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PHYS 505
Final Exam
Thuesday 15 December 2015
Instructor: Dr. V. Lempesis
Student Name: .......cccevviiiiiiiiiiiiiiiiiiiiiiiiiiiiiiinienee,
Student ID Number...........cccoviiuiiiiiininnnn

Student Grade: ....... /40

SECTION A: Please answer all questions

1. A system is at an eigenstate

E,m> of the operator /_. Show that the
average values of the other two operators ¢, ¢ , are zero. You are

given [ =/ =il and
f,m>=h\/£(£+1)—m(m+1)
f,m>=h\/£(£+1)—m(m—1)

l+

f,m+1>

L

E,m—1>

Solution:

We know for the operators ¢, ¢ that are related to the raising and

lowering operator as follows: /, =/ =il . Thus we can get the
expressions by adding and subtracting

1 1
I =5(1++z_), l, =2—l_(1+ -1)

Thus:

<£,m‘lx E,m>+<£,m‘l_

é,m>=%{<€,m‘l+

£,m+l>+\/€(€+1)—m(m—l)<€,m

E,m>}=
z,m—1>}=o

f,m> = %<€,m‘(l+ +l_)

g{\/£(€+1)—m(m+l)<€,m

Similarly for the operator ¢ .

2. Two particles with spin s =3/2 interact with the Hamiltonian

H=A4s -s, where A is a given constant. Calculate the energy



Final Exam Phys 505 2

eigenvalues of the system and the degree of degeneracy of the system.
You are given that: S =‘Sl —Sz‘...‘Sl +s2‘. Also for any type of angular

momentum J*

j,m> =1 J(J +1)

jom)

Solution:
We know that for the total spin we have:

2 1
2 2 22 )
S —(Sl+s2) =S —Sl'l‘sz‘l'zs1 52:>S1 SZ—E(S —Sl—sz)

Thus the Hamiltonian becomes
A
H=As s, = E(S2 -5 —sz)

with eigenvalues

AR
H= [s(s+l)—sl(sl+1)—s2(sz+1)]
For the values of s we have: s = 3.3 é+E =0,1,2,3
2 20 2 2
Thus for the Hamiltonian we get the following 4 eigenvalues

(s,=5,=3/2):
E,=-154n" /4, E, ==1141" | 4, E, ==3A4n’ / 4, E, =94n’ / 4.

Each of these has a degeneracy d =2s+1 so d =1, d,=3,d,=5,d,=7.
3. A particle is inside an infinite square well of width L as shown in
figure. We know that the unperturbed eigenfunctions and
2
eigenenergies of the system are: Y, = \/; sin(me) and

nw'rnn’

>
2ma

EY -



Final Exam Phys 505

V(x)

0 L
We add a small perturbation to the system given by:

0 O<x<L/4
Vix)=y V, L/4<x<3L/4 .

0 3L/4<x<L

Find the first order corrections of the energy eigenvalues. Find the first
order corrections of the energy eigenvalues. You are given that

sin’ 0 = % - %cos 20. Also E}El) = <1/}3 ‘Vz/)j> = T(lpf)* Vypldx

—00

ES) = <1/J’? ‘le;’> = z(ws ) Vzp:dx = Sj&[\/% sin (%)) I/O\/%sin(%) dx =

L/4
21/0 3L/4 . o[ nmx 2[/0 3L/4
—2 | sin”| — ldx=—2"
L L

L/4

3L/4 3L/4
l dx—lfcos(znﬂx)dx =
2 L4 2 L/4 L

SECTION B: Please answer ONLY ONE question

4. A non-polarized beam (that is, a beam which contains all possible
spins) is made up of fermions with spin s = 2. The fermions interact

with a potential V' (r) = Voe“’z’2 . Find the differential scattering cross

section do /dQ.
You are given the following;:

mre‘“zr2 sin(gr )dr = q\/; el 1/4, sin”(6 /2 _L 1-cosf
o sl 25 |

a
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Z,lg ‘f(e)‘z , f(@) = —%ZrV(r)sin(qr)dr, q= 2ksin(0 / 2)
Solutions:

When we have an unpolarized beam we must take into account that we
have a triplet state (with an antisymmetric spatial wavefunction) and
one singlet state (with a symmetric spatial wavefunction). As we have
shown in the class:

3(d 1({do) 3 2
do/dQ=Z(d—g)A +Z(d_g)s =Z‘f(0)—f(ﬂ'—9)

|r (o) +|r (-0 - s (0)(-0)

) r-o)

The differential cross section is given by:

f(H)———frV(r)sm(Qr) ———fr(Ve )sin(qr)dr=
qh
2mVy ¢ i 2mV, \/_ 1/4 V\/— o
e 2 2
= mVO\/; —kzsinz(B/z)/a2
q=2ksTn(0/2) - 21%%q° €
So
f(][_g)=[ ’nzl;lz\/: Zcos? 9/2
2 227 R 5 Wrlr e P
o =t (o) e
2 szzf[ — 2 2 mZVZ.TL’ B 20052( )az
‘f(ﬂ—@)‘ = 475140616 ¢ q=2kj:(9/2) (n_g)‘ = 4h4(;6 2o (0r2)
N12r iren? 2 Reos - 2p2 o
f(H)f(Jr—Q)= n;h4(;fe k?sin®(0/2)/ ot (012 =’Zh—4(;f 2

Thus for the differential cross-sectional area we have:
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i 1492=|0) +| -0} - (o) {-0)-

2772 2772

mV I oisn’(en) MV 2k cos(02)d _m V T2
0 0" o k/a
4 6 4 6 T34 6

4hta 4n’a 4na

27,2

MV m [ 2ksin?(02)? —2k*cos?(6/2)/a* _K2a?

Ll (pa)a* | 2eoson)e’ _ g

4h’a

5. For a particle in a potential given by V(x) = Fox for x = 0 and
V(x) = oo for x <0, find the energy of the ground state by the
variational method, using the trial functions of the form:

(v (x) =Axexp(-Ax).

You are given:

7 -2x 1 7 -2Ax -Ax 3\/; ~
~{xze2 dx=Z, :[j)feyL dx = fx4 aa dx=_)f/2 p=—lha—x

Solution: First we normalize the wave-function:

2

z‘w(x)r dy=1= AZZxZ exp(-2Ax)dx = 1= % —1= A4=21"

Thus the trial wavefunction is

w(x) =21 xexp(-x) .

Then we calculate the average potential energy on the trial state

U-= j‘l]}(x)‘z V(x) deF;)j“zp(x)r xdx = Ejj(213/2x exp(—)tx))2 xdx
- 0 0

3 3,
8 24

= 41°F, [ ¥’ exp(-2Ax)dx = 4A°F,
0

Then we calculate the average kinetic on the trial state:

)
*

azpd

1 h? 9*
=ﬂ<l”‘pz‘”’>=ﬂ<w‘y“”>=‘—
But
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wa 2177 ai (x exp(- )Lx)) 2177 exp(-)tx)(—Z)L + x)Lz)
= 22°% exp(-Ax)(xA-2)

So

o 2 *
7 fw* o’ l,Ud ;lm 252 2/13/2fxexp(-7tx) exp(-AX)(X)L - 2)dx =

ox’
2h 8/2 2h 8/2
- A xexp(-2Ax)(xA =2 )dx = —-— /l A x“exp(-2Ax)dx -
0 Frenpt2an (-2 { [ exp2)
2h* 1 1 21 1
2 xexp(-2Ax)dx = - 2% A -2 A8 =—)L2
{ p2Ax) } m { 42 4/12} m . 4A 2m

Thus the average total energy is:

2
_=U+I?=3£+ "y
2A  2m

This becomes minimum at the point where the first derivative is zero

1/3
3mFO

hZ

'l 2
d_E—_3i+h_A 0= A=

dA 20 m

And the energy of the ground state is:

1/3 1/3
— F 2 F WFE’
E=U+K=- ) 0 1/3+ d (3m20) ~1.966 ;
2(3mE)) 2m m



Final Exam Phys 505




