
Sinusoidal Alternating Waveforms 
 

13.1 INTRODUCTION 
dc networks:  Voltages or Currents are fixed 
ac networks:  Voltages or Currents are varying with time in predefined manner 
 

ac  ≡ alternating current 
 

ac voltage and ac current ;  
alternating ≡ changing between two levels in a set of time sequence 

   

 
 
  



13.2  SINUSOIDAL ac VOLTAGE  
CHARACTERISTICS AND DEFINITIONS 

 
Generation 
 

 
 
  



Definitions 
 
Vertical scale: in 
Volts or Amperes 
 
Horizontal scale: in 
units of times 

 
 
Waveform:  The path traced by a quantity plotted as a function of some variable 

such as time, position, degrees, radians, temperature, and so on. 
 
Instantaneous value:   The magnitude of a waveform at any instant of time; 

denoted by lowercase letters (e1, e2). 



Peak amplitude:   The maximum value of a waveform measured from its average,   
or mean, value, denoted by uppercase letters (Em and Vm).  

 

Peak value:  The maximum instantaneous value of a function as measured from 
the zero-volt level.  

 

Peak-to-peak value:  Denoted by Ep-p or Vp-p, the full voltage between positive 
and negative peaks of the waveform. 

 

Periodic waveform:   A waveform that repeats itself after the same time interval.  
 

Period (T ):   The time between successive repetitions of a periodic waveform. 
 

Cycle:  The portion of a waveform contained in one period of time. 
 

 
 

  



Frequency ( f ):  The number of cycles that occur in 1 s. The frequency of the 
waveform of Fig. 13.5(a) is 1 cycle per second, and for Fig. 
13.5(b), 21⁄2 cycles per second. If a waveform of similar shape 
had a period of 0.5 s [Fig. 13.5(c)], the frequency would be 
2cycles per second. 

 

 
 

 
 



 
 



 

 

 
 



 

 

 



 
 
  



13.3  THE SINE WAVE 
 

 
 

 
 



Horizontal axis: degree or radian (rad) 
 
Radian: is defined by a quadrant of a circle 

where the distance subtended equals 
the radius 

 

 

 

 
 



x  ≡  No of intervals of r (the radius) 
around the circumference of a circle: 

 
𝐶 = 2𝜋𝑟 = 𝑥 ∙ 𝑟  ⟹  𝑥 = 2𝜋 
 
There are 2𝜋 rad around a 360o circle: 
 

 

 
The quantity S is the ratio of the 
circumference of a circle to its diameter. 
 

S = 3.14159  26535  89793  23846  26433 . .  
𝝅 ≅ 𝟑. 𝟏𝟒 

 
 

it is sometimes preferable to 
measure angles in radians 
rather than in degrees. 

 



 

 
 
 

  
 
 



The sinusoidal waveform can be derived from the length of the vertical projection of 
radius vector rotating in a uniform circular motion about a fixed point: 

 

 

 
 



 
 

 

𝝎  typically given in radians per second 
𝜶  the angle typically in radians 
 

 
x the time required to complete one revolution is equal 

to the period (T) of the sinusoidal waveform 
x The radians subtended in this time interval are 2S 

 
 

 

 
 



 
 

 

 



 
 

 



 
 

 
 
  



13.4  GENERAL FORMAT FOR THE SINUSOIDAL 
VOLTAGE OR CURRENT 

 
The basic mathematical format for the sinusoidal waveform is: 
 

𝐴𝑚 sin 𝛼 
 
 

𝑨𝒎  ≡    peak amplitude (value) of the  
    waveform 

 

𝜶  ≡    unit of measure for the        
    horizontal axis 

 
𝜶 = 𝝎𝒕  ≡ the angle of the rotating vector  
 

𝐴𝑚 sin 𝜔𝑡 
 

 
 

Im and Em  ≡  amplitude 
i and e   ≡  instantaneous value 

 
 



The angle at which a particular voltage level is attained can be determined by 
rearranging the equation: 
 
𝑒 = 𝐸𝑚 sin 𝛼   ⟹   sin 𝛼 = 𝑒

𝐸𝑚
   ⟹   𝜶 = 𝐬𝐢𝐧−𝟏  𝒆

𝑬𝒎
  

For a voltage level: 𝜶 = 𝐬𝐢𝐧−𝟏  𝒆
𝑬𝒎

  
 
For a current level: 𝜶 = 𝐬𝐢𝐧−𝟏  𝒊

𝑰𝒎
  

 
 
The function sin-1 is available in calculators (the inverse of the sin function) 



 

 

 



 
 

  
 



 

 
 

 

 
 



13.5  PHASE RELATIONS 
 
The sine wave we considered 𝑨𝒎 𝐬𝐢𝐧𝝎𝒕 has:  
x maxima at:   𝜋

2
  and  3𝜋

2
 

x zero value at:  0,   𝜋,  and  2𝜋 

 
 

 

If the waveform is shifted to the right or left of 0o, the expression becomes 

𝑨𝒎 𝐬𝐢𝐧 𝝎𝒕 ± 𝜽  

𝜽 is the angle in degree or radians that the waveform has been shifted 
  



If the waveform passes the horizontal axis 
with a positive going slope before 0o as 
shown the expression is: 
 

𝑨𝒎 𝐬𝐢𝐧 𝝎𝒕 + 𝜽  
 

At 𝝎𝒕 = 𝜶 = 𝟎° the magnitude is    
𝑨𝒎 𝐬𝐢𝐧 𝜽  

This wave and the sine wave are out of 
phase by T.  
This wave leads the sine wave by T.  

 
 

If the waveform passes the horizontal axis 
with a positive going slope after 0o as 
shown the expression is: 
 

𝑨𝒎 𝐬𝐢𝐧 𝝎𝒕 − 𝜽  
 

At 𝝎𝒕 = 𝜶 = 𝟎° the magnitude is    
𝑨𝒎 𝐬𝐢𝐧 −𝜽 = −𝑨𝒎 𝐬𝐢𝐧 𝜽  

This wave and the sine wave are out of 
phase by T.  
This wave lags the sine wave by T.  
 



If the waveform crosses the horizontal axis 
with a positive-going slope 90° (S/2) 
sooner, it is called a cosine wave;  
 

 
or 

  
 

The terms lead and lag are used to indicate the relationship between two sinusoidal 
waveforms of the same frequency plotted on the same set of axes: 
 
x The cosine curve leads the sine curve by 90o.     

x The sine curve lags the cosine curve by 90o. 

x 90o is the phase angle between the two waveform, 

x The waveforms are out of phase by 90o.  

x The phase angle is measured between those two points on the horizontal axis 
through which each passes with the same slope. 



 
 

 

 

 

𝑒 = −𝐸𝑚 sin 𝜔𝑡 ⟹ 𝑒 = 𝐸𝑚 − sin 𝜔𝑡    ⟹ 𝒆 = 𝑬𝒎 𝐬𝐢𝐧 𝝎𝒕 ± 𝟏𝟖𝟎°  

The phase relationship between two waveform indicates which leads or lags and 
by how many degrees or radians. 

 

  



 

 

 

 



 

 
 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 



 

 

 
 

  



13.6  AVERAGE VALUE 
 

 
 

 



𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑕𝑒𝑖𝑔𝑕𝑡 =
𝑡𝑜𝑡𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡
𝑡𝑜𝑡𝑎𝑙 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 

 
 

 
 



A1 = 60 mi/h for 2 hours  
A break of 1/2 hour 
A2 = 50 mi/h for 2.5 hours 

 

 

 

 
For any other quantity such as voltage or current: 

 
 



x Algebraic sum of areas: 
o Area above horizontal axis is positive 
o Area below horizontal axis is negative 

 
x Positive average value = above axis 
x Negative average value = below axis  

 
The average value of any current or voltage is the value indicated on a dc meter 
  



 

  
 



For a sine wave: 

Area =  𝐴𝑚 sin 𝛼 𝑑𝛼𝜋
0 = 𝐴𝑚 − cos 𝛼 0

𝜋 = 2𝐴𝑚   

 

 

 



 

 
 

 

 

 

The average of a pure sinusoidal waveform over a full cycle is zero 



 
 

 

 
 

 
  



13.6  EFFECTIVE (rms) VALUE 
 
It gives a relation between dc and ac with respect to power delivered: 
x A sinusoidal quantity (average zero) can it deliver a net power? 

 
The instantaneous power delivered by the ac supply is: 

𝑃𝑎𝑐 =  𝑖𝑎𝑐  2𝑅 =  𝐼𝑚 sin 𝜔𝑡 2𝑅 =  𝐼𝑚2 sin2 𝜔𝑡  𝑅 

Using the trigonometric identity:   sin2 𝑥 = 1
2
 1 − cos 2𝑥  

𝑃𝑎𝑐 = 𝐼𝑚2  1
2
 1 − cos 2𝜔𝑡  𝑅  ⟹   𝑃𝑎𝑐 = 𝐼𝑚2 𝑅

2
− 𝐼𝑚2 𝑅

2
cos 2𝜔𝑡  

 



 

 

 

 



 

 
 
Ieff   ≡ root mean square value (rms value) 
 



 

 



 
 

 
 
  



 

 

 

 



 
𝑉𝑇 = 6 + 1.5 sin 𝜔𝑡 

 
𝑉𝑒𝑓𝑓 ≠ 𝑉𝑎𝑐  𝑟𝑚𝑠 + 𝑉𝑑𝑐 = 0.707 ×  1.5 + 6 

𝑉𝑒𝑓𝑓 =  𝑉𝑑𝑐
2 + 𝑉𝑎𝑐  𝑟𝑚𝑠

2  

 

 


