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ARTICLE INFO ABSTRACT

Keywords: This research examines the stochastic resonant nonlinear Schrodinger equation (NLSE) with cubic-quintic-septic

Stochastic NLSE nonlocal nonlinearity in the It 6 framework, incorporating spatio-temporal dispersion (STD), inter-modal dis-

Solitons persion (IMD), resonant nonlinearities, and multiplicative white noise. Using Kudryashov’s method and the

g?“local effects P®—model expansion approach, novel families of bright, dark, singular, Jacobi-elliptic, and periodic stochas-
0 sense

tic solitons are derived, with exact constraint conditions ensuring physical validity. Numerical simulations reveal
noise-induced amplitude modulation, phase jitter, rogue-wave-like spikes, and stochastic resonance phenomena
that transition periodic backgrounds into emergent soliton structures. These findings demonstrate multiplicative
noise’s dual role in destabilizing conventional solitons while generating resonance-enhanced coherent waveforms,
filling the gap in unified models combining higher-order nonlinearities, nonlocality, and stochasticity. The nu-
merical results were obtained using the split-step Fourier method to validate the analytical findings. The results
advance soliton theory for realistic optical fibers, photonic lattices, metamaterials, and plasma systems, enabling
noise-robust signal transmission and nonlinear wave control.

Stochastic resonance

1. Introduction cubic—quintic and higher-order refractive index laws have been de-
veloped to account for saturation, multi-photon absorption, and the
interplay of focusing and defocusing effects [25,26]. Nonlocal non-
linearities have garnered interest due to their ability to represent
long-range interactions and provide stability to waveforms, preventing
collapse [11]. These extensions enhance the applicability of the NLSE
to realistic optical fibers, photonic lattices, metamaterials, and plasma
environments.

The fractional form of the nonlinear Schrodinger equation (NLSE)
is investigated because many physical systems exhibit memory effects,
anomalous dispersion, and long-range interactions that cannot be ade-
quately described by the classical integer-order NLSE. The conformable
fractional derivative offers a mathematically consistent tool to incor-
porate these effects while retaining useful analytical properties such as
linearity and the classical chain rule

The nonlinear Schrodinger equation (NLSE) serves as a fundamen-
tal framework in mathematical physics, characterizing the dynamics of
slowly varying wave envelopes within nonlinear and dispersive media.
It serves a crucial function in various physical systems, including nonlin-
ear optics, plasma waves, Bose-Einstein condensates, and fluid dynamics
[23,24]. The interplay between dispersion and nonlinear self-action
in the nonlinear Schr 6dinger equation results in solitons, which are
localized and stable wave packets that preserve their shape while prop-
agating. The implications of these solitons are substantial in the fields
of optical communication, photonic device engineering, and nonlinear
wave theory [26].

Various generalizations of the NLSE have been proposed to tackle
the complexities inherent in real-world systems. Models incorporating
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$P^{6}-$


\begin {equation}\left . \begin {aligned} i\mathbf {\Psi }_{t}&+a\mathbf {\Psi }_{xx}+b\mathbf {\Psi }_{xt}+\left [c_{1}\left \vert \mathbf {\Psi }\right \vert ^{2}+c_{2}\left \vert \mathbf {\Psi } \right \vert ^{4}+c_{3}\left \vert \mathbf {\Psi }\right \vert ^{6}+c_{4}{\left ( \left \vert \mathbf {\Psi }\right \vert ^{2}\right )}_{xx}\right ] \mathbf {\Psi } \\[4pt] &+\theta \left ( \frac {\left \vert \mathbf {\Psi }\right \vert _{xx}}{\left \vert \mathbf {\Psi }\right \vert }\right ) \mathbf {\Psi } +\sigma \left ( \mathbf {\Psi }-ib\mathbf {\Psi }_{x}\right ) \frac {dW(t)}{dt} =i\alpha \mathbf {\Psi }_{x}, \\ \end {aligned} \right .\label {eq1}\end {equation}
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$P^{6}-$


\begin {equation}\mathbf {\Psi }(x,t)=\digamma \left ( \mathbf {\varsigma }\right ) \exp {}^{i \left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \mathbf {\varsigma }=\mu x-\beta t.\label {eq2}\end {equation}
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$\digamma \left ( \mathbf {\varsigma }\right )$


\begin {equation}\left . \Im :-\left [ \beta \left ( 1-b\kappa \right ) +\mu \left ( 2a\kappa -b\left ( \omega -\sigma ^{2}\right ) +\alpha \right ) \right ] \digamma ^{\prime }\left ( \mathbf {\varsigma }\right ) =0.\right .\label {eq4}\end {equation}


\begin {equation}\beta =-\frac {\mu \left [ \alpha +2a\kappa -b\left ( \omega -\sigma ^{2}\right ) \right ] }{\left ( 1-b\kappa \right )},\label {eq5}\end {equation}


$\digamma ^{2}\left ( \mathbf {\varsigma }\right ) \digamma ^{\prime \prime }\left ( \mathbf {\varsigma }\right )$


$\digamma ^{7}\left ( \mathbf {\varsigma }\right )$


\begin {equation}\left . \begin {aligned} &\Re :L_{1}\digamma ^{\prime \prime }\left ( \mathbf {\varsigma }\right ) -L_{2}\digamma \left ( \mathbf {\varsigma }\right ) +c_{1}\digamma ^{3}\left ( \mathbf {\varsigma }\right ) +c_{2}\digamma ^{5}\left ( \mathbf {\varsigma }\right ) +c_{3}\digamma ^{7}\left ( \mathbf { \varsigma }\right ) \\ &\quad +2\mu ^{2}c_{4}\left [ \digamma \left ( \mathbf {\varsigma }\right ) \digamma ^{\prime 2}\left ( \mathbf {\varsigma }\right ) +\digamma ^{2}\left ( \mathbf { \varsigma }\right ) \digamma ^{\prime \prime }\left ( \mathbf {\varsigma } \right ) \right ] =0, \end {aligned} \right .\label {eq3}\end {equation}


\begin {equation}2M+M+2=7M\rightarrow M=\frac {1}{2}.\label {eq6}\end {equation}


\begin {equation}\digamma \left ( \mathbf {\varsigma }\right ) =Z^{\frac {1}{2}}(\mathbf { \varsigma }).\label {eq7}\end {equation}


\begin {equation}\left . \begin {aligned} &L_{1}\left ( 2Z\left ( \mathbf {\varsigma }\right ) Z^{\prime \prime }\left ( \mathbf {\varsigma }\right ) -Z^{\prime 2}\left ( \mathbf { \varsigma }\right ) \right ) -4L_{2}Z^{2}\left ( \mathbf {\varsigma } \right ) +4c_{1}Z^{3}\left ( \mathbf {\varsigma }\right ) +4c_{2}Z^{4}\left ( \mathbf {\varsigma }\right ) \\ &\quad +4c_{3}Z^{5}\left ( \mathbf {\varsigma }\right ) +4\mu ^{2}c_{4}Z^{2}\left ( \mathbf {\varsigma }\right ) Z^{\prime \prime }\left ( \mathbf {\varsigma }\right ) =0, \end {aligned} \right .\label {eq8}\end {equation}


\begin {align}Z\left ( \mathbf {\varsigma }\right ) =\sum _{s=0}^{M}\sigma _{s}R^{s}( \mathbf {\varsigma }),\theta _{M}\neq 0.\label {eq10}\end {align}


$R\left ( \mathbf {\varsigma }\right )$


\begin {align}R^{\prime ^{2}}\left ( \mathbf {\varsigma }\right ) =R^{2}\left ( \mathbf { \varsigma }\right ) \left [ 1-\delta R^{2g}\left ( \mathbf {\varsigma } \right ) \right ] \ln ^{2}\left ( A\right ),\ \ \ \ \ \ 0<a\neq 1.\label {eq11}\end {align}
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$Z^{\prime \prime }\left ( \mathbf {\varsigma }\right )$


$Z^{5}\left ( \mathbf {\varsigma }\right )$


\begin {align}&Z^{2}\left ( \mathbf {\varsigma }\right ) \rightarrow 2M,Z^{\prime \prime }\left ( \mathbf {\varsigma }\right ) =M+2g\text {\& }Z^{5}\left ( \mathbf {\varsigma }\right ) \rightarrow 5M\rightarrow 2M+M+2g=5M\nonumber \\ &\quad \Longrightarrow M=g.\label {eq12}\end {align}


$g=1$


$M=1$


\begin {align}Z\left ( \mathbf {\varsigma }\right ) =\sigma _{1}R(\mathbf {\varsigma })+\sigma _{0},{\ \ \ \ \ \ \ \ }\sigma _{1}\neq 0,\label {eq13}\end {align}


\begin {align}R^{\prime ^{2}}\left ( \mathbf {\varsigma }\right ) =R^{2}\left ( \mathbf { \varsigma }\right ) \left [ 1-\delta R^{2}\left ( \mathbf {\varsigma } \right ) \right ] \ln ^{2}\left ( A\right ),{\ \ \ \ }0<a\neq 1.\label {eq14}\end {align}


\begin {align}R\left ( \mathbf {\varsigma }\right ) ={\left [ \dfrac {4K}{\left ( 4K^{2}+\delta \right ) \cosh \left [ (g\mathbf {\varsigma })\ln A\right ] +\left ( 4K^{2}-\delta \right ) \sinh \left [ (g\mathbf {\varsigma })\ln A\right ] } \right ]}^{\frac {1}{g}}{\ },K\neq 0.\label {eq15}\end {align}


\begin {align}\left . \begin {aligned} &R^{5}(\mathbf {\varsigma }):-4\sigma _{1}^{3}\left ( 2\delta \mu ^{2}c_{4}\ln ^{2}\left ( A\right ) -c_{3}\sigma _{1}^{2}\right ) =0, \\ &R^{4}(\mathbf {\varsigma }):-16\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{0}\sigma _{1}^{2}-3\ln ^{2}\left ( A\right ) \delta L_{1}\sigma _{1}^{2}+20c_{3}\sigma _{0}\sigma _{1}^{4}+4c_{2}\sigma _{1}^{4}=0, \\ &R^{3}(\mathbf {\varsigma }):-8\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{0}^{2}\sigma _{1}+4\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{1}^{3}-4\ln ^{2}\left ( A\right ) \delta L_{1}\sigma _{0}\sigma _{1}\\ &\quad +40c_{3}\sigma _{0}^{2}\sigma _{1}^{3}+16c_{2}\sigma _{0}\sigma _{1}^{3}+4c_{1}\sigma _{1}^{3}=0, \\ &R^{2}(\mathbf {\varsigma }):8\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{0}\sigma _{1}^{2}+40c_{3}\sigma _{0}^{3}\sigma _{1}^{2}+\ln ^{2}\left ( A\right ) L_{1}\sigma _{1}^{2}+24c_{2}\sigma _{0}^{2}\sigma _{1}^{2}\\ &\quad +12c_{1}\sigma _{0}\sigma _{1}^{2}-4L_{2}\sigma _{1}^{2}=0, \\ &R(\mathbf {\varsigma }):4\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{0}^{2}\sigma _{1}+20c_{3}\sigma _{0}^{4}\sigma _{1}+2\ln ^{2}\left ( A\right ) L_{1}\sigma _{0}\sigma _{1}+16c_{2}\sigma _{0}^{3}\sigma _{1}\\ &\quad +12c_{1}\sigma _{0}^{2}\sigma _{1}-8L_{2}\sigma _{0}\sigma _{1}=0, \\ &R^{0}(\mathbf {\varsigma }):4c_{3}\sigma _{0}^{5}+4c_{2}\sigma _{0}^{4}+4c_{1}\sigma _{0}^{3}-4L_{2}\sigma _{0}^{2}=0. \end {aligned} \right \}\label {eq16}\end {align}


$\delta >0.$


\begin {align}\left . \begin {aligned} &c_{1}=\frac {\left ( 17L_{1}\ln ^{2}\left ( A\right ) +20L_{2}\right ) \mu ^{2}c_{4}\ln ^{2}\left ( A\right ) }{(5L_{1}\ln ^{2}\left ( A\right ) +4L_{2})},\\ &c_{2}=-\frac {12\left ( 9L_{1}\ln ^{2}\left ( A\right ) +8L_{2}\right ) \mu ^{4}c_{4}^{2}\ln ^{4}\left ( A\right ) }{{(5L_{1}\ln ^{2}\left ( A\right ) +4L_{2})}^{2}},\\ &c_{3}=\frac {32\mu ^{6}c_{4}^{3}\ln ^{6}\left ( A\right ) }{ {(5L_{1}\ln ^{2}\left ( A\right ) +4L_{2})}^{2}}, \sigma _{0}=\frac {(5L_{1}\ln ^{2}\left ( A\right ) +4L_{2})}{4\mu ^{2}c_{4}\ln ^{2}\left ( A\right )},\\ &\sigma _{1}=\frac {\sqrt {\delta }(5L_{1}\ln ^{2}\left ( A\right ) +4L_{2})}{4\mu ^{2}c_{4}\ln ^{2}\left ( A\right ) }. \end {aligned} \right .\label {eq17}\end {align}


$\delta =4K^{2}.$


\begin {align}\left . \mathbf {\Psi }(x,t)={\left \{\frac {(5L_{1}\ln ^{2}\left ( A\right ) +4L_{2})}{4\mu ^{2}c_{4}\ln ^{2}\left ( A\right ) }\left [ 1+\mbox {sech}( \mathbf {\varsigma }\ln A)\right ] \right \}}^{\frac {1}{2}}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ] }.\right .\label {eq19}\end {align}


$g=2$


$M=2$


\begin {align}Z\left ( \mathbf {\varsigma }\right ) =\sigma _{2}R^{2}(\mathbf {\varsigma } )+\sigma _{1}R(\mathbf {\varsigma })+\sigma _{0},{\ \ \ \ \ \ \ \ } \sigma _{2}\neq 0,\label {eq20}\end {align}


\begin {align}R^{\prime ^{2}}\left ( \mathbf {\varsigma }\right ) =R^{2}\left ( \mathbf { \varsigma }\right ) \left [ 1-\delta R^{4}\left ( \mathbf {\varsigma } \right ) \right ] \ln ^{2}\left ( A\right ),{\ \ \ \ \ \ }0<a\neq 1.\label {eq21}\end {align}


\begin {align}\left . \left . \begin {aligned} &R^{10}(\mathbf {\varsigma }):-32\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{2}^{3}+4c_{3}\sigma _{2}^{5}=0, \\ &R^{9}(\mathbf {\varsigma }):-76\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{1}\sigma _{2}^{2}+20c_{3}\sigma _{1}\sigma _{2}^{4}=0, \\ &R^{8}(\mathbf {\varsigma }):-64\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{0}\sigma _{2}^{2}-56\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{1}^{2}\sigma _{2}\\ &\quad -12\ln ^{2}\left ( A\right ) \delta L_{1}\sigma _{2}^{2} +20c_{3}\sigma _{0}\sigma _{2}^{4} +40c_{3}\sigma _{1}^{2}\sigma _{2}^{3}+4c_{2}\sigma _{2}^{4}=0, \\ &R^{7}(\mathbf {\varsigma }):-88\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{0}\sigma _{1}\sigma _{2}-12\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{1}^{3}\\ &\quad -18\ln ^{2}\left ( A\right ) \delta L_{1}\sigma _{1}\sigma _{2} +80c_{3}\sigma _{0}\sigma _{1}\sigma _{2}^{3}+40c_{3}\sigma _{1}^{3}\sigma _{2}^{2}+16c_{2}\sigma _{1}\sigma _{2}^{3}=0, \\ &R^{6}(\mathbf {\varsigma }):-32\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{0}^{2}\sigma _{2}-24\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{0}\sigma _{1}^{2}\\ &\quad +16\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{2}^{3} -16\ln ^{2}\left ( A\right ) \delta L_{1}\sigma _{0}\sigma _{2} \\ &\quad -5\ln ^{2}\left ( A\right ) \delta L_{1}\sigma _{1}^{2}+40c_{3}\sigma _{0}^{2}\sigma _{2}^{3}+120c_{3}\sigma _{0}\sigma _{1}^{2}\sigma _{2}^{2}+20c_{3}\sigma _{1}^{4}\sigma _{2} \\ &\quad +16c_{2}\sigma _{0}\sigma _{2}^{3}+24c_{2}\sigma _{1}^{2}\sigma _{2}^{2}+4c_{1}\sigma _{2}^{3}=0, \\ &R^{5}(\mathbf {\varsigma }):-12\ln ^{2}\left ( A\right ) \delta \mu ^{2}c_{4}\sigma _{0}^{2}\sigma _{1}+36\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{1}\sigma _{2}^{2}\\ &\quad -6\ln ^{2}\left ( A\right ) \delta L_{1}\sigma _{0}\sigma _{1} +120c_{3}\sigma _{0}^{2}\sigma _{1}\sigma _{2}^{2}\\ &\quad +80c_{3}\sigma _{0}\sigma _{1}^{3}\sigma _{2}+4c_{3}\sigma _{1}^{5}+48c_{2}\sigma _{0}\sigma _{1}\sigma _{2}^{2}+16c_{2}\sigma _{1}^{3}\sigma _{2}+12c_{1}\sigma _{1}\sigma _{2}^{2}=0, \\ &R^{4}(\mathbf {\varsigma }):32\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{0}\sigma _{2}^{2}+24\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{1}^{2}\sigma _{2}\\ &\quad +40c_{3}\sigma _{0}^{3}\sigma _{2}^{2}+120c_{3}\sigma _{0}^{2}\sigma _{1}^{2}\sigma _{2} +20c_{3}\sigma _{0}\sigma _{1}^{4} \\ &\quad +4\ln ^{2}\left ( A\right ) L_{1}\sigma _{2}^{2}+24c_{2}\sigma _{0}^{2}\sigma _{2}^{2}+48c_{2}\sigma _{0}\sigma _{1}^{2}\sigma _{2}+4c_{2}\sigma _{1}^{4}+12c_{1}\sigma _{0}\sigma _{2}^{2} \\ &\quad +12c_{1}\sigma _{1}^{2}\sigma _{2}-4L_{2}\sigma _{2}^{2}=0, \\ &R^{3}(\mathbf {\varsigma }):40\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{0}\sigma _{1}\sigma _{2}+4\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{1}^{3}+80c_{3}\sigma _{0}^{3}\sigma _{1}\sigma _{2}\\ &\quad +40c_{3}\sigma _{0}^{2}\sigma _{1}^{3} +6\ln ^{2}\left ( A\right ) L_{1}\sigma _{1}\sigma _{2}\\ &\quad +48c_{2}\sigma _{0}^{2}\sigma _{1}\sigma _{2}+16c_{2}\sigma _{0}\sigma _{1}^{3}+24c_{1}\sigma _{0}\sigma _{1}\sigma _{2}+4c_{1}\sigma _{1}^{3}-8L_{2}\sigma _{1}\sigma _{2}=0, \\ &R^{2}(\mathbf {\varsigma }):16\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{0}^{2}\sigma _{2}+8\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{0}\sigma _{1}^{2}+20c_{3}\sigma _{0}^{4}\sigma _{2}\\ &\quad +40c_{3}\sigma _{0}^{3}\sigma _{1}^{2} +8\ln ^{2}\left ( A\right ) L_{1}\sigma _{0}\sigma _{2} \\ &\quad +\ln ^{2}\left ( A\right ) L_{1}\sigma _{1}^{2}+16c_{2}\sigma _{0}^{3}\sigma _{2}+24c_{2}\sigma _{0}^{2}\sigma _{1}^{2}+12c_{1}\sigma _{0}^{2}\sigma _{2}+12c_{1}\sigma _{0}\sigma _{1}^{2} \\ &\quad -8L_{2}\sigma _{0}\sigma _{2}-4L_{2}\sigma _{1}^{2}=0, \\ &R(\mathbf {\varsigma }):4\ln ^{2}\left ( A\right ) \mu ^{2}c_{4}\sigma _{0}^{2}\sigma _{1}+20c_{3}\sigma _{0}^{4}\sigma _{1}+2\ln ^{2}\left ( A\right ) L_{1}\sigma _{0}\sigma _{1}+16c_{2}\sigma _{0}^{3}\sigma _{1}\\ &\quad +12c_{1}\sigma _{0}^{2}\sigma _{1}-8L_{2}\sigma _{0}\sigma _{1}=0, \\ & R^{0}(\mathbf {\varsigma }):4c_{3}\sigma _{0}^{5}+4c_{2}\sigma _{0}^{4}+4c_{1}\sigma _{0}^{3}-4L_{2}\sigma _{0}^{2}=0. \end {aligned} \right . \right \}\label {eq22}\end {align}


\begin {align}\left . \begin {aligned} &c_{1}=\frac {4\left ( 17L_{1}\ln ^{2}\left ( A\right ) +5L_{2}\right ) \mu ^{2}c_{4}\ln ^{2}\left ( A\right ) }{(5L_{1}\ln ^{2}\left ( A\right ) +L_{2})},\\ &c_{2}=-\frac {48\left ( 9L_{1}\ln ^{2}\left ( A\right ) +2L_{2}\right ) \mu ^{4}c_{4}^{2}\ln ^{4}\left ( A\right ) }{{(5L_{1}\ln ^{2}\left ( A\right ) +L_{2})}^{2}}, \\ &c_{3}=\frac {128\mu ^{6}c_{4}^{3}\ln ^{6}\left ( A\right ) }{ {(5L_{1}\ln ^{2}\left ( A\right ) +L_{2})}^{2}},\sigma _{0}=\frac {(5L_{1}\ln ^{2}\left ( A\right ) +L_{2})}{4\mu ^{2}c_{4}\ln ^{2}\left ( A\right )},\\ &\sigma _{1}=0,\sigma _{2}=\frac {\sqrt {\delta }(5L_{1}\ln ^{2}\left ( A\right ) +L_{2})}{4\mu ^{2}c_{4}\ln ^{2}\left ( A\right ) }.\\ \end {aligned} \right .\label {eq23}\end {align}


$\delta =4K^{2}$


\begin {align}\left . \mathbf {\Psi }(x,t)={\left \{\frac {(5L_{1}\ln ^{2}\left ( A\right ) +L_{2})}{4\mu ^{2}c_{4}\ln ^{2}\left ( A\right ) }\left [ 1+\mbox {sech} \left ( 2\mathbf {\varsigma }\ln A\right ) \right ] \right \}}^{\frac {1}{2}}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}. \right .\label {eq25}\end {align}
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$P^{6}-$


$Z^{2}\left ( \mathbf {\varsigma }\right )$


$Z^{\prime \prime }\left ( \mathbf {\varsigma }\right )$


$Z^{5}\left ( \mathbf {\varsigma }\right )$


$M=1$


\begin {equation}Z\left ( \mathbf {\varsigma }\right ) =K_{2}P^{2}\left ( \mathbf {\varsigma } \right ) +K_{1}P\left ( \mathbf {\varsigma }\right ) +K_{0},{\ \ \ } K_{2}\neq 0,\label {eq26}\end {equation}


$P\left ( \mathbf {\varsigma }\right )$


\begin {equation}\left . P^{\prime 2}\left ( \mathbf {\varsigma }\right ) =\Pi _{6} P^{6}\left ( \mathbf {\varsigma }\right ) +\Pi _{4}P^{4}\left ( \mathbf { \varsigma }\right ) +\Pi _{2}P^{2}\left ( \mathbf {\varsigma }\right ) +\Pi _{0},\right .\label {eq27}\end {equation}


$K_{0},K_{1},K_{2}$


$\Pi _{l}$


$(l=0,2,4$


$6)$


\begin {equation}P\left ( \mathbf {\varsigma }\right ) =\frac {\eta (\mathbf {\varsigma })}{\sqrt { M_{1}\eta ^{2}(\mathbf {\varsigma })+M_{2}}}.\label {eq28}\end {equation}


$\eta (\mathbf {\varsigma })$


\begin {equation}\eta ^{\prime 2}\left ( \mathbf {\varsigma }\right ) =\chi _{0}+\chi _{2}\ \eta ^{2}\left ( \mathbf {\varsigma }\right ) +\chi _{4}\eta ^{4}\left ( \mathbf {\varsigma }\right ),\label {eq29}\end {equation}


$\chi _{r}$


$r=0,$


$2$


$4$


$M_{1}$


$M_{2}$


\begin {equation}\left . \begin {array}{@{}l} M_{1}=\dfrac {\Pi _{4}\left ( \chi _{2}-\Pi _{2}\right ) }{{\left ( \chi _{2}-\Pi _{2}\right )}^{2}-2\chi _{2}\left ( \chi _{2}-\Pi _{2}\right ) +3\ \chi _{0}\chi _{4}}, \\ \\ M_{2}=\dfrac {3\chi _{0}\Pi _{4}}{{\left ( \chi _{2}-\Pi _{2}\right )}^{2}-2 \chi _{2}\left ( \chi _{2}-\Pi _{2}\right ) +3\chi _{0}\chi _{4}}, \end {array} \right .\label {eq30}\end {equation}


\begin {align}&\Pi _{4}^{2}\left ( \chi _{2}-\Pi _{2}\right ) \left [ 9\chi _{4}\chi _{0}-\left ( 2\chi _{2}+\Pi _{2}\right ) \left ( \chi _{2}-\Pi _{2}\right ) \right ]\nonumber \\ &\quad +3\Pi _{6}{\left [ 3\chi _{0}\chi _{4}-\left ( \chi _{2}-\Pi _{2}^{2}\right ) \right ]}^{2}=0,\nonumber \\ &{\ \ }\chi _{2}\neq \Pi _{2}.\label {eq31}\end {align}


\begin {equation}\left . \begin {aligned} &P^{10}\left ( \mathbf {\varsigma }\right ) :32c_{4}\mu ^{2}K_{2}^{3}\Pi _{6}+4K_{2}^{5}c_{3}=0, \\ &P^{9}\left ( \mathbf {\varsigma }\right ) :76\mu ^{2}c_{4}K_{1}K_{2}^{2}\Pi _{6}+20K_{1}K_{2}^{4}c_{3}=0, \\ &P^{8}\left ( \mathbf {\varsigma }\right ) :4c_{2}K_{2}^{4}+4c_{3}(K_{0}K_{2}^{4}+4K_{1}^{2}K_{2}^{3}+2K_{2}^{3}\left ( 2K_{0}K_{2}+3K_{1}^{2}\right ) \\ &\quad +32\mu ^{2}c_{4}(2K_{0}K_{2}+K_{1}^{2})K_{2}\Pi _{6} \\ &\quad 12L_{1}K_{2}^{2}\Pi _{6}+24\mu ^{2}c_{4}K_{1}^{2}K_{2}\Pi _{6}+24\mu ^{2}c_{4}K_{2}^{3}\Pi _{4}=0, \\ &P^{7}\left ( \mathbf {\varsigma }\right ) :12\mu ^{2}c_{4}(2K_{0}K_{2}+K_{1}^{2})K_{1}\Pi _{6}+4c_{3}(4K_{0}K_{1}K_{2}^{3}\\ &\quad +2K_{1}K_{2}^{2}(2K_{0}K_{2}+3K_{1}^{2}) +4K_{1}K_{2}^{2}\left ( 3K_{0}K_{2}+K_{1}^{2}\right )\\ &\quad +16c_{2}K_{1}K_{2}^{3}+18L_{1}K_{1}K_{2}\Pi _{6}+64\mu ^{2}c_{4}K_{0}K_{1}K_{2}\Pi _{6}\\ &\quad +56\mu ^{2}c_{4}K_{1}K_{2}^{2}\Pi _{4}=0, \\ &P^{6}\left ( \mathbf {\varsigma }\right ) :32\mu ^{2}K_{0}^{2}K_{2}\Pi _{6}c_{4}+24\mu ^{2}K_{0}K_{1}^{2}\Pi _{6}c_{4}+48\mu ^{2}K_{0}K_{2}^{2}\Pi _{4}c_{4}\\ &\quad +40\mu ^{2}K_{1}^{2}K_{2}\Pi _{4}c_{4} +16\mu ^{2}K_{2}^{3}\Pi _{2}c_{4} \\ &\quad +40K_{0}^{2}K_{2}^{3}c_{3}+120K_{0}K_{1}^{2}K_{2}^{2}c_{3}+20K_{1}^{4}K_{2}c_{3}\\ &\quad +16K_{0}K_{2}^{3}c_{2}+24K_{1}^{2}K_{2}^{2}c_{2} +16K_{0}K_{2}L_{1}\Pi _{6}\\ &\quad +5K_{1}^{2}L_{1}\Pi _{6}+4K_{2}^{3}c_{1}+8K_{2}^{2}L_{1}\Pi _{4}=0, \\ &P^{5}\left ( \mathbf {\varsigma }\right ) :2K_{1}(6\mu ^{2}K_{0}^{2}\Pi _{6}c_{4}+32\mu ^{2}K_{0}K_{2}\Pi _{4}c_{4}+4\mu ^{2}K_{1}^{2}\Pi _{4}c_{4}\\ &\quad +18\mu ^{2}K_{2}^{2}\Pi _{2}c_{4} +60K_{0}^{2}K_{2}^{2}c_{3}+2K_{1}^{4}c_{3}) \\ &\quad +2K_{1}\big ( 24K_{0}K_{2}^{2}c_{2}+8K_{1}^{2}K_{2}c_{2}+6K_{2}^{2}c_{1}+3\big ( K_{0}\Pi _{6}+2K_{2}\Pi _{4}\big ) L_{1}\\ &\quad +40K_{0}K_{1}^{2}K_{2}c_{3}\big ) =0, \\ &P^{4}\left ( \mathbf {\varsigma }\right ) :24\mu ^{2}K_{0}^{2}K_{2}\Pi _{4}c_{4}+16\mu ^{2}K_{0}K_{1}^{2}\Pi _{4}c_{4}+32\mu ^{2}K_{0}K_{2}^{2}\Pi _{2}c_{4}\\ &\quad +24\mu ^{2}K_{1}^{2}K_{2}\Pi _{2}c_{4} +8\mu ^{2}K_{2}^{3}\Pi _{0}c_{4} \\ &\quad +120K_{0}^{2}K_{1}^{2}K_{2}c_{3}+20K_{0}K_{1}^{4}c_{3}+24K_{0}^{2}K_{2}^{2}c_{2}+48K_{0}K_{1}^{2}K_{2}c_{2}\\ &\quad +4K_{1}^{4}c_{2}+12K_{0}K_{2}^{2}c_{1} +40K_{0}^{3}K_{2}^{2}c_{3}\\ &\quad +12K_{1}^{2}K_{2}c_{1}+\left ( 3K_{1}^{2}\Pi _{4}+4K_{2}^{2}\Pi _{2}+12K_{0}K_{2}\Pi _{4}\right ) L_{1}-4K_{2}^{2}L_{2}=0, \\ &P^{3}\left ( \mathbf {\varsigma }\right ) :2K_{1}\big (4\mu ^{2}K_{0}^{2}\Pi _{4}c_{4}+20\mu ^{2}K_{0}K_{2}\Pi _{2}c_{4}+2\mu ^{2}K_{1}^{2}\Pi _{2}c_{4}\\ &\quad +8\mu ^{2}K_{2}^{2}\Pi _{0}c_{4} +40K_{0}^{3}K_{2}c_{3}+24K_{0}^{2}K_{2}c_{2}\big ) \\ &\quad +2K_{1}\Big ( 8K_{0}K_{1}^{2}c_{2}+12K_{0}K_{2}c_{1}\\ &\quad +20K_{0}^{2}K_{1}^{2}c_{3}-4K_{2}L_{2} \Big ) +2K_{1}\big [ \left ( 2K_{0}+3K_{2}\Pi _{2}\right )\\ & L_{1}\Pi _{4}+2K_{1}^{2}c_{1}\big ] =0, \\ &P^{2}\left ( \mathbf {\varsigma }\right ) :16\mu ^{2}K_{0}^{2}K_{2}\Pi _{2}c_{4}+8\mu ^{2}K_{0}K_{1}^{2}\Pi _{2}c_{4}+16\mu ^{2}K_{0}K_{2}^{2}\Pi _{0}c_{4}\\ &\quad +8\mu ^{2}K_{1}^{2}K_{2}\Pi _{0}c_{4} +20K_{0}^{4}K_{2}c_{3} \\ &\quad +40K_{0}^{3}K_{1}^{2}c_{3}+16K_{0}^{3}K_{2}c_{2}+24K_{0}^{2}K_{1}^{2}c_{2}\\ &\quad +12K_{0}^{2}K_{2}c_{1}+12K_{0}K_{1}^{2}c_{1}+8K_{0}K_{2}L_{1}\Pi _{2}\\ &\quad +K_{1}^{2}L_{1}\Pi _{2}-4\left ( 2K_{0}K_{2}+K_{1}^{2}\right ) L_{2}=0, \\ &P\left ( \mathbf {\varsigma }\right ) :2K_{0}K_{1}(2\mu ^{2}K_{0}\Pi _{2}c_{4}+L_{1}\Pi _{2}-4L_{2})\\ &\quad +4K_{0}K_{1}\left ( 4\mu ^{2}K_{2}\Pi _{0}c_{4}+5K_{0}^{3}c_{3}+4K_{0}^{2}c_{2}+3K_{0}c_{1}\right ) =0, \\ &P^{0}\left ( \mathbf {\varsigma }\right ) :L_{1}(4K_{0}K_{2}\Pi _{0}-K_{1}^{2}\Pi _{0})-4K_{0}^{2}L_{2}+4K_{0}^{3}c_{1}+4K_{0}^{4}c_{2}+4K_{0}^{5}c_{3}\\ &\quad +8\mu ^{2}K_{0}^{2}K_{2}\Pi _{0}c_{4}=0. \end {aligned} \right \}\label {eq32}\end {equation}


\begin {align}&K_{0}=0,K_{1}=0,K_{2}=\frac {\left ( L_{2}-L_{1}\Pi _{2}\right ) }{2\mu ^{2}\Pi _{0}c_{4}},\Pi _{0}=\Pi _{0},\Pi _{2}=\Pi _{2}, \nonumber \\ &\Pi _{4}=-\frac {\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) \left ( L_{2}-L_{1}\Pi _{2}\right ) }{96\mu ^{6}c_{4}^{3}\Pi _{0}},\Pi _{6}=-\frac { c_{3}{\left ( L_{2}-L_{1}\Pi _{2}\right )}^{2}}{32\mu ^{6}c_{4}^{3}\Pi _{0}^{2}} , \nonumber \\ &c_{1}=-\frac {96\mu ^{6}\Pi _{2}c_{4}^{3}-8\mu ^{2}L_{1}c_{2}c_{4}+3L_{1}^{2}c_{3}}{24\mu ^{4}c_{4}^{2}}.\label {eq33}\end {align}


\begin {equation}\left . \digamma \left ( \mathbf {\varsigma }\right ) ={\left \{\frac {\left ( L_{2}-L_{1}\Pi _{2}\right ) }{2\mu ^{2}\Pi _{0}c_{4}}\left [ \frac {\eta ^{2}( \mathbf {\varsigma })}{M_{1}\eta ^{2}(\mathbf {\varsigma })+M_{2}} \right ] \right \}}^{\frac {1}{2}}.\right .\label {eq34}\end {equation}


$\eta (\mathbf {\varsigma })=\mbox {sn}(\mathbf { \varsigma },m)$


$\mbox {cd}(\mathbf {\varsigma },m)$


$0<m<1$


$\chi _{0}=1,\chi _{2}=-\left ( 1+m^{2}\right ),\chi _{4}=m^{2}.$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( -m^{4}+m^{2}+\Pi _{2}^{2}-1\right ) \mbox {sn}^{2}(\mathbf {\varsigma },m)}{\left ( 1+m^{2}+\Pi _{2}\right ) \mbox {sn}^{2}(\mathbf {\varsigma },m)-3}\right ] \right \}}^{\frac {1 }{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t \right ]}, \\ \end {array} \right .\label {eq35}\end {equation}


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( -m^{4}+m^{2}+\Pi _{2}^{2}-1\right ) \mbox {cd}^{2}(\mathbf {\varsigma },m)}{\left ( 1+m^{2}+\Pi _{2}\right ) \mbox {cd}^{2}(\mathbf {\varsigma },m)-3}\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq36}\end {equation}


$\Pi _{6}$


$\Pi _{4}$


$m\rightarrow 1^{-}$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( \Pi _{2}^{2}-1\right ) \tanh ^{2}(\mathbf {\varsigma })}{\left ( 2+\Pi _{2}\right ) \tanh ^{2}(\mathbf { \varsigma })-3}\right ] \right \}}^{\frac {1}{2}}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq38}\end {equation}


\begin {equation}\left . \Pi _{4}^{2}\left ( \Pi _{2}+2\right ) -3\Pi _{6}{(\Pi _{2}+1)}^{2}=0.\right .\label {eq39}\end {equation}


$m$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\Pi _{2}^{2}-1}{\left ( 1+\Pi _{2}\right ) -3\csc {}^{2}(\mathbf {\varsigma })}\right ] \right \}}^{\frac {1}{2} }\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t \right ]}, \\ \end {array} \right .\label {eq40}\end {equation}


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\Pi _{2}^{2}-1}{\left ( 1+\Pi _{2}\right ) -3\sec {}^{2}(\mathbf {\varsigma })}\right ] \right \}}^{ \frac {1}{2}}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq41}\end {equation}


\begin {equation}\Pi _{4}^{2}\left ( \Pi _{2}-2\right ) -3\Pi _{6}{(\Pi _{2}-1)}^{2}=0, \Pi _{2}\neq \pm 1.\label {eq42}\end {equation}


$\chi _{0}=m^{2},\chi _{4}=1,\chi _{2}=-\left ( 1+m^{2}\right ),$


$\eta (\mathbf {\varsigma })=$


$\mbox {dc}( \mathbf {\varsigma },m)$


$\mbox {ns}(\mathbf {\varsigma },m)$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( -m^{4}+m^{2}+\Pi _{2}^{2}-1\right ) \mbox {dc}^{2}(\mathbf {\varsigma },m)}{\left ( 1+m^{2}+\Pi _{2}\right ) \mbox {dc}^{2}(\mathbf {\varsigma },m)-3m^{2}}\right ] \right \}}^{ \frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq43}\end {equation}


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( -m^{4}+m^{2}+\Pi _{2}^{2}-1\right ) \mbox {ns}^{2}(\mathbf {\varsigma },m)}{\left ( 1+m^{2}+\Pi _{2}\right ) \mbox {ns}^{2}(\mathbf {\varsigma },m)-3m^{2}}\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ] }. \\ \end {array} \right .\label {eq44}\end {equation}


\begin {equation}\begin {aligned} &\Pi _{4}^{2}\left ( 1+m^{2}+\Pi _{2}\right ) \left [ 9m^{2}-\left ( 2+2m^{2}-\Pi _{2}\right ) \left ( 1+m^{2}+\Pi _{2}\right ) \right ] \\ &\quad -3\Pi _{6}{\left [3m^{2}+\left ( 1+m^{2}+\Pi _{2}^{2}\right ) \right ]}^{2}=0,{\ \ }\chi _{2}\neq \Pi _{2}, \end {aligned}\label {eq37}\end {equation}


$m$


$1^{-}$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( \Pi _{2}^{2}-1\right ) \coth ^{2}(\mathbf {\varsigma })}{\left ( 2+\Pi _{2}\right ) \coth ^{2}( \mathbf {\varsigma })-3}\right ] \right \}}^{\frac {1}{2}}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq45}\end {equation}


$\Pi _{2}\neq \pm 1.$


$\chi _{0}=-m^{2},\chi _{2}=2m^{2}\ -1$


$\chi _{4}=1-m^{2}$


$\eta (\mathbf {\varsigma } )=\mbox {nc}(\mathbf {\varsigma },m)$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{-\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( -m^{4}+m^{2}+\Pi _{2}^{2}-1\right ) \mbox {nc}^{2}(\mathbf {\varsigma },m)}{\left ( 2m^{2}\
-1-\Pi _{2}\right ) \mbox {nc}^{2}(\mathbf {\varsigma },m)-3m^{2}} \right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq46}\end {equation}


$m\rightarrow 1^{-},$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\Pi _{2}^{2}-1}{3\mbox {sech}{ }^{2}(\mathbf {\varsigma })-\left ( 1-\Pi _{2}\right ) }\right ] \right \}}^{ \frac {1}{2}}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq48}\end {equation}


\begin {align}\Pi _{4}^{2}\left ( \Pi _{2}+2\right ) +3\Pi _{6}{(\Pi _{2}+1)}^{2}=0, \Pi _{2}\neq \pm 1.\label {eq49}\end {align}


$\chi _{0}=1,\chi _{2}=2-m^{2},\chi _{4}=1-m^{2}$


$\eta (\mathbf {\varsigma })=\mbox {sc}(\mathbf {\varsigma },m)$


\begin {align}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{-\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( -m^{4}+m^{2}+\Pi _{2}^{2}-1\right ) \mbox {sc}^{2}(\mathbf {\varsigma },m)}{\left ( 2-m^{2}-\Pi _{2}\right ) \mbox {sc}^{2}(\mathbf {\varsigma },m)+3}\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq50}\end {align}


$m\rightarrow 1^{-},$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{-\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\Pi _{2}^{2}-1}{\left ( 1-\Pi _{2}\right ) +3\mbox {csch}{}^{2}(\mathbf {\varsigma })}\right ] \right \}}^{ \frac {1}{2}}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq52}\end {equation}


$m$


\begin {align}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{-\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( \Pi _{2}^{2}-1\right ) \tan ^{2}(\mathbf {\varsigma })}{3+\left ( 2-\Pi _{2}\right ) \tan ^{2}( \mathbf {\varsigma })}\right ] \right \}}^{\frac {1}{2}}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq53}\end {align}


\begin {align}{-}\,\Pi _{4}^{2}\left ( \Pi _{2}-2\right ) +3\Pi _{6}{(\Pi _{2}-1)}^{2}=0, \Pi _{2}\neq \pm 1.\label {eq54}\end {align}


$\eta (\mathbf {\varsigma })=\mbox {cs}( \mathbf {\varsigma },m)$


$\chi _{4}=1,\chi _{2}=2-m^{2}$


$\chi _{0}=1-m^{2}$


$m\rightarrow 0^{+}$


\begin {align}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{-\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( \Pi _{2}^{2}-1\right ) \cot ^{2}(\mathbf {\varsigma })}{3+\left ( 2-\Pi _{2}\right ) \cot ^{2}( \mathbf {\varsigma })}\right ] \right \}}^{\frac {1}{2}}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq57}\end {align}


$\Pi _{2}\neq \pm 1.$


$\chi _{0}=\frac {1}{4},\chi _{2}=\frac {1-2m^{2}}{2}, \chi _{4}=\frac {1}{4}$


$\eta (\mathbf {\varsigma })=\frac {\mbox {sn}( \mathbf {\varsigma },m)}{1\pm \mbox {cn}(\mathbf {\varsigma },m)},$


\begin {align}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {12\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( 16m^{4}-16m^{2}-16\Pi _{2}^{2}+1\right ) \mbox {sn}^{2}(\mathbf {\varsigma },m)}{3{\left [ 1\pm \mbox {cn}(\mathbf {\varsigma },m)\right ]}^{2}+2\left ( 1-2m^{2}-2\Pi _{2}\right ) \mbox {sn}^{2}(\mathbf {\varsigma },m)}\right ] \right \}}^{ \frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq58}\end {align}


$m$


$1^{-}$


\begin {align}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {12\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( 1-16\Pi _{2}^{2}\right ) \tanh ^{2}(\mathbf {\varsigma })}{3{\left [ 1\pm \mbox {sech}( \mathbf {\varsigma })\right ]}^{2}-2\left ( 1+2\Pi _{2}\right ) \tanh ^{2}(\mathbf {\varsigma })}\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq60}\end {align}


\begin {align}-8\Pi _{4}^{2}\left ( 1+2\Pi _{2}\right ) +3\Pi _{6}{\left ( 4\Pi _{2}+1\right )}^{2}=0,{\ \ }\Pi _{2}\neq \pm \frac {1}{4}.\label {eq61}\end {align}


$m$


\begin {align}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {12\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( 1-16\Pi _{2}^{2}\right ) \tan {}^{2}(\mathbf {\varsigma })}{3{\left [ \sec (\mathbf { \varsigma })\pm 1\right ]}^{2}+2\left ( 1-2\Pi _{2}\right ) \tan {}^{2}( \mathbf {\varsigma })}\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq62}\end {align}


\begin {align}-8\Pi _{4}^{2}\left ( 1-2\Pi _{2}\right ) +3\Pi _{6}{\left ( 4\Pi _{2}-1\right )}^{2}=0,{\ \ \ \ }\Pi _{2}\neq \pm \frac {1}{4}.\label {eq63}\end {align}


$\chi _{0}=\frac {1}{4},\chi _{2}=\frac {1+m^{2}}{2}, \chi _{4}=\frac {{\left ( 1-m^{2}\right )}^{2}}{4},$


$\eta (\mathbf {\varsigma })=\frac {\mbox {sn}(\mathbf {\varsigma },m)}{\mbox {cn}(\mathbf {\varsigma },m)\pm \mbox {dn}(\mathbf {\varsigma },m)}$


\begin {align}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{-\frac {12\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( m^{4}+14m^{2}-16\Pi _{2}^{2}+1\right ) \mbox {sn}^{2}(\mathbf {\varsigma },m)}{3{\left [ \mbox {cn}( \mathbf {\varsigma },m)\pm \mbox {dn}(\mathbf {\varsigma },m)\right ]}^{2}+2\left ( 1+m^{2}-2\Pi _{2}\right ) \mbox {sn}^{2}(\mathbf {\varsigma },m)}\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq64}\end {align}


$m\rightarrow 1^{-},$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{-\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( 1-\Pi _{2}^{2}\right ) \tanh ^{2}(\mathbf {\varsigma })}{3\mbox {sech}^{2}(\mathbf {\varsigma })+\left ( 1-\Pi _{2}\right ) \tanh ^{2}(\mathbf {\varsigma })}\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \end {array} \right .\label {eq66}\end {equation}


$\Pi _{2}\neq \pm 1.$


$m$


$0^{+}$


$\chi _{0}=1-m^{2},\chi _{2}=2m^{2}-1,\eta (\mathbf {\varsigma })=\mbox {cn}(\mathbf {\varsigma },m)$


$\chi _{4}=-m^{2},$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{-\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( -m^{4}+m^{2}+\Pi _{2}^{2}-1\right ) \mbox {cn}^{2}(\mathbf {\varsigma },m)}{\left ( 2m^{2}-1-\Pi _{2}\right ) \mbox {cn}^{2}(\mathbf {\varsigma },m)+3\left ( 1-m^{2}\right ) }\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq67}\end {equation}


$m\rightarrow 0^{+},$


$\chi _{0}=-m^{2}\left ( 1-m^{2}\right ), \eta (\mathbf {\varsigma })=\mbox {ds}(\mathbf {\varsigma },m),\chi _{2}=2m^{2}\ -1$


$\chi _{4}$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{-\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( -m^{4}+m^{2}+\Pi _{2}^{2}-1\right ) \mbox {ds}^{2}(\mathbf {\varsigma },m)}{\left ( 2m^{2}\
-1-\Pi _{2}\right ) \mbox {ds}^{2}(\mathbf {\varsigma },m)-3m^{2}\left ( 1-m^{2}\right ) }\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq69}\end {equation}


$\chi _{0}=\frac {1-m^{2}}{4},\chi _{2}=\frac {1+m^{2}}{2}$


$\chi _{4}=\frac {1-m^{2}}{4}$


$\eta ( \mathbf {\varsigma })=\mbox {nc}(\mathbf {\varsigma },m)\pm \mbox {sc}(\mathbf { \varsigma },m)$


$\eta (\mathbf {\varsigma })=\frac {\mbox {cn}(\mathbf { \varsigma },m)}{1\pm \mbox {sn}(\mathbf {\varsigma },m)}$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {12\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( m^{4}+14m^{2}-16\Pi _{2}^{2}+1\right ) {\left [ \mbox {nc}(\mathbf {\varsigma },m)\pm \mbox {sc}( \mathbf {\varsigma },m)\right ]}^{2}}{2\left ( 1+m^{2}-2\Pi _{2}\right ) {\left [ \mbox {nc}(\mathbf {\varsigma },m)\pm \mbox {sc}(\mathbf {\varsigma },m) \right ]}^{2}+3\left ( 1-m^{2}\right ) }\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e} {}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq70}\end {equation}


\begin {align}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {12\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( m^{4}+14m^{2}-16\Pi _{2}^{2}+1\right ) \mbox {cn}^{2}(\mathbf {\varsigma },m)}{2\left ( 1+m^{2}-2\Pi _{2}\right ) \mbox {cn}^{2}(\mathbf {\varsigma },m)+3\left ( 1-m^{2}\right ) {\left [ 1\pm \mbox {sn}(\mathbf {\varsigma },m)\right ]}^{2}} \right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq71}\end {align}


$m$


$0^{+}$


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {12\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( 1-16\Pi _{2}^{2}\right ) {\left [ \sec (\mathbf {\varsigma })\pm \tan (\mathbf {\varsigma })\right ]}^{2}}{3+2\left ( 1-2\Pi _{2}\right ) {\left [ \sec (\mathbf { \varsigma })\pm \tan (\mathbf {\varsigma })\right ]}^{22}}\right ] \right \}}^{ \frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq73}\end {equation}


\begin {equation}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{\frac {12\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {1-16\Pi _{2}^{2}}{2\left ( 1-2\Pi _{2}\right ) +3{\left [ \sec (\mathbf {\varsigma })\pm \tan ( \mathbf {\varsigma })\right ]}^{2}}\right ] \right \}}^{\frac {1}{2}}\mbox {e}{}^{i \left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq74}\end {equation}


\begin {equation}\left . 8\Pi _{4}^{2}\left ( 1-2\Pi _{2}\right ) +3\Pi _{6}{\left ( 1-4\Pi _{2}\right )}^{2}=0,{\ \ \ }\Pi _{2}\neq \pm \frac {1}{4}.\right .\label {eq75}\end {equation}


$\mu =0.5,\kappa =0.5,A=2,\beta =-\left ( 1+\sigma ^{2}\right )$


$a=b=c_{1}=c_{2}=c_{3}=c_{4}= \omega =1$


$W(t)=\cosh (2t)$


$\sigma $


$\kappa =-0.5,\omega =c_{2}=c_{3}=-1,\beta =-0.67\left ( 1+\sigma ^{2}\right )$


$W(t)=3-t$


$\sigma $


$\kappa =\mu =0.5,\beta =-\left ( 1+\sigma ^{2}\right )$


$W(t)=\sinh \left ( t^{2}\right )$


$\sigma $


$\omega =b=\mu =-1,m=1/\sqrt {3}, \beta =1-0.5\sigma ^{2}$


$W(t)=5t+3$


$\sigma $


$\mu =0.5,\kappa =-0.5,\beta =0.33\left ( 1-\sigma ^{2}\right ),$


$W(t)=5t+3$


$\sigma $


\begin {align}\left . \begin {aligned} &\mathbf {\Psi }(x,t) =\left \{\frac {(5L_{1}\ln ^{2}\left ( A\right ) +4L_{2})}{ 4\mu ^{2}c_{4}\ln ^{2}\left ( A\right ) }\right .\\ &\times \left .\quad \left [ 1+\dfrac {4\sqrt {\delta }K}{ \left ( 4K^{2}+\delta \right ) \cosh (\mathbf {\varsigma }\ln A)+\left ( 4K^{2}-\delta \right ) \sinh (\mathbf {\varsigma }\ln A)}\right ] \right \}^{ \frac {1}{2}}\!\!\\ &\quad \mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ] }. \end {aligned} \right .\label {eq18}\end {align}


\begin {align}\left . \begin {array}{@{}l} \mathbf {\Psi }(x,t)={\left \{-\frac {48\mu ^{4}c_{4}^{2}}{\left ( 8\mu ^{2}c_{2}c_{4}-3L_{1}c_{3}\right ) }\left [ \frac {\left ( -m^{4}+m^{2}+\Pi _{2}^{2}-1\right ) \mbox {cs}^{2}(\mathbf {\varsigma },m)}{\left ( 2-m^{2}-\Pi _{2}\right ) \mbox {cs}^{2}(\mathbf {\varsigma },m)+3\left ( 1-m^{2}\right ) }\right ] \right \}}^{\frac {1}{2}}\\\\ \hspace *{34pt}\mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}, \\ \end {array} \right .\label {eq55}\end {align}


$\leftrightarrow $


$P^{6}-$


$(a,b),$


$c_{4}$


$c_{1},c_{2},c_{3}$


$\theta $


$\alpha $


$\sigma $


\begin {equation}\left . \begin {aligned} L_{1}&=\frac {\left ( a+\theta \right ) \left ( 1-b\kappa \right ) \mu ^{2}+b\mu ^{2}\left [ \alpha +2a\kappa -b\left ( \omega -\sigma ^{2}\right ) \right ] }{ \left ( 1-b\kappa \right )},\\ L_{2}&=\alpha \kappa +a\kappa ^{2}+\left ( 1-b\kappa \right ) \left ( \omega -\sigma ^{2}\right ). \end {aligned} \right .\label {eq9}\end {equation}


\begin {align}\left . \begin {aligned} &\mathbf {\Psi }(x,t)=\Bigg \{\frac {(5L_{1}\ln ^{2}\left ( A\right ) +L_{2})}{4\mu ^{2}c_{4}\ln ^{2}\left ( A\right ) }\\ &\quad \times \left [ 1+\dfrac {4\sqrt {\delta }K}{\left ( 4K^{2}+\delta \right ) \cosh \left ( 2\mathbf {\varsigma }\ln A\right ) +\left ( 4K^{2}-\delta \right ) \sinh \left ( 2\mathbf {\varsigma }\ln A\right ) } \right ] \Bigg \}^{\frac {1}{2}}\\ &\quad \mbox {e}{}^{i\left [ -\kappa x+\omega t+\sigma W(t)-\sigma ^{2}t\right ]}. \\ \end {aligned} \right .\label {eq24}\end {align}


\begin {equation}\begin {aligned}\label {eq47} & \Pi _{4}^{2}\left ( 2m^{2}-1-\Pi _{2}\right ) \left [ 9m^{2}(1-m^{2})+\left (2m^{2}-1-\Pi _{2}\right ) \left ( 4m^{2}-2+\Pi _{2}\right ) \right ] \\ &\quad + 3\Pi _{6}{\left [ 3m^{2}(1-m^{2})+{(2m^{2}-1)}^{2}-\Pi _{2}^{2}\right ]}^{2}=0. \end {aligned}\end {equation}


\begin {align}\begin {aligned} & \Pi _{4}^{2}\left ( 2-m^{2}-\Pi _{2}\right ) \left [ 9\left ( m^{2}-1\right )+\left ( 2-m^{2}-\Pi _{2}\right ) \left ( 4-2m^{2}+\Pi _{2}\right ) \right ] \\ &\quad +3\Pi _{6}{\left [ 3\left ( m^{2}-1\right ) +{\left ( 2-m^{2}\right )}^{2}-\Pi _{2}^{2}\right ]}^{2}=0. \\ \end {aligned}\label {eq51}\end {align}


\begin {align}\left . \begin {aligned} &\Pi _{4}^{2}\left ( 2-m^{2}-\Pi _{2}\right ) \left [ 9\left ( m^{2}-1\right ) +\left ( 2-m^{2}-\Pi _{2}\right ) \left ( 4-2m^{2}+\Pi _{2}\right ) \right ] \\ \\ &\quad +3\Pi _{6}{\left [ 3\left ( m^{2}-1\right ) +{\left ( 2-m^{2}\right )}^{2}-\Pi _{2}^{2}\right ]}^{2}=0. \\ \end {aligned} \right .\label {eq56}\end {align}


\begin {align}\begin {aligned} & 8\Pi _{4}^{2}\left ( 1-2m^{2}-2\Pi _{2}\right ) \left [ 9-8\left ( 1-2m^{2}-2\Pi _{2}\right ) \left ( 1-2m^{2}+\Pi _{2}\right ) \right ] \\ &\quad +3\Pi _{6}{\left [ 3-4{\left ( 1-2m^{2}\right )}^{2}+16\Pi _{2}^{2}\right ]}^{2}=0. \end {aligned}\label {eq59}\end {align}


\begin {equation}\left . \begin {aligned} &8\Pi _{4}^{2}\left ( 1+m^{2}-2\Pi _{2}\right ) \left [ 9{(1-m^{2})}^{2}-8\left ( 1+m^{2}-2\Pi _{2}\right ) \left ( 1+m^{2}+\Pi _{2}\right ) \right ] \\ &\quad +\,3\Pi _{6}{\left [ 3{(1-m^{2})}^{2}-4{(1+m^{2})}^{2}+16\Pi _{2}^{2}\right ]}^{2}=0. \end {aligned} \right .\label {eq65}\end {equation}


\begin {equation}\left . \begin {aligned} &-\Pi _{4}^{2}\left ( 2m^{2}-1-\Pi _{2}\right ) \left [ 9m^{2}(1-m^{2})+\left ( 2m^{2}-1-\Pi _{2}\right ) \left ( 4m^{2}-2+\Pi _{2}\right ) \right ] \\ &\quad +3\Pi _{6}{\left [ -3m^{2}(1-m^{2})-{(2m^{2}-1)}^{2}+\Pi _{2}^{2}\right ]}^{2}=0. \end {aligned} \right .\label {eq68}\end {equation}


\begin {equation}\left . \begin {aligned} &8\Pi _{4}^{2}\left ( 1+m^{2}-2\Pi _{2}\right ) \left [ 9{(1-m^{2})}^{2}-8\left ( 1+m^{2}-2\Pi _{2}\right ) \left ( 1+m^{2}+\Pi _{2}\right ) \right ] \\ &\quad +3\Pi _{6}{\left [ 3{(1-m^{2})}^{2}-4{(1+m^{2})}^{2}+16\Pi _{2}^{2}\right ]}^{2}=0. \end {aligned} \right .\label {eq72}\end {equation}
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A significant element frequently observed in physical systems is
stochasticity. Noise sources such as thermal fluctuations, spontaneous
emission, and environmental disturbances inherently influence nonlin-
ear media. The integration of randomness into governing models is
typically accomplished via stochastic extensions of the NLSE, frequently
expressed in the It sense with multiplicative white noise [1,2,4]. Recent
studies have shown that noise, often viewed as solely detrimental, can
play a constructive role by inducing stochastic resonance, enhancing
weak signals, and stabilizing solitons [3,6,7,16,27].

While prior stochastic NLSE models have explored cubic-quintic non-
linearities or nonlocal effects separately [1-7], the proposed model in
Eq. (1) uniquely unifies cubic, quintic, and septic nonlocal nonlineari-
ties with resonant terms, intermodal dispersion, and multiplicative noise
in the Itd6 framework. Unlike existing studies that typically focus on
lower-order nonlinearities or local responses, this work systematically
incorporates higher-order refractive index saturation, nonlocality, and
stochastic forcing—features that coexist in realistic optical and plasma
systems. This comprehensive approach enables the derivation of new
soliton families and reveals noise-driven phenomena not captured in ear-
lier stochastic or deterministic models. Recently, considerable attention
has been devoted to constructing analytical and semi-analytical solu-
tions of nonlinear evolution equations due to their relevance in optical
communication, fluid dynamics, and plasma modeling. For instance,
the first-integral method has been employed to derive closed-form
solutions for the Wu-Zhang system with conformable time-fractional
derivatives [49], while modified mapping-type techniques have been
utilized to obtain diverse exact solutions of the Davey-Stewartson model
[50]. Moreover, recent studies have examined the dynamics of mul-
tidimensional optical solitons in extended conformable Kudryashov
frameworks with generalized nonlinear responses [51] demonstrat-
ing the effectiveness of advanced analytical schemes. These devel-
opments provide strong motivation to further explore stochastic in-
fluences on nonlinear wave structures, as pursued in the present
work.

Numerous studies have investigated stochastic soliton dynamics in
various models, including the stochastic Ginzburg-Landau equation
[6], the Hirota—Maccari system [7], the Konno-Oono model [8],
and stochastic adaptations of the Gerdjikov-Ivanov equation [13,16].
Nevertheless, the majority of these studies are confined to lower-order
nonlinearities or overlook nonlocal effects. The combined effects of
cubic—quintic-septic nonlinearities, nonlocality, resonant terms, and
multiplicative noise within a unified NLSE framework have yet to be sys-
tematically examined. This indicates a notable disparity, as such effects
inherently coexist in realistic photonic and plasma systems.

This represents a critical research gap: no prior study unifies cubic-
quintic-septic nonlocal nonlinearities, resonant terms, STD, IMD, and
multiplicative It6 noise within a single NLSE framework—effects that
coexist in high-power optical fibers and metamaterials [1-29,39-41].

Recent studies continue to expand the applicability and solution fam-
ilies of the NLSE. For instance, research has explored optical solitons
in metamaterials with generalized non-local nonlinearity, highlighting
novel solution behaviors in advanced media [30]. Further investigations
have yielded exact solutions for the conformable fractional NLSE with
Kerr and power laws, bridging fractional calculus with nonlinear op-
tics [31]. The dynamics have also been extended to (3 + 1)-dimensional
frameworks, uncovering resonant dissipative solitons that enrich the un-
derstanding of higher-dimensional wave propagation [32]. Additionally,
studies on the stochastic fractional NLSE have provided insights into
soliton dynamics under the combined influence of fractional derivatives
and noise [33]. The analysis of cubic-quartic solitons in birefringent
fibers without four-wave mixing has demonstrated the role of higher-
order dispersion in sustaining stable pulses [34], while other works
have focused on optical solitons with complex Ginzburg-Landau-type
equations incorporating nonlinear chromatic dispersion [35]. These con-
tributions underscore the ongoing evolution of NLSE models to capture
more complex physical effects and solution structures.
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The analytical approaches employed in this study, namely
Kudryashov’s algorithm and the P®—model expansion method, offer
distinct advantages for tackling such a complex system. Kudryashov’s
method is renowned for its systematic and rigorous algebraic proce-
dure, which efficiently extracts a wide spectrum of soliton solutions—
including bright, dark, and singular types—by leveraging a specially
chosen auxiliary equation [36-38]. Its key strength lies in its ability to
handle high-order nonlinearities without introducing unnecessary com-
plexity. Complementarily, the P®—model expansion method is excep-
tionally powerful for deriving a broader class of solutions, particularly
Jacobi elliptic and periodic solutions, which can degenerate into various
soliton forms under specific parameter limits. The synergy of these two
methods ensures a more comprehensive and robust exploration of the
model’s solution space than either could achieve alone.

The incorporation of a stochastic process, specifically multiplicative
noise within the It6 framework, is of profound significance as it tran-
sitions the model from an idealized, deterministic system to one that
reflects the inherent randomness of real physical environments. In prac-
tical settings—be it an optical fiber subject to thermal fluctuations and
spontaneous emission, a plasma with turbulent density variations, or
a Bose-Einstein condensate interacting with a thermal cloud—noise is
an inescapable factor. By accounting for this stochasticity, the model
captures crucial phenomena such as amplitude jitter, phase diffusion,
and stochastic resonance, where noise can paradoxically enhance sig-
nal transmission or stabilize wave structures. This approach reveals that
noise is not merely a disruptive nuisance but a fundamental physical
parameter that can dictate dynamical transitions, induce the formation
of rare events like rogue waves, and ultimately govern the stability and
longevity of solitons. Therefore, a stochastic analysis is indispensable
for predicting the robust performance of nonlinear waves in technolog-
ical applications and for achieving a more complete, physically realistic
understanding of wave propagation in complex media.

Here we fill this void with Eq. (1), the first comprehensive stochastic
resonant NLSE model enabling the derivation of novel bright/dark/sin-
gular/Jacobi-elliptic soliton families and revealing noise-induced rogue
waves and resonance-enhanced stability unobserved in prior determin-
istic or lower-order stochastic analyses.

While cubic and quintic nonlinearities are well-established in mod-
els of saturable media and multiphoton processes, the inclusion of septic
(seventh-order) nonlinearity is critical for accurately describing sys-
tems exhibiting extreme nonlinear optical responses. Experimentally,
septic effects become significant in: ultra-high intensity laser propaga-
tion in gases and plasmas, where higher-order Kerr terms are required
to model ionization and harmonic generation beyond the perturba-
tive regime, certain photorefractive crystals and colloidal suspensions,
where saturation of the refractive index change follows a higher-order
polynomial law, often measurable via z-scan techniques and dense Bose-
Einstein condensates with strong beyond-mean-field corrections (e.g.,
Lee-Huang-Yang effects), where the expansion of the equation of state
includes seventh-order density terms. Including the septic term in Eq.
(1) thus allows the model to capture regimes where lower-order approx-
imations break down, particularly in experiments involving high power
densities or strongly interacting quantum fluids.

This paper proposes and analyzes a stochastic resonant nonlin-
ear Schro dinger equation featuring cubic, quintic, and septic nonlo-
cal nonlinearity Eq. (1). The model integrates chromatic dispersion,
self-trapping dispersion (STD), intermodal dispersion (IMD), resonant
nonlinearities, and multiplicative noise within the It6 framework. We
utilize two complementary techniques to derive precise soliton so-
lutions: Kudryashov’s algorithms [1,2] and the P®—model expansion
approach [25-27]. These methods enable the derivation of new families
of bright, dark, singular, Jacobi-elliptic, and periodic solitons.

Recent works have reported controlled shaping and deformation of
bright, dark, chirped, W- and M-type solitons in nonlinear optical fibers
through higher-order dispersion, birefringence, variable-coefficient ef-
fects, and nonlinear perturbations (see Refs. [42-48]). These studies
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demonstrate that soliton characteristics can be significantly altered by
parameter variations, external modulation, and structural changes in
the governing equation. Motivated by these developments, our work
considers a stochastic framework and examines how multiplicative
perturbations influence soliton persistence, modulation behavior, and
stability.

1.1. Main system

The dimensionless form of the stochastic resonant NLSE [1-9,15-22]
is presented. It has a cubic-quintic-septic nonlocal law nonlinearity and
both STD and IMD, as well as multiplicative noise in the itd sense.

W, +a¥ + DY+ [of 11+ [+ o3 W18 + g (1W17) | W

xx

WD _ow @
at 0

+0<|\|I’\I|”ix>\l‘+o-(‘l‘—ib‘l‘x)
where the wave profile is represented by the complex-valued func-
tion ¥ = ¥(x,7), and the parameters a,bc;,(j=1,..4), v,0 and «
are real-valued constants with i2 equal —1. The first term of Eq. (1) is
the linear temporal evolution, the chromatic dispersion (CD) and STD
terms are symbolized by a and b, respectively. The parameters c|,c,
and c; supply the cubic-quintic-septic refractive index law, whereas c,
provides the nonlocal law. After that, # represents the coefficient of
resonant nonlinearity, and « represents the coefficient of inter-modal
dispersion (IMD). At last, white noise is dW (r)/dt, the standard Wiener
approach is denoted by W (r) and o is the noise strength coefficient.
The incorporation of the stochastic term o (¥ — ib'¥,) % in Eq. (1)
is intended to formulate a stochastic differential equation applicable
across various disciplines, including physics, engineering, biology, and
chemistry, which accounts for temporal noise or fluctuations. The non-
local nonlinearity term c4(|\I’|2)xX‘I’ arises from a convolution model

ny=[R(x—x") “I‘ (x") |2 dx', where R(x) is a symmetric response ker-
nel (e.g., Gaussian or exponential). Expanding n,, to the second order
yields the differential approximation used in Eq. (1), with ¢, propor-
tional to the second moment of R(x). The spatial width o of the kernel
determines the degree of nonlocality:

For 6z much larger than the soliton width, nonlinear interactions are
strongly smoothed, suppressing beam collapse and stabilizing solitons
against small-scale perturbations.

As o — 0, the model reduces to a local cubic-quintic-septic system,
where collapse instabilities can dominate. Thus, the sign and magni-
tude of ¢, effectively control the stabilizing influence of nonlocality in
our solutions. This mechanism is especially relevant in nematic liquid
crystals, thermal optical media, and dipolar Bose-Einstein condensates,
where nonlocal responses are experimentally tunable.

This article consists of the following: Section 2 delineates the first
procedures. In this third section, we will resolve Eq. (1) utilizing
Kudryashov’s algorithm and the P®~model expansion method. Section
four will show numerical simulations. Physical interpretations are pre-
sented in Section 5. Section 6 contains the Discussion and Conclusions.

2. Preliminary steps

The objective is to uncover soliton solutions to Eq. (1). For this
objective, we outline the transformation below:

W(x, 1) = F(g)exp![TrxrortoW ol ¢ — gy @

In this context, «, , 4 and f represent non-zero constants. In this context,
w represents the wave number, u signifies the spatial variable, f denotes
the soliton’s velocity, and « indicates the soliton’s frequency. The func-
tion £ (¢) constrains the amplitude component. Substituting Eq. (2) into
Eq. (1) and separating the real and imaginary components results in
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R:Li(© - L@+ ©+er ©+ar )

+ 22 [FQO 2@+ ©F ©)] =0, @
as well
S —[U—-bx)+u(2ax - b(w—0*) +a)] F () =0. &)
From Eq. (4), we get the soliton’s velocity

a+2ax —b(w- o>

ﬁ=_ﬂ[ (l—bl(() )]’ ®)
we balance £2 () f” (¢) with £’ (¢) in Eq. (3), we get:
2M+M+2=7M—>M=%. (6)
Here is the transformation that we employ:
FO =23, @
Rewrite Eq. (3) as
L (2Z() 2" (©) = Z7(0) = 4L, Z% () + 4, Z° () + 46, Z* () ®

+463Z° () + 442y 22 () 2" (6) = 0,
where

(a+6) (1 — b) u? + bu? [a+2al<—b(co—0'2)]
L= )

(1-bx) (C)]
L, =al<+al<2+(1 — bk) (w—az).

The subsequent section will elaborate on the techniques used to address
Eq. (8).

3. Novel soliton solutions

In this section, Eq. (8) is analyzed using the subsequent techniques
in the following subsections:

3.1. Addendum kudryashov’s algorithm

Applying the preceding technique [1,2], assume Eq. (8) has a mean-
ingful solution:

M

Z(©)= ) 0,R(c).0y #0. 10)
s=0

In addition, the R (¢) function fits the ODE:

R’ ()= R () [ -6R% (9] In*(4), O<a#l an

In this setting, o, (s =0, ..., M) and § are variables, while g represents a

positive integer. When we balance Z2 (¢) Z” (¢) with Z3 (¢) in Eq. (8),

we arrive at:

Z2(@) > 2M,Z" ()= M +2g& Z°(¢) » 5M - 2M + M +2g =5M
= M=g. (12)

Currently let’s address each of these forms:
Form.I. Given g = 1, M = 1. In place is the systematic solution:

Z (g) = o01R() + 0y, o, #0, (13)

alongside

R (©)=R*(©)[1-6R*(©)] In*(4), O<a#l. 14
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Generally, Eq. (14) has a bright-singular soliton:

4K &

R(c) =
© (4K2 + 5) cosh [(g¢) In A] + (4K2 — ) sinh [(g¢) In A]

,K #0.

(15)

Changing (13), (14) in (8) yields the following algebraic equations

R3() : —46? (264%c, In> (A) — 36%) =0,
RY(¢) 1 —161n* (A) 64’ cy0007 — 31n (A) 6L 07 + 20¢30407 +4cyo =0,
R (g) : —81n* (A) 6y’ cy000) +41n* (A) pPeyo? — 41In® (A) 6L 640,
+ 40030’30’13 + 16620'00']3 + 4"10'? =0,
R(g) : 8In* (A) P c,0007 +40c30707 + In (A) Lyo? + 24¢,0067
+ 12c10'00]2 - 4L2¢)-|2 =0,
R(¢) : 41n? (A) ﬂ2646§61 + 20C3O’30’1 +21n? (A) Lioyo; + 16(‘20'30'1

+ 12c16§61 —8L,0p0, =0,

RO(¢) @ 4cs0p +4eyo + 4eyop — 4Lyop = 0.
16)

Thus, Eq. (16) hold the results:

(17L, In? (A) + 20L, ) p2c, In* (A)
(5L, In (A) + 4L,)
12 (9L, In® (A) + 8L, ) pi*c2 In* (A)

¢ =

C =

B

(5L, In® (A) + 4L,)

a7)
328¢ In® (A)

_ (5LyIn* (A) +4Ly)
442¢, In? (A)

C3 =

5

(5L, In® (A) +4L,)

_ VB(5Ly In (A) +4L,)
dple,In®(A)

0y

Given 6 > 0. Inputting (17) and (15) into (13) completes the combo
bright-singular soliton:

2
Wer) = (5L, In? (A) +4L,)
4p2c, In? (A)

x |1+ 4VoK ’ e
(4K2 + 5) cosh(¢In A) + (4K?2 = 5) sinh(¢ In A)

ei [—xx+wt+o'W(t)—azt]

The bright soliton originates at § = 4K2.

1

2 2
W(x,1) = {w [1 + sech(¢In A)]} ei[-rxtor+oW (H-o1]

4p2c, n? (A)
19)

Form.II Select g = 2 initially, followed by M = 2. Below is what we
received:

Z(5) = 0, R¥(g) + 6, R(S) + 6, 0, #0, (20)
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as well as

R (=R Q) [1-6R ()] In*(4), O<a#l 21

By inserting (20, 21) in (8), algebraic equations result as follows:

R'(g) 1 =321n% (A) b’ 403 + 4ez03 =0,
RY(g) : =76In* (A) bu*cy0,63 + 20c30,05 =0,
R¥(¢) : —641n* (A) 6p’cy0002 — 561n” (A) 6’4070,
— 121n% (A) 5L16§ + 20630’00'3 + 40c30'120'§ + 4c20;1 =0,
R(¢) : —881n* (A) 8’ cy000, 0, — 121n” (A) S’ cy0?
—181n2 (A) 6L 010, + 80c3040; 0’; + 4Oc30f0§ + 16c2010; =0,
RO() : =321n* (A) > c,0005 — 241 (A) S’ 40007
+161n% (A) y?ey03 — 161n* (A) 5L 00,
—51In® (A)6L,07 + 40c;0503 + 120¢36007 05 + 20c30) 0,
+ 16c20'0<7§ + 24026]26§ + 4c10'§ =0,
Rs(g) 1 —121n? (A) 5/426’40'30'1 +361n? (A) /42640'1(7%
—61n* (A) 6L 000, + 120c3030,07
+ 80030’06]362 + 463615 + 4862600'10'% + 16020'130'2 + 1201610'§ =0,
RY5) 1 321n% (A) p? 40003 +241n” (A) P cy07 0,
+ 40c30'80'§ + 120030'50']20'2 + 20c3606f
+41n% (A) Llag + 24620'30'§ + 48020’00']20'2 + 4626? + 1201600'§
+12¢)6%6; —4Ly07 =0,
R3(¢) : 401n% (A) M2C4600'162 +41n(A) y2c4613 + 806368610'2
+ 4Oc30'§o“? +61n2 (A) Lio,o,
+ 4802630'10'2 + 16620'00'? +24ci0490,0, + 4610'? —-8L,010, =0,
R%(¢) : 161n% (A) MZC46362 +81n? (A) [42C40'0612 + 20C36362
+ 40030'(3)0'12 +81n (A) L,oy0,
+1n% (A) le)'l2 + 16c20'(3)0'2 + 24c2030'f + 12c10'30'2 + 12010'0612
—8L,040, — 4L20'% =0,
R(g) : 41n’ (A) M2C46§61 + 20630’30’1 +21n2 (A) Lioyo, + 16c20'g¢71

+ 12010'30'1 - 8L,0p0, =0,

RO() : 4c30'(5) + 4620'3 + 4c10'3 - 4L20'§ =0.

(22)
Thus, Eq. (22) hold the results:
4 (17Ly In* (A) + 5L,) pi?c, In (4)
c, =
] (5L, In? (A) + L)
48 (9L, In* (A) + 2L, ) uc? In* (A)
== s
(5L, 1n (A) + Ly)" 23
1288¢] In® (A) (5L, In? (A) + L,)
c3 = ,00 =
(5L, In® (A) + L,) 4p2c, In* (A)
V6L, In% (A) + Ly)
0,=0,0p = ———M———.

4u2c, In? (A)
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Inputting (15) and (23) into (21) completes the combo bright-singular
soliton:

2
Wt = { GL I’ () + Ly)
4u?c, In” (A)

4/sK

2 (24)
X |1+
[ (4K2 + 5) cosh (26 In A) + (4K2 — §) sinh (26 In A)] }

ei [—xx+wt+o'W(t)—a'2 t]

The bright soliton originates at § = 4K?>

1

5L In%(A)+ L B
W(x,1) = GLi 7@+ Ly) [1+sech2¢InA)] & ell-rtortoW@=ok]
442¢, In? (A)

(25)

By varying g and M, Eq. (12) can yield numerous soliton solutions.

3.2. P%— model expansion approach

In Eq. (8), balancing Z?% (¢) Z" (¢) with Z3 (¢) yields the equilibrium
number M = 1. Eq. (8) has a formalized solution [25-27].

Z©)=K,PP()+K P +Ky K,#0, (26)
and P (¢) satisfies:
P (¢) =114 P (¢) + I, P* () + I, P2 (¢) + I, 27

here K,,K;,K, and I, (/ = 0,2,4 & 6) are the parameters. Use the
solution as a guide.

P =—1D 28)
VM 72() + M,

The solution to the Jacobi elliptic equation is 7(¢):

n*©) = 2o+ 1’ ©+ xan (©). 29

%, (Where r = 0, 2 and 4) are parameters, and M, and M, are values
given by

M. = I, ()(2 - Hz)
1= ,
(r2 = H2)2 20 (0 -Th) +3 X1
(30)
3011
M, = 5 L ,
(2=T4)" =21 (1~ Th) +3x01
within the confines of
Hi (2 =) Paa0 — (220 + 1) (o —T,)]
+30 3070 = (12— T2)]* = 0,
1 # 1. (31
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Changing (26), (27) in (8) yields the following algebraic equations

PY(¢) 1 32¢,47 K3TIg + 4K ¢ = 0,
P2 (¢) : T6p*cy K K21 + 20K, Ky ey =0,
P8(0) 1 46Ky +4c; (KoK +4KT K] +2K3 (2KoK, + 3K}
+ 3242, QKK + KD KT
121, K2 + 24p% ¢y K2 Kol + 2447, K311, = 0,
P7(¢) 1 124%¢,2K K, + KK TIg + 4c3 (4K K K
+ 2K, K;2K K, + 3K}) + 4K, K3 (3KoK, + K7)
+160,K, K3 + 18L, K| KoIlg + 64p%c, Ko K K, T
+56p%cy K K311, =0,
PO (¢) : 32 KZKyTgey + 24 KoK Tlgey + 487 Ko K211,
+404° K] Ky Tlyey + 1647 K3 They
+40K; K3 ey + 120K, K] K3 ¢3 + 20K Ky e
+16KK3c, +24K2K2 e, + 16K K, L Tl
+5K?L Mg +4K3c, + 8K LT, =0,
P3(g) : 2K (64 K2 Tgey + 3217 Ko KoTlyey + 4 KTy
+ 1847 K3Tyey + 60K) K33 + 2K ¢3)
+2K, (24K K3 ¢, + 8KTKycp + 6K ¢) +3( KTl + 2K,T1, ) L)
+40K K Kyc3) =0,
PY(Q) 1 244 K] Ko Tyey + 1607 Ko KTy + 3247 Ko K3 Tl
+ 2442 K} Ky Tlyey + 82 KTy
+ 120K K Kyey + 20K K ey + 24K2 K2, + 48K K Kye,
+4K e, + 12KgK3c; + 40K Ky
+ 12K Kye; + (3KPTL, + 4KZTT, + 12K K,11,) Ly —4K2 Ly =0,
P3(¢) 1 2K, (4P KTl ey + 2047 KoKy Ty + 247 K Tlyey
+ 82 K2Tyey + 40K Kycy + 24K2 Ky c))
+2K, (8K0K12c2 + 12K, Kye,
+20K2K2cy - 4K2L2> +2K, [ (2K, + 3K, 1)
LI, +2K}¢)| =0,
P%(5) 1 164*KZKyTyey + 8u” KoK ey + 1647 Ko K2 ycy
+ 84> K7 K, Ty, + 20K Ky
+40K; Kic; + 16K Kycp + 24K K¢
+ 12K Kyey + 12KoKc; + 8KoK, LTI,
+ KPLTT) — 4 (2K, K, + K7) Ly =0,
P(¢) 1 2KoK;(2p* KyTyey + LyTl, —4L,)
+4KK, (47 KyTye, + SKjes + 4Ky + 3Ky ) =0,
PO(¢) : Li(4KoKyIly — K3Ty) — 4K2 Ly + 4K3c) + 4K ey +4K] e

+ 84K K,Tlgey = 0.

Thus, Egs. (32) hold the results:

(L, — Li11,)

Ko=0.K =0.K = —
0¢4

Ty =Ty, T, = 10,

e (Ly - L1H2)2

(8u*cyey = 3Lyc3) (Ly — LyTLy) .
32u6c;112

96;4%21_[0 e

M, =-—

(32)
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96/46H2ci —8u’Licye, + 3L%c3

(33)
24ptc?

=

Combining (33), (26), and (28) yields the following JEF solutions:

(L, — LyTL,) [ () ] :
= . (34)
re { 2l | MyP(©) + M,

We will announce the updated preliminary families.Family-I. When
n(g) =sn(g,m) or ed(¢,m), and 0 <m < 1, yy =1,y = = (L + m?), g4 =
m?. Right now, we show:

1
- agut 2 (—m4+m2+n§—1 )sn2<g.m) 2
1) = (8u2cyeq—3Lyc3) (1+m2+I1, ) S (g,m)—3

(35)
ei [—KX+(UT+D‘W(I)—62 t]
or
) L
¥ a8utc? (—m4+m2+n§—1)cd (cm) z
X,1) =
(8u%caeq=3Lc3) (1+m2+H2)Cd2(g,m)—3 (36)
e [~k x+ot+oW (t)—o%1]
within the bounds of this restriction
2 (14 m? +10,) [9m* — (2+2m* = T1,) (1 + m® +10,)] -

— 3003 + (14 m? +T2)]* =0, s, # 10,

wheras Iy & I1, offered by (33). In addition to m — 17, a dark soliton
showed up:

1
2 2 2
Wt = { : agute? [ (1) tanh) ] } N E——

8u2cyeq=3Lye3) | (2+11) tanh?(c)-3

(38)
under the constraint condition
I12 (IT, + 2) =3I (IT, + 1)* = 0. (39)

When m approaches zero, the periodic solutions become visible.

1

4.2 2
asutc? -1 } 2 gi[-xxrortoW -o¥]  (40)

¥x.n = { (Br2crca—3L1c3) | (1+115) =3 ese2(9)

as well as

1

} 2 ei [—Kx+(ut+o'W(t)—02t] (41)

v 48,4%} H%—l
.0 = (8u2cycy—3Lyc3) | (1+11y) -3 sec2(c)

within constraints
I12 (IT, - 2) =3[0, — 1)* = 0,11, # L. (42)

Family-II In the event that yy = m?, z, = 1, y, = — (1+ m?) and 5(¢) =
dc(¢, m) or ns(¢, m), then:

1
¥ a8utc? (—m4+m2+n§—1)dc2(g,m) z
X, 1) =
(812cyc4=3Lyc3) (1+m2+H2)dC2(g,m)—3m2 (43)

ef[-rxtortoW ()-o?1]
,
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as well as

1
w a8utc? (—m4+m2 +I3—1 )nS2(g,m) 2
x,1) =
1) (8u2cycs=3Lyc3) | (1+m2+I1))NS?(c,m)—3m?

ei[kx+ortoW (-]

(44)

keeping this restriction (37) in mind. To obtain the singular solitons, set
mto 1™,

1
2_ 2 2
W(x,1) = { ( 48”4‘3 [((HZ l)colh © ] } ei[—l()c+(m+aW(t)—02t]7

8ulcyes=3Lyc3) | (2+1L) coth?(g)-3

(45)

with the identical restriction (39) and IT, # +1.
Family-III. When y, = -m?, y, = 2m*> — 1, and y, = 1 — m?, the JEF
solutions are satisfied by #(¢) = nc(¢, m) and Eq. (1).

1
v 43”4CZ (—m4 +m? +H§ -1 )ncz(g,m) 2
Cf)=9 - (812cye3—3L1c3) | (2m? —1-Th,)NC2(c.m)—3m?

ei [*KX+UJT+D‘ w (1)762 t]
B

(46)

within the condition of constraint

2 (2m? = 1 = I0,) [9m*(1 — m?) + (2m* — 1 — IL,) (4m* — 2 + I, )|

, (47)
+311, [3m2(1 — )+ CmE 1) — ng] -0

When m — 17, bright solitons are maintained.

— asute} -1 ? i|~kx+wr+oW ()-c1]
¥t = { (8u2eres=3L1c3) [353Ch2(§)—(1—nz) ¢ ’
(48)
under the constraint condition
112 (ITy +2) + 30, (I, + 1)* = 0,11, # 1. (49)

Family-IV. With y, = 1, y, =2 —m?, 4 = | — m* and 5(g) = sc(¢, m) and
we achieve

1
v 48yte? (—m4+m2+n§—1 )SCz(g,m) 2
x, 1) =< —
1) (8#2cyeq=3Lyc3) (2-m2—T1,)SC2(c.m)+3

(50)
el [—Kx+(A)I+GW([)—G‘2f]
under the same constraint condition
5 (2—m? =TL) [9 (m* — 1) + (2 — m? —1I,) (4 — 2m? +I1,)]
2 2 (51)
#3006 [3 (= 1) + 2= m?)" - 1] =0,
For m — 17, holding the singular soliton provides:
4.2 2 5
_J)_ 4Bucy -1 2 i|—kx+wr+oW (1) —c>t]

Wxn = { (82cyc4—3L1c3) [(1_n2)+3csch2(g>] } € ’

(52)

provided the same condition (49). Putting m close to zero will yield
the periodic solution.

1
2_1) tan2 )
Wix.h) = {_( 48}¢46§ |: (“2 1>tdn ©) :| } ei[flcx+wt+o'W(t)*o'21]’

8;420204—3L|£3) 3+(2—H2)Ian2(g)

(53)
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under the constraint condition
—I12 (I, - 2) + 3M(IL, — 1)? = 0,11, # +1. (54)

Family-V. We benefit from 5(¢) = cs(¢,m) if and only if y, =1, y, =
2 —m? and y, = | — m?, then, we gain

1
agte? (-t +m2 121 )es2e.m) 2
P n=4 - (812cyc4=3L1c3) | (2-m2—T1,)CS2(¢;m)+3(1-m2)

(55)
el [—Kx+(l)l+6W([)—0‘2Y]
in the situation of constraint
5 (2—m? =TL) [9 (m* — 1) + (2= m* =) (4 — 2m” +I1,)]
(56)

2
#3M0[3 (= 1) + 2= m?)" - 1] =0,

When m — 0%, the periodic solution appears as:

1
2 2 2
Wix.1) = {_( 48utc? |: (“2—1>col © ] } ei[—xx+wt+6W(t)—azt]’

8;420204—3L|£3) 3+(2—H2)c0t2(g)

57)
With the constraint condition (54) and II, # +1.
. 1 1-2m? 1 Sn(g,
Family-VL If y, = = 2'” X4 =7 then () = ]-;C;l—g(:r)n) we
also keep up with the JEF solutions.
1
12442 16m*—16m2—16I12+1 )SN2(¢,m) 2
¥(x,n = { (Suzczc‘:j;qu) |:3[1+(C1’1(g m)J2+2(l—2r2nz—Zl'[ )sn2(c,m)
T 2 ’ (58)
ei [—K‘X+wt+D'W(1)—0'2 t]
under the constraint condition
812 (1 —2m* — 2I1,) [9 — 8 (1 — 2m* — 2I1,) (1 — 2m* + 1, )|
59

2
+3M[3 - 4(1 - 20%)" + 1612 =0,

When m approaches 1~, maintain combination solitons.

1
Wen 1242 (1—161’[%) tanh2(c) 2
X, = — -
(8u%cre4=3L1c3) 3[1156Ch(g)]2—2(1+2H2)lanhz(g) (60)

ef[—rxtortoW ()-o?1]
,

under the constraint condition
~8I12 (1 +2I1,) + 31 (411, + 1)° = 0, Hz#i‘l‘. (61)

For obtaining periodic solutions, set m to zero:

. 1242 (1-16112 ) tan?(c)
(e n) = (8u%crcs=3L1c3) | 3lsec(o)£112+2(1-2IT) tan 2(c)

ei [—KX+(UZ+O‘ W(I)—O’Z t]
B

[STE

(62)

under the constraint condition

—8I12 (1 - 2I1,) + 3T (411, — 1)* = 0, H2¢+i. 63)
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. 2 1—m2)?

Family-VIL If 7, = L, = 22, - (=°f
ST(¢.m)

en(e,m+dn(c.m)

, then #n(¢) =

and we own the JEF solutions

1
(m4+14m2—16n§+1)sn2<g,m) ] } 2

\P( I) 12;44c§
x,1) =< —
(8u?eres=3Lcs) 3[Cl’1(g,m)1d1‘l(g,m)]2+2(I+m2—2ﬂ2)sn2(g,m)

ei [*I(X+wT+D'W(I)*62 t]
(64)
within a condition of constraint

8ITZ (14 m® = 201,) [9(1 = )" = 8 (1% = 20L,) (14 + Thy)
, 65)
2,2 2,2 2
+ 3T [3(1 = )" =40 + )" + 161 =0,

Using m — 17, yields the following singular solitons:

1
v wd [ (o )}
x,1) =< —
(81%cae4=3Ly¢c3) 3S€Ch2(g)+(l—l'[2) tanh?(¢) (66)

ef[-rxtrtoW ()-o?1]
s

under the same constraint condition (39) & I1, # +1. To maintain the
same periodic solutions (62) with m near 0%,

Family-VIIL If y, = | —m?, y, = 2m?> — 1,5(c) = en(g, m) & y4 = —m?,
we get

1
v 48yt (—m4+m2+n§—1 )an(g,m) 2
=9 - (812cyc4=3L1c3) | (2m?—1-T1, ) D2 (¢,m)+3(1-m2)

67)
e [~k x+or+oW (-0 ,
under the constraint condition
— 103 (2m* — 1 — L) [9m*(1 — m*) + (2m* — 1 = I,) (4m* — 2 + I, )|
+311, [—3m2(1 - —m -1 + ng]z =0.
(68)

After setting m — 0%, (1) maintains the same periodic solution (42).
Family-IX. If yo = —m? (1 — m?) ,5(¢) = ds(¢,m), y, =2m> —1and y,
equals unity, then

1
(-t +12-1)ds” (c.m) ] }2

W(x,1) soulel
x,t) =< —
(8u%cae4—3Lyc3) (2m? —l—l'[z)dsz(g.m)—Bmz(l—mz) 69)

el [~k x+ot+oW (t)—o%1]
s

under the same constraint (48).
2 2
Family-X. Applying the parameters y, = I_T'", n= HT’", and y, =

2
I_Tm, we get 7(¢) = nc(g, m)+sc(g, m) or n(g) = %, and we maintain
that o

1
12,42 m*+14m2—16112+1 ) [NC(c,m)+SC(c,m)]* 2
‘P(x,t):{( k] [ < 2 ) )

8u2cycs=3Lyc3) | 2(14+m2—2I0, ) [NC(c,m)=SC(¢,m)]*+3 (1—m?

ei [—KX+GJZ+()’ I/V(t)—o‘2 t]
(70)

as well

1
(m4+14m2—1611§+1)cn2(g,m>

1242 2
— 4
¥x.n = (812cycs=3Lyc3) | 2(14m2—21, ) CN?(g,m)+3 (1-m? ) [1+SD(c,m)1?

el [~k x+ot+oW (t)—c%1]
s

(71)



N.T. Trouba, H. Xu, R.M.A. Shohib et al.

(1-1) 3D plot of Real part of W(x, t) at c=0

RW)

AN AANAAARRAN R b

AANAMMANARRAAA R Bh b

(W)

(1-2) 3D plot of Real part of W(x, t) at 0=0.5
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(1-3) 3D plot of Real part of W(x, t) at 0=0.9

RW)

3(w)

Fig. 1. Profile of a stochastic wave-type soliton corresponding to solution (19).

underneath the bounds of this limitation

STTZ (14 m® = 201, [9(1 = m?)" = 8 (14 m® = 2010) (14 m? +Thy)

s 5 ) (72)
+311, [3(1 — Y — 40 +md) 161'[%] —0.
For m near 0% there exist periodic solutions
1
12442 1-16112 [sec(g)itan(g)]2 2
‘I’(x,t): . 1oy ( 2) =5
(81#2cpe4=3Lyc3) | 3+2(1-210y ) [sec(s)+tan(c)] (73)

ei [—Kx+wt+n'W(i)—o'2t]
B

additionally

1

4.2 2
1247y 1-16IT; ] } 2 ei[—rcx+wt+aW(t)—o'zt]
s

¥exn = { (81%cze4—3Lyc3) [2(1—2H2)+3[SEC(§)ttun(§)]2

(74)

that is, subject to the restriction:

8112 (1 - 2M1,) + 301 (1 — 411,)° =0, T, # +-. (75)

4. Numerical simulations

The graphs illustrated herein represent multiple solutions to Eq. (1).
The analysis of the subsequent data may elucidate specific conclusions
derived from our study. The initial reference points are determined by
choosing a limited subset of the defined parameter range.

Fig. 1 shows 3D graphical models of the stochastic wave-type (bright
soliton) soliton corresponding to solution (19), which were made using
the values y = 0.5,k = 05,4 =2, = — (1 +o‘2), and the rest of the
parameters a=b=c; = ¢, = ¢3 = ¢, = @ = 1, as well as W (r) = cosh(2¢)
The graph shows the values of ¢ that are indicated in the legend.

Fig. 2 depicts a three-dimensional graphical representation of the
stochastic (dark) wave soliton (Eq. (38)) utilizing x = —-0.5,0 = ¢, =

¢3 = =1, = —=0.67 (1+ ¢2), and all remaining parameters set to unity.
Here we take W (r) = 3—t. Consult the legend for the ¢ parameter utilized
in our calculations.

Fig. 3 demonstrates a 3D graphical representation of the stochas-
tic wave singular-type soliton associated with solution (52) with x =
4 =058=—(1+0?), and the remaining parameters equal to 1, with
W (1) = sinh (). Please refer to the legend for the o parameter that was
employed in our calculations.

Fig. 4: Under appropriate conditions, a computer simulation of the
stochastic Jacobi-elliptic wave solution (58) was executed in three di-
mensions with parameters w = b =y = —1,m = 1/\/§,ﬂ =1-0.502,
and the other parameters normalized to 1, with W (r) = 5¢ + 3. The ac-
companying legend illustrates the parameter value of ¢ employed in our
computational analyses.

Fig. 5: Under appropriate conditions, a three-dimensional computer
model of the stochastic wave periodic solution corresponding to Eq. (62)
was executed with parameters y = 0.5,k = —0.5,§ = 0.33 (1 — 62) , with
all other parameters equal to 1 and W () = 5¢+3. The accompanying leg-
end illustrates the parameter value of ¢ employed in our computational
analyses.

5. Physical interpretation

The findings yield important physical insights into soliton dynamics
within the stochastic resonant nonlinear Schrodinger equation charac-
terized by cubic, quintic, and septic nonlocal nonlinearities. Solitons
manifest as stable localized waveforms in deterministic regimes, result-
ing from the equilibrium between dispersion and nonlinear self-focusing
effects. The introduction of multiplicative noise alters this balance, re-
sulting in amplitude modulations, phase shifts, and the emergence of
new soliton families. Stochastic contributions represent realistic condi-
tions in optical fibers, photonic systems, and plasma waves, where fluc-
tuations from thermal noise, spontaneous emission, or environmental
perturbations are inevitable.

The bright soliton solutions (Fig. 1) illustrate the stability of lo-
calized pulses amid cubic—quintic-septic nonlinearities and nonlocal
effects. The higher-order terms inhibit collapse, whereas the nonlocal
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(2-1) 3D plot of Real part of W(x, t) at c=0

(2-2) 3D plot of Real part of W(x, t) at 0=0.4
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(2-3) 3D plot of Real part of W(x,t) ato=1

B} s
3 s
(2-5) 3D plot of Imaginary part of W(x, t) at 0= 0.4 (2-6) 3D plot of Imaginary part of W(x, t) at o= 1
B B
~ ~
Fig. 2. Profile of a stochastic wave soliton (Eq. (38)).
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(3-4) 3D plot of Imaginary part of W(x, t) at 0 =0

3(W)

5 10,0 ~10.0

(3-5) 3D plot of Imaginary part of W(x, t) at 0= 0.6

-7.5
10,0 ~10.0

(3-6) 3D plot of Imaginary part of W(x,t) at 0=1.1

-10.0_

Fig. 3. Profile of a stochastic wave singular-type soliton associated with solution (52).

contribution disperses nonlinear interactions over a finite area, thereby
improving stability. This denotes stable optical pulses in nonlinear fibers
or photonic lattices, where randomness exists without compromising
coherence.

The dark soliton solutions (Fig. 2) exhibit localized depressions
within a continuous background. These occur when defocusing non-
linear contributions prevail. Stochastic perturbations cause fluctuations
in soliton depth and width, suggesting that noise may destabilize or
broaden the background. These dynamics are especially significant in

plasma physics and defocusing optical media, where environmental
noise influences nonlinear wave propagation.

The singular soliton solutions (Fig. 3) demonstrate significant local-
ization characterized by distinct amplitude features. Stochastic pertur-
bations enhance these structures, resulting in rogue-wave-like behavior
or intensity spikes. This underscores the dual function of noise: it can dis-
rupt smooth soliton propagation while simultaneously generating novel
extreme waveforms, which may have applications in nonlinear optics
and high-intensity pulse dynamics.
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(4-1) 3D plot of Real part of W(x, t) at c=0
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(4-2) 3D plot of Real part of W(x, t) at 0=0.7
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(4-3) 3D plot of Real part of W(x, t) at 0=1.5
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3W)

Fig. 4. Profile of a stochastic Jacobi—elliptic wave solution (58).

(5-1) 3D plot of Real part of W(x, t) at c=0
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(5-2) 3D plot of Real part of W(x, t) at 0=0.5
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(5-6) 3D plot of Imaginary part of W(x,t) at 0= 1.5
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Fig. 5. Profile of the stochastic periodic-wave solution (62).

The Jacobi elliptic solutions (Fig. 4) illustrate periodic wave trains
that transition smoothly between solitary and periodic states, contingent
upon the elliptic modulus. Noise alters periodic backgrounds through
the induction of amplitude modulation and phase jitter. These behaviors
are associated with optical pulse trains in photonic lattices or nonlinear
resonators, where stochastic resonance may enhance coherence or foster
irregularity.

The periodic solutions illustrated in Fig. 5 exhibit soliton-like struc-
tures that recur periodically in response to stochastic forcing. These
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solutions connect isolated solitons with continuous periodic waves.
Noise serves as a driving mechanism that facilitates transitions between
solitary and periodic states, which is essential for comprehending pulse
shaping and ensuring robust signal transmission in optical communica-
tion systems.

The interplay of higher-order nonlinearities, nonlocal interactions,
and stochastic perturbations enhances the dynamics of soliton solutions.
The data demonstrate that noise is not inherently harmful; rather, it can
stabilize, modulate, or even create new soliton families via stochastic
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Table 1
Dominant effects in different soliton families.
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Solution (Eq.) Dominant nonlinearity Dominant stochastic effect

Key feature Physical regime

19 Cubic + nonlocal Moderate noise-induced phase diffusion

(38) Quintic/septic defocusing Noise-induced background fluctuations

(52) Septic + resonant term Enhanced extreme events (rogue
waves)

(58) Combined cubic-quintic-septic Periodic amplitude modulation

(62) Nonlocal + resonant Stochastic resonance (noise-enhanced
periodicity)

(18) Cubic-septic balance Multiplicative noise stabilization

(48) Septic self-focusing Noise-controlled collapse suppression

(55) Nonlocal defocusing Noise-induced phase jitter

(60) Higher-order dispersion Stochastic pattern formation

(73) Resonant + IMD Transition enhancement (solitary <

periodic)

Stable localized pulse
Localized depression
High-intensity spikes

Focusing media with weak noise
Defocusing fibers with thermal noise
High-power pulses with turbulence

Wave trains with elliptic
periodicity
Periodic recurrences

Periodic structures in photonic lattices
Signal amplification in noisy channels

Hybrid pulse profile
Collapse-arrested pulses
Asymmetric singular profiles
Complex interference patterns
Breather-like dynamics

Media with competing nonlinearities
High-intensity beam propagation
Nonlocal media with fluctuations
Metamaterials with disorder

Active dispersion-managed systems

resonance. This research enhances theoretical comprehension and offers
practical guidance for designing optical and photonic devices in noisy
environments (Table 1).

Key Patterns:

(1) Bright solitons emerge when cubic focusing balances dispersion,
with noise mainly affecting the phase.

(2) Dark/singular solitons require higher-order (quintic/septic) de-
focusing, where noise modulates the background stability.

(3) Elliptic/periodic families thrive under combined nonlinearities
where noise induces transitions between solution types.

(5) Stochastic resonance is prominent in periodic solutions where
noise constructively enhances signal coherence.

(6) Nonlocal terms generally stabilize solutions against noise-
induced collapse but spread nonlinear interactions spatially.

This table reveals that specific nonlinear terms must dominate to
produce each soliton type, while stochastic effects selectively amplify
or modify certain features (phase, amplitude, stability). The cubic term
typically drives bright solitons, septic terms enable extreme events, and
nonlocal/resonant terms support structured patterns. Noise acts as a
control parameter that can either disrupt or enhance these inherent non-
linear behaviors depending on its intensity and correlation with system
parameters.

6. Discussion and conclusions

This paper investigated the stochastic resonant nonlinear
Schrodinger equation (NLSE) that incorporates cubic-quintic-septic
nonlinearities, nonlocal effects, intermodal dispersion (IMD), and mul-
tiplicative noise within the Itd6 framework. Kudryashov’s algorithm and
the P®~model expansion method were utilized to develop a wide range
of analytical soliton solutions, encompassing bright, dark, singular,
Jacobi-elliptic, and periodic families. Numerical simulations validated
the analytical results, demonstrated significant alignment with the
theoretical framework and highlighted the influence of higher-order
nonlinearities, nonlocal interactions, and stochastic forcing on soliton
behavior.

The free parameters in the model—such as dispersion coefficients
(a, b), nonlocality strength ¢4, nonlinear coefficients ¢, c,,c; the reso-
nant term 6, the IMD coefficient «, and the noise intensity c—directly
determine the physical form of the soliton solutions. Variations in dis-
persion parameters modify the pulse width and propagation velocity,
while adjusting the nonlinear coefficients controls the balance between
focusing and defocusing effects, shaping whether the solution appears
bright, dark, or singular. The nonlocality parameter regulates spatial
smoothing and stabilizes or destabilizes wave profiles by spreading
nonlinear interactions. Resonant and intermodal dispersion terms influ-
ence internal oscillations and phase evolution, altering the oscillatory
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structure of Jacobi-elliptic and periodic solutions. Finally, the stochastic
noise coefficient introduces amplitude fluctuations, phase diffusion, and
noise-induced modulation, determining the transition between stable,
resonance-enhanced, or irregular wave behaviors. Collectively, these pa-
rameters provide precise control over the amplitude, width, localization,
periodicity, and stability of the obtained soliton families.

The results obtained yield several significant insights. The incor-
poration of cubic-quintic-septic refractive index laws enhanced the
nonlinear response of the system considerably. The cubic term governed
standard self-focusing dynamics, while quintic and septic contributions
mitigated potential collapse, resulting in more versatile soliton families.
This underscored the need for higher-order nonlinear models to accu-
rately represent realistic photonic and plasma systems [25,26]. The role
of nonlocal nonlinearities was identified as stabilizing. Nonlocal effects,
achieved through the distribution of nonlinear interactions across a fi-
nite spatial domain, reduced instabilities and facilitated the persistence
of coherent soliton structures despite significant perturbations [11]. This
highlighted their significance in the design of robust optical systems and
metamaterials. Third, stochastic perturbations served a dual function.
Multiplicative noise induced amplitude modulations, phase fluctuations,
and structural transitions that could destabilize solitons.

Conversely, within suitable parameter regimes, noise could enhance
soliton persistence via stochastic resonance, selectively amplifying spe-
cific modes and facilitating transitions between solitary and periodic
states [1-4,6,7,27]. Contemporary research underscores the construc-
tive role of multiplicative noise in generating bifurcation structures and
stochastic resonance within NLSE frameworks featuring higher-order
dispersion. Nonlocal nonlinearities further stabilize these dynamics
against perturbations, enabling robust soliton propagation in realistic
photonic media, while detailed analyses of stochastic NLSE character-
istics confirm noise-enhanced coherence in complex systems [39-41].
The constructive role of noise highlights that randomness should not
be viewed solely as harmful; instead, it could serve as a mechanism for
generating or stabilizing new families of nonlinear excitations. The pro-
posed framework is limited because it relies on reducing the stochastic
model into a single ODE using a travelling-wave form, which is only
valid in one-dimensional conservative settings. In higher dimensions or
when gain-loss terms are added, the reduction no longer holds and the
model becomes non-integrable, meaning that the same closed-form ana-
lytical solutions cannot be constructed and numerical approaches would
be required instead. Despite the broad range of analytical and numer-
ical results obtained, the present study is limited by its treatment of
noise as purely multiplicative white noise within the Itd framework,
which may not capture colored or experimentally correlated fluctua-
tions. Additionally, the soliton interactions, stability under long-time
evolution, and higher-dimensional effects were not explored and remain
open for future investigation. These limitations suggest that extend-
ing the model to more realistic noise structures and multi-dimensional
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configurations would further enhance the applicability of the frame-
work. Lastly, the different solution sets we obtained, from localized
bright and dark solitons to solitary spikes and periodic trains, show
how rich soliton dynamics can be when both deterministic and stochas-
tic factors are present. The analytical frameworks employed herein
can be adapted to explore higher-dimensional stochastic NLSEs, gain—
loss mechanisms, or systems characterized by saturable nonlinearities.
These developments are pertinent to next-generation optical communi-
cation technology, plasma confinement research, and nonlinear wave
manipulation in intricate media.

Future study may concentrate on expanding this paradigm to
higher-dimensional models, examining the interactions of numerous
stochastic solitons, and probing noise-induced transitions in dissi-
pative or saturable systems. Experimental confirmation in photonic
lattices, optical fibers, or Bose-Einstein condensates would serve as
a logical extension, connecting theoretical predictions with realistic
implementations.

This study advances the comprehension of stochastic soliton dynam-
ics in nonlinear dispersive media and develops a thorough framework
for examining the interactions of higher-order nonlinearities, nonlocal-
ity, and noise in generating complex wave patterns. The interaction
of deterministic and stochastic effects expands the mathematical the-
ory of NLSEs and offers practical applications for contemporary optical
and photonic technologies. While this study derives comprehensive soli-
ton solutions for the stochastic resonant NLSE, analytical methods are
limited to specific parameter regimes and 1 + 1 dimensions, with numer-
ical simulations restricted to short-time behaviors where noise-induced
instabilities may emerge. Higher-dimensional extensions, multi-soliton
interactions, and long-term statistical analysis remain challenging due
to SPDE complexity. Future work will explore experimental validation
in photonic fibers, gain-loss models, and machine learning for stochastic
soliton prediction.
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