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1. 〈
aex + be−x, x

〉
= a

∫ 1

−1
xexdx+ b

∫ 1

−1
xe−xdx

= a

[
xex|1−1 −

∫ 1

−1
exdx

]
+ b

[
xe−x

∣∣1
−1 −

∫ 1

−1
e−xdx

]
= 2e−1 (a− b) = 0 ⇒ a = b.

∥∥aex + ae−x
∥∥2 = a2

∫ 1

−1

(
e2x + 2 + e−2x

)
dx

= a2
(
e2 − e−2 + 4

)
= a2 (2 sinh 2 + 4) = 1

⇒ a = ± 1√
2 sinh 2 + 4

.

2. (i) a0 = 1
2

∫ 1
−1 (x+ 1) dx = 1.

an =
∫ 1
−1 (x+ 1) cosnπx dx = 1

n2π2
cosnπx

∣∣1
−1 = 1 ∀n ≥ 2.

bn =
∫ 1
−1 (x+ 1) sinnπx dx = − 2

nπ
cosnπ+ 1

n2π2
sinnπx

∣∣1
−1 = 2

nπ
(−1)n+1 .

⇒ x+ 1 = 1− 2
π

∑∞
n=1

(−1)n
n

sinnπx ∀ − 1 < x < 1.

(ii) Since f (−1) 6= f (1) the convergence is not uniform.

3. 〈
e−x/2, Ln

〉
=

∫ ∞
0

e−x/2Ln (x) e−xdx

=
1

n!

∫ ∞
0

e−x/2
dn

dxn
(
xne−x

)
dx

=
1

n!

[
e−x/2

dn−1

dxn−1
(
xne−x

)∣∣∣∣∞
0

+
1

2

∫ ∞
0

e−x/2
dn−1

dxn−1
(
xne−x

)
dx

]
= · · ·

=
1

n!2n

∫ ∞
0

e−x/2xne−xdx

=
1

n!2n

∫ ∞
0

xne−3x/2dx.
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∫ ∞
0

xne−3x/2dx = −2

3
xne−3x/2

∣∣∣∣∞
0

+
2

3
n

∫ ∞
0

xn−1e−3x/2dx

= · · ·

=

(
2

3

)n
n!

∫ ∞
0

e−3x/2dx

=

(
2

3

)n+1
n!

⇒
〈
e−x/2, Ln

〉
=

2

3n+1
, e−x/2 =

∞∑
n=0

〈
e−x/2, Ln

〉
‖Ln‖2

Ln (x) = 2
∞∑
n=0

3−n−1Ln (x) .

4. y′ = −1
2
x−3/2u+ x−1/2u′, y′′ = 3

4
x−5/2u− x−3/2u′ + x−1/2u′′.

Direct substitution into Bessel’s equation gives u′′ + u = 0, whose
general solution is

u (x) = c1 cosx+ c2 sinx.

This implies that

y (x) = c1
cosx√
x

+ c2
sinx√
x
.

5.

J−1/2 (x) =
(x

2

)−1/2 ∞∑
m=0

(−1)m

m!Γ
(
m+ 1

2

) (x
2

)2m
=

√
2

x

∞∑
m=0

(−1)m

m!
(
m− 1

2

)
· · · (1/2) Γ (1/2)

(x
2

)2m
=

√
2

πx

∞∑
m=0

(−1)m

m! (2m− 1) · · · (1) Γ (1/2)

x2m

2m

=

√
2

πx

∞∑
m=0

(−1)m

(2m)!
x2m =

√
2

πx
cosx.

The zeros of J−1/2 (x) in (0,∞) are those of cosx, namely xn = π
2
, 3π
2
, 5π
2
, · · · .
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6. f is an odd function, hence A (ξ) = 0.

B (ξ) = 2
∫∞
0

sinx sinxξ dx =
∫∞
0

[cos (1− ξ)x+ cos (1 + ξ)x] dx =

2
sin πξ

1− ξ2
. Therefore

f (x) =
2

π

∫ ∞
0

sin πξ

1− ξ2
sinxξ dξ.

When x = π, we get

1

2
=

2

π

∫ ∞
0

sin2 πξ

1− ξ2
dξ.
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