Math 316

Solutions of the First Midterm Exam 1434, 1st semester

Q1 Prove or disprove each of the following statements:

(a) If a set {x1,x9,...,x,} is orthogonal in an inner product space X,
then it is linearly independent.

Solution: (True)
If {1, 22, ...,x, } is orthogonal in X, then for all ¢,5 € {1,2,...,n}

<.’Ei,.’L‘j> = 0

il # 0.

Now, let

n

ZC,’.&EZ‘ =0

i=1

where ¢;’s are scalars. Then, for any z; € {1, 22, ..., 2, }, we have

<Z Ci(l?i,.’L'j> = <0,{Ej>

=
n
C; <.’L‘i7.’)3j> =0
i=1
=
¢j (zj, ;) =0
=
2
¢ llzslI” =0
=

Cj:()

for all j € {1,2,...,n}, which proves that the set {x1,zs,...,2,} is
linearly independent.

(b) If f(z) =Inz and p(z) = L, then f € £2(0,1).
Solution: (False)

CR S|
|n |2 :/ [lnz|” —dx
e 0 €z
Using the substitution

v = Inz, du= —dx,
T
= 0=>u=—o0,

= 1l=>u=0,



we get

0
2 .
|lnz||2 = lim u?du
u=0
.oud
= lim —
t——oco 3 et
. ¢3
= lim ——
t—m—o0 3
=

Therefore, f ¢ £3 (0,1).

Q2 Consider the sequence of functions
fo(z)=2" x€][0,1]
(a) Find the limit f (x) of f, () as n — oo.
Solution:

f(z)= lim 2" =
n—oo

{ 0, 0<x<1

1, rz=1

(b) Does f,, (z) converge to f (x) uniformly? Justify your answer.
Solution:
fn () does not converge uniformly to f(x) because the function
fn () = 2™ is continuous on [0, 1] for all n € N, but f (x) is not.

(c) Does f, (z) converge to f (z) in £2([0,1])? Justify your answer.
Solution: yes

L2 . .
foSf e dm|fa—fl=0

Now,

im [|f — /]

lim 2™ — 0
n—oo

1 , 3
= lim </ |z d;c)
n—oo 0
1

1

2
= lim (/ x2"dx>
n—oo 0
22n+1 1\ 2
= lim
0

n—oo \ 2n+1
li !
= im —
n—oo /2n +1
= 0.



Q3 Consider the eigenvalue problem

(a)

Lu+Mu=0, z€]lal], (1)
u(a)=0, u()=0

Prove that if L is a self-adjoint operator, then A € R.
Solution:
If L is a self-adjoint operator, then

(Lu,u) = (u, Lu) (2)

for any u € L2 ([a,b]) . Now, let A be an eigenvalue of —L and let u
be the corresponding eigenfunction, then

(Lu,u) = (—=Au,u) = A (u,u) = —A|ul]?,
On the other hand, we have
(u, Lat) =, —Det) = —X (u,) = —X lu]?,
Using (2), we get
~Allul® = =X fulf?

but since ||u|| # 0 (because u is an eigenfunction), the above equation
leads to
“A=-A

ie. A eR.
Show that if L = (1 + 33:2) % + 637% in problem (1), then L is a
self-adjoint operator.
If L= (14 3z?%) % + 6z-L, then we have
1)
p(x) =1+32% q(x) =6xz,7(x) =0
are all real functions.
2)

b

D (u/v - uv')

a

i.e. L is a self-adjoint operator.
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Q4 Consider the eigenvalue problem

u' + 20+ =0, z€l01], (3)
w(0)=0, u(l)=0
(a) Find the eigenvalues and eigenfunctions of problem (3).

Solution:
The auxiliary equation is

m2+2m+A=0,
which have the solution
m=—-1++v1-M\,

Thus, we have the following cases:

1) If A = 1, then there is one root m = —1 and the general solution
of (3) is given by

u(z) =cre 4 cowe™™

Using the boundary conditions, we have

uw(0) = ce
= 0=q¢
and
w(l) = coe !
= 0=cge !
= 0=c¢cy

That is, u () = 0, which is not acceptable. Thus, A = 1 is not an
eigenvalue of (3).

2) If A < 1, then we have two real roots m; = —1 — /1 — X and
mg = —1+ /1 — A, and the general solution is given by

u(z) = 1™ 4 coe?”

Using the boundary conditions, we have

uw(0) = c1e’ 4 coe’
= 0=ca+c
= cp=-—C
and
uw(l) = 1™ 4 ce™

= 0=ce™ —ce™
= 0=c(e™ —e™)
but, e™t — ™2 =£ ( because the exponential function is one-to-one.

Therefore, ¢; must be zero, and consequently w (z) = 0. Thus, there
are no eigenvalue of (3) in (—oo,1).



3) If A > 1, we have two complex roots m; = —1 — /A —1i and
mo = —1 + /A — 1i. The general solution is given by

u(z)=e"" (01 cos VA — 1z 4+ cpsin vV — 1:10)
Using the boundary conditions, we have

uw(0) = €%(cicos0+ cosin0)
= 0=

and

u(l) = e legsinVA—1
= 0=cysinvA—1

but ¢; # 0, otherwise we would have a zero eigenfunction. Thus,
sinvA—1=0
=VvVA—1=nm, neN

The eigenvalues of (3) are thus given by
Apo=n?m2+1, neN
and the corresponding eigenfunctions are
Uy () = e “sinnrz, neN

Show that L is not a self-adjoint operator.
Solution:
In (3), L is given by ,
d d

L= ) + 2£ (4)

and since
P (x)=0#2=q(z)

L is not a self-adjoint operator.
Transform L into a self-adjoint operator.
Solution:
We first find the function p(x) > 0 that produces a formally self-
adjoint operator pL.

1 f «=) 4.
p(x = e’ p(=x)
(@) p(z)
1 2
- = dem
16
_ eZz
Therefore,
d? d
I = 2z D) 2z 4
P ¢ dz? tee dz

is a formally self-adjoint operator. It is a self-adjoint operator for the
above specific problem since the boundary conditions are separated
and homogenous.



(d) Write the orthogonality relation between the eigenfunctions of prob-
lem (3).
Solution:

The eigenfunction of the operator —L are eigenfunction of the self-
adjoint operator —pL. Therefore, these eigenfunctions are orthogonal
in £2(0,1). Namely, for n # m we have

1
<e*“’ sinnm, e " sin mw)ezm = / (e*z sin mr) (e*z sin mﬂ) e*dr =0
0

Eyman Alahmadi



