Chapter 10
Rotation of a Rigid Object About a Fixed Axis

· Consider an object rotates about its axis. We cannot treat the object as a particle (the particle model) because different parts of the object have different linear velocities and linear accelerations.
· If we assume the abject to be rigid (nondeformable) we can describe the motion by using angular quantities, such as angular position, velocity, and acceleration. 
The following figure shows a rigid object rotates about a fixed axis through O (perpendicular to the plane of the figure). 

Let us select a particle at P rotating about the origin O in a circle of radius r. if we use the polar coordinates (r, () of P where r is the distance from the origin to P which is constant and ( is measured counterclockwise from the positive x axis. 
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The relationship between the arc length S and the angular position ( is
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· Note that ( is a pure number with no unites, however it has an artificial unit called radian (rad), where: one radian is the angle subtended by an arc length equal to the radius of the arc.

For one revolution: 

360o corresponds to an angle of (2(r /r) rad = 2( rad; thus,
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When the particle travels from position Pi to Pf, as shown in the following figure, in time interval ∆t= tf - ti, we can define the following quantities: 
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The angular displacement ∆θ:
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The average angular speed 
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The instantaneous angular speed (
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What is the unit of (?
If the instantaneous angular speed changes with time the average angular acceleration 
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 is defined as:
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And the instantaneous angular acceleration:
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What is the unit of α?

Right-hand rule can be used to specify the directions of angular velocity and the angular acceleration: 

The direction of ( is
out of the plane when the rotation is counterclockwise
into the plane when the rotation is clockwise. 

The direction of ( is
same as the direction of ( if ( is increasing in time
antiparallel to ( if ( is decreasing in time.
As angular position ((), angular speed ((), and angular acceleration (() are analogous to linear position (x), linear speed (v), and linear acceleration (a), the kinematic equations for rotational motion with constant angular acceleration can be written as shown in the following table, which also shows the equations for liner motions. 
	Rotational Motion About a Fixed Axis
	Linear Motion
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Example 10-1

A wheel rotates with a constant angular acceleration of 3.5 rad/s2. If the angular speed of the wheel is 2 rad/s at ti = 0, 
(a) Through what angle does the wheel rotate in 2.00 s?
(b) Through how many revolutions has the wheel turned during this time interval?
(c) What is the angular speed at t = 2 s?

Relationships between angular and linear quantities:

From the above-mentioned relationship between the arc length S and the angular position (:  (
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) we can find the relationship between the linear (ʋ) and angular (ω) velocities of a point on a rotating rigid object:
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· The linear velocity is called tangential velocity as it is always tangent to the circular path and its magnitude is the tangential speed.

· Every point on a rotating rigid object has the same angular speed, but not every point has the same tangential speed. Why?
Each point on a rotating rigid object has tangential and centripetal acceleration components.  

For the tangential acceleration:
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And the centripetal acceleration:
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Thus,
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Rotational Kinetic Energy

We can use the kinetic energy associated with a translational motion (studied previously) to calculate the kinetic energy of a rotating object.

Every particle in a rotating object has kinetic energy Ki determined by its mass and linear speed which is:
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We can write the total kinetic energy of the rotating rigid object which is the sum of the kinetic energies of the individual particles as follows:
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New quantity called the moment of inertia I is defined to be:
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Thus,
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· The moment of inertia I in rotational motion is similar to the mass m in linear motion. 
· I is a measure of the resistance of an object to changes in its rotational motion as m is a measure of the tendency of an object to resist changes in its linear motion. 
Example 10.3:

An oxygen molecule (O2) rotates in the xy plane about the z axis. The axis passes through the center of the molecule, perpendicular to its length. The mass of each oxygen atom is 2.66 x 10-26 kg, and at room temperature the average separation between the two atoms is d = 1.21 x 10-10 m 
a) Calculate the moment of inertia of the molecule about the z axis.
b) If the angular speed of the molecule about the z axis is 4.60 x 1012 rad/s, what is its rotational kinetic energy?
The moment of inertia of an extended rigid object:

Imagine the rigid object to be divided into many elements with mass (m and the elements are very small (m ( 0.
The moment of inertia is:
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As dm = ( dV where ( is the density of the object and V is its volume we can rewrite the previous equation to be:
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Example 10.5:

Find the moment of inertia of a uniform thin hoop of mass M and radius R about an axis perpendicular to the plane of the hoop and passing through its center as shown in the following figure.
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Example 10.6
Calculate the moment of inertia of a uniform rigid rod of length L and mass M about an axis perpendicular to the rod and passing through its center of mass.
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Torque

This vector quantity (Torque τ ) measures the tendency of a force to rotate an object about an axis 
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· Note that (F cos () has no tendency to produce rotation.

· The sign of the torque is positive when it tends to produce counterclockwise rotation and negative if the turning tendency is clockwise.
· Torque has same unite as work (N.m), but they are different concepts.
Example 10.9:
The one-piece cylinder shown in the figure below is free to rotate around the z-axis. A rope wrapped around the drum, which has radius R1 = 1 m, exerts a force T1 =5 N to the right on the cylinder. A rope wrapped around the core, which has radius R2 = 0.5 m, exerts a force T2 =15 N downward on the cylinder.
What is the net torque about the rotation axis, and which way does the cylinder rotate starting from rest?
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Consider a rigid object rotating about a fixed axis. Each mass element of the object has a tangential acceleration at produced by an external tangential force dFt as shown in the following figure. 
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from Newton’s second law
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the torque is:
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As each mass element dm has the same angular acceleration α,
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Work and Power in Rotational Motion:
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Where (
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Therefore, the instantaneous power P is:
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The work–kinetic energy theorem for rotational:

As,
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We can rearrange this expression to have:
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We know that (( ( d( = dW); thus,
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The work done by external forces in rotating a rigid object = the change in the rotational energy of the object.

Example 10.15:

Consider two objects having masses m1 and m2, where m1 ( m2, connected by a string passing over a pulley, (Atwood Machine, see the following figure). The pulley has a radius R and moment of inertia I about its axis of rotation. 

Suppose the string does not slip on the pulley, and the system is released from rest. 

Find the linear speeds of the cylinders after cylinder 2 descends through a distance h, and the angular speed of the pulley at this time.
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Solve problems (1-5-17-20-31-37) pages (322-326)
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Suppose a single external force F is applied at point P as shown in the figure, where F lies in the plane of the page.


The work done by F as the object rotates through an infinitesimal distance ds = r d( in a time dt is :


� EMBED Equation.3  ���
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Example 10.12





A wheel of radius R, mass M, and moment of inertia I is mounted on a frictionless horizontal axle. A light cord wrapped around the wheel supports an object of mass m. 


Calculate:


The angular acceleration of the wheel


The linear acceleration of the object.


the tension in the cord
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