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PHYS 505
Final Exam
Thursday 26" December 2013

Instructor: Dr. V. Lempesis
Student Name: .......cccevviiiiiiiiiiiiiiiiiiiiiiiiiiiiiiinienee,
Student ID Number...........cccoviiuiiiiiininnnn

Student Grade: ....... /40

SECTION A: Please answer all questions

1. Find in the Born approximation the differential and total cross-section

a2

for scattering in the field V' (r) = Ve
You are given the following;:

}re_“zrz sin(qr)dl’ = Z\/i_r(e-qz/az )1/4’ sin’ (0/2) _ %(I—COSB)
0

a

Solution:

The differential cross section is given by:

do/de=|f,(6)

fB(B) = —%i‘rV(r)sin(qr)dr = _%{r(%e—uw )sin(qr)d” =

2mV, % . ( 2mV\gNr( ooy mVNm)
= — qhzofre sm(qr)dr=L_ qhzo) " (eq/ ) —1_ 2h02a3 o0
0
So
2
> |l mV\/;\\ e mVer 2
dot 0|0 - -] A

For the total cross-section we have:

We know that q =2k sin(@ / 2) thus if we substitute in the formula for the differential
cross-section we get:

2172 2172
m VOJT -4k sin’(0/2)/24> M VOJT 247 sin? (6/2)/a?

do/dQ = =
41 a® 4n*a®
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T 2m . 2p2 O=7 ' 2k sin? 2
o =f‘f3(0)‘2d£2 = é[olo‘fB(g)r sinfdOdg = Z#Oa:[ 2n.é£) sinfe ! (0/2)/ 40
I o -
; 0

. _ik2/a —k*cos(0)/a? _K2a? _Kuld?
= fsm@e “e Ve 40 e fe Yy =
0=0

u=-1

4 6 - 4 6
sin2(0/2)=%(1—cos(9) 2h a u=cos0 Zh a

i m2n2n2( o)
20t atk?

2. Two particles with spin s, =3/2 and interact with the Hamiltonian

H = A4s, -s, where A is a given constant. Calculate the energy
eigenvalues of the system and the degree of degeneracy of the system.

Solution:
We know that for the total spin we have:

2 1
2 2 22 )
S —(Sl+s2) =S —Sl'l‘sz‘l'zs1 52:>S1 SZ—E(S —Sl—sz)

Thus the Hamiltonian becomes

H=A4s, s, =§(s2 -5 —sz)

with eigenvalues

2

H=

[s(s + 1) - Sl(Sl + 1) - sz(s2 + 1)]

53
_+_
2 2

5 3

For the values of s we have: s = =1,2,3,4

Thus for the Hamiltonian we get the following 4 eigenvalues (s, = s, =1/2):
E = 2140/ 4, E, = —1341* | 4, E, = —AR* | 4, E, = 154" | 4.

Each of these has a degeneracy d =2s+1 so d =3,d,=5,d,=7,d,=9.

3. Two non-polarized beams (that is, beams which contain all possible
spins) of two fermions with spin s = 1/2 interact with a Yukawa

potential V' (r) = Voae"” “ / r . Find the differential cross-section at an

angle 6 = /2 in the case where k = a™'. You are given that:

Ze-br sin(grjdr = — zqz , sin(m/4)=v2/2.

Solution:
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The differential cross section is given by:

dod@=|f,(6)

fB(G) = —Z—HE}rV(r)sin(qr)dr = —2—nz}r(V0ae'”“ /r)sin(qr)dr =
qh™< qh” <

2mV,a” [ 2mVya\ a’q ([ 2mV)\ &°

0

i’ fe_r/asm(qr)d“k_ i )ivagd 7w ) 1vag

0

So

£ (of =|f -2} < [ _amie

do/dQ = k_ 72 J1+a2q2‘ = B (1+a2q2)2

Now if we consider that q = 2ksin(0 / 2) we get

4sz02a6 1
(1+4a%% sin2(9/2))2

do/dQ =

For k = a™ we get

4m2V02a6 1

(1 + 4sin’ (9 / 2))2 '

do/dQ =

Now since the beam is not polarized with s =1/2 we get

fa O oo a0 o))
j_g =[r(@) +[s(=-o0)f —%Re[f(ﬁ)f (z-0)]

For 0 =m/2 we get:
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Z:_g= f(n/2)2+ f(ir—n/2)‘2—%Re[f(:r/2)f*(n—ﬂ/2)]:>
Zg flar2) + f(ﬂ/2)‘2—%Re[f(n/Z)f*(n/Z)]z
49 _\f(mr2) + f(n/z)f_l‘f(mz)r=>

dQ 5

do

E_E‘f .7'[/2‘

But for 8 =z /2 we have

2 4m2V02a6 1 4m2V02a6 1

2 == ST
(1+4sm (J‘L’/4)) (1+4(\/5/2))
417121/02a6 1 4m2V02a6
h4 2 2 - 9h4

(1 + 4(x/§ / 2) )
Thus

‘f 2 3 4m2l/02a6 2m21/02a6
aQ 2 2 ont 3t

SECTION B: Please answer ONLY ONE question

4. A particle of mass m moves in a potential ¥ (x) = gx* (¢>0). Try to
estimate the energy of the ground state using the method of
variations. Assume that the wavefunction of the ground state is a

Gaussian function of the form: y (X,)\.) = Ne™™ . You are given:

V1 g V.

—Ax? il Z—Ax _ 4—)»)6 = — i
fe dx = o fx dx = )Lm,f dx = }LS/Z,p— lhax

—00

Solution:
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I‘W (X,)L)‘z dx =1 :‘N‘Z_};e_mdx _ 1:>‘N‘2 % -1

1/4

o /2 o,

<x4>=‘N‘ fe * x4dx2<x4>= (%) fe  xtdx =
2 2
p= —lhizpz - (-in) === p* - 412%
12 e

Thus the average value for the energy becomes

()= 0 ) - 0, o)
(E(a)= 22 2

The energy has a minimum value at:

dER) o, (eem”
d}\. 0 2

B 3 3 1 133473
<E()”0)> = 4m0 + 4)%2 = (4.62/3 +Z) gmz/s
0




Final Exam Phys 505 6

5. A particle is inside an infinite square well of width L as shown infgure.
We know that the unperturbed eigenfunctions and eigenenergies of the

2242
system are: w(o) =\/§sin(m—x\ and Y =27 f :
el

§ 2ma’

V(x)

0 L
We add a small perturbation to the system given by:

0 O<x<L/2
v, Li2sxsL’

Find the first order corrections of the energy eigenvalues. You are given

that sin’0 = 1_ lcos 26.
2 2

Solution:
(1)_ 0 0 _+OO 0 * 4 _ L (\/2 : (nﬂx\\* \/E : (nJTX\ —

2Vt nax) _ZVLl 1 (nmx\|,
—LO Lf/zsm k_L de__Lom 2_2C0S2k_L ) dx =
o, [1h 1h fmax\ | 2L L (2nax\|[ ]
L ELf/zd _ELf/zcoszk R R R )m]_
V 1 . (2nrL) 1 . (nrL) | V
2 [ 2 nljj J_znnsmkmz ) =Vo[1—%sm(m) oy

Mathematical Supplement:
* For any physical quantity A: A4 = <A2> - <A>2

* For any type of angular momentum: k=1, s orj.

kz

kom,) = k(K + 1)1

k,mk>
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k |kom) = ik +1) = m, (m, +1)|k.m, +1)

k |km )= nfk(k+1) = m, (m, ~1)|k,m, ~1)

* For a particle with spin 1/2

A(10Y A0 1) _h(0 =)
"2l <) 72l o)r T2l o)

(o)
Slo) Tl

—==lrte) . zl(e)- _2:1‘12 V(a) . v(a)=ferrmdr

fg(e) = —%irV(r)sin(qr)dr, q= 2ksin(0 / 2)

ym e 0 i) $ 202

r = r

d I+

dr_z+k2 V(r)- (rz ) x,(r)=0

%,(0)=0

1

X, (©)— | 4 jl(kr) + B, nl(kr) r=—Clsm(kr—ﬂ—l+6l\
i) SO A R
spherical spherical
Bessel functi Neumann functio

.| 00,
)le

5(21 + l)e sind P(cosG)

=0

N

2

oo

do / dQ = i E(zl +1)¢” sind, P (cos0)

o, =2n{‘f 0‘ sin0d6=1—f2(2l+l)sinzél
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K, (ka) = v, (ka) 1 dR,

tand, = — , =
: knl(ka)—ylnl(ka) Vi R, dr

[Rl(r) = X;(’”)/’”]

r=a

9 (o) <] -0 + L arel o) (o))




