Furthermore, by (3.3.11) and (3.3.15), foralli =0, --- ,m — 1, we have

(-A)'ue(x) = ePi(@) >0, x € IBy.

Similarly, by (3.3.11) and (3.3.16), foralli = 0,--- ,m — 1, we have

(=A)ve(x) = eP;(f) >0, x € IBy.

(3.3.18)

(3.3.19)

(3.3.20)

Finally, (3.3.17), (3.3.18), (3.3.19), and (3.3.20) show that for all ¢ satisfying (3.3.12), the pair of
functions (u¢,v,) given by (3.3.13) and (3.3.14) is a stationary solution to (3.1.1)-(3.1.2) with

fi = €Pi(a) and g; = eP;(f) foralli =0, --- ,m —1. The proof of Theorem is then completed.

O
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It was shown that the dividing line between the existence and nonexistence of solutions is
determined by a Fujita-type critical exponent that depends on a suitable parameter A, but
does not depend on the order of the time derivative.
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