
 

 

PHYS 404 
2nd MIDTERM EXAM Exam 
Sunday 17th  November 2019 

 
Instructor: Dr. V. Lempesis 
 
Student Name: ………………………………………………. 
 
Student ID Number…………………………….. 
 
Student Grade: ….…/15 
 
Please answer all the following questions 
 

1.  Show that:   d
dx
xnJn (x)⎡
⎣

⎤
⎦= x

nJn−1(x) . 

 
Hint: You are given that,  
 

Jn−1(x)+ Jn+1(x) =
2n
x
Jn (x) ,    Jn−1(x)− Jn+1(x) = 2Jn

' (x)  

  
 

(5 marks) 
 
Solution: 
 

Jn−1(x)+ Jn+1(x) =
2n
x
Jn (x)

Jn−1(x)− Jn+1(x) = 2Jn
' (x)

⎫

⎬
⎪

⎭
⎪
⇒
+
Jn−1(x)+ Jn+1(x)+ Jn−1(x)− Jn+1(x) =

2n
x
Jn (x)+ 2Jn

' (x)⇒

2Jn−1(x) =
2n
x
Jn (x)+ 2Jn

' (x)⇒ Jn−1(x) =
n
x
Jn (x)+ Jn

' (x)⇒

xnJn−1(x) =
n
x
xnJn (x)+ x

nJn
' (x)⇒ xnJn−1(x) = nx

n−1Jn (x)+ x
nJn

' (x)⇒

xnJn−1(x) = xn( )
'
Jn (x)+ x

nJn
' (x)⇒ xnJn−1(x) =

d
dx
xnJn (x)⎡
⎣

⎤
⎦

 
 

2. Calculate the integral xn+1Jn x( )dx∫ . You are given that 

d
dx
xnJn (x)⎡
⎣

⎤
⎦= x

nJn−1(x) . 

 
 

 



 

 

 (5 marks) 
Solution: 
 
We know that: 
 
d
dx
xmJm(x)⎡
⎣

⎤
⎦= x

mJm−1(x) ⇒m=n+1
d
dx
xn+1Jn+1(x)⎡
⎣

⎤
⎦= x

n+1Jn+1−1(x)⇒

d
dx
xn+1Jn+1(x)⎡
⎣

⎤
⎦= x

n+1Jn (x)
 

 
Thus 
 

xn+1Jn x( )dx∫ =
d
dx
xn+1Jn+1(x)⎡
⎣

⎤
⎦∫ dx = xn+1Jn+1(x)+ c  

 
3. Prove that: 

 

 ex = I0 (x)+ 2 In (x)
n=1

∞

∑
 

You are given that:  
 

I
−n (x) = In (x)  

e
x
2
⎛

⎝
⎜
⎞

⎠
⎟ t+

1
t

⎛

⎝
⎜

⎞

⎠
⎟

= In (x)t
n

n=−∞

∞

∑

 
(5 marks) 

Solution: 

 

e
x
2
⎛

⎝
⎜
⎞

⎠
⎟ t+

1
t

⎛

⎝
⎜

⎞

⎠
⎟

= In (x)t
n

n=−∞

∞

∑ ⇒
t=1
e
x
2
⎛

⎝
⎜
⎞

⎠
⎟ 1+1

1
⎛

⎝
⎜

⎞

⎠
⎟

= In (x)
n=−∞

∞

∑ ⇒ e
x
2
⎛

⎝
⎜
⎞

⎠
⎟2
= In (x)
n=−∞

∞

∑ ⇒

ex = In (x)
n=−∞

∞

∑ ⇒ ex = In (x)
n=−∞

−1

∑ + I0 (x)+ In (x)
n=1

∞

∑ ⇒

ex = I
−n (x)

n=1

∞

∑ + I0 (x)+ In (x)
n=1

∞

∑ ⇒
I−n (x )=In (x )

ex = I0 (x)+ 2 In (x)
n=1

∞

∑
 

 
4. (i) Find the general solution of the following differential equation: 



 

 

d2u
dx2

+
1
x
du
dx

+ 1− 4
x2

⎛

⎝
⎜

⎞

⎠
⎟u = 0 . 

 
(ii)Find the general solution of the following differential equation: 
 

d2u
dx2

+
1
x
du
dx

+ 1− 1
9x2

⎛

⎝
⎜

⎞

⎠
⎟u = 0 . 

 
(iii) Find the general solution of the following differential equation:  

 

x2 d
2u
dx2

+ x du
dx

+ 9x2 − 4( )u = 0
 

 
(iv) Find the general solution of the differential equation: 
 

d2u
dx2

+
1
x
du
dx

+ 1+ 4
x2

⎛

⎝
⎜

⎞

⎠
⎟u = 0

 
 

You are given: 
d2u
dx2

+
1
x
du
dx

+ 1− ν
2

x2
⎛

⎝
⎜

⎞

⎠
⎟u = 0 ,    Bessel Diff. Equation 

 
d 2u
dx2

+
1
x
du
dx

+ 1+ ν
2

x2
⎛

⎝
⎜

⎞

⎠
⎟u = 0 ,     Modified Bessel Diff. Equation 

 
 

 
Solution: 

(i) d
2u
dx2

+
1
x
du
dx

+ 1− 4
x2

⎛

⎝
⎜

⎞

⎠
⎟u = 0⇒

d2u
dx2

+
1
x
du
dx

+ 1− 2
2

x2
⎛

⎝
⎜

⎞

⎠
⎟u = 0

 
But 3 is an integer thus the general solution is given as  
 

u(x) = AJ 2 (x)+ BN2 (x)
 (ii)  

d2u
dx2

+
1
x
du
dx

+ 1− 1
9x2

⎛

⎝
⎜

⎞

⎠
⎟u = 0⇒

d2u
dx2

+
1
x
du
dx

+ 1−
1/3( )

2

x2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
u = 0

 

 
u(x) = AJ1/3(x)+ BJ−1/3(x)

 (iii) As we have discussed the general solution is  
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x2 d
2u
dx2

+ x du
dx

+ 9x2 − 4( )u = 0⇒ x2 d
2u
dx2

+ x du
dx

+ 32x2 − 22( )u = 0
 

 
u(x) = AJ 2 (3x)+ BN2 (3x)  

 
 (iv) Find the general solution of the differential equation: 
 

d2u
dx2

+
1
x
du
dx

+ 1+ 4
x2

⎛

⎝
⎜

⎞

⎠
⎟u = 0⇒

d2u
dx2

+
1
x
du
dx

+ 1+ 2
2

x2
⎛

⎝
⎜

⎞

⎠
⎟u = 0

 
 

u(x) = AI2 (x)+ BK2 (x)  


