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III.you will wait for more than 7 minutes? 

IV. you will wait for more than 10 minutes given that you already wait for more than 

3 minutes? 

Solution 

�~ !" #$
%&  

'(!) = $
% *+!

% ;   ! ≥ .. 

I. /(� < 0) = $ − *+0
% = .. 3%$4 . 

II. /(� > $.) = *+4 = .. $0%0. 

III./(� > 5) = *+5
% = .. 4366. 

IV. /(� > $.|� > 0) = /(� > 5 + 0|� > 0) = /(� > 5) = .. 4366. 

4.2.2 Relation Between Exponential and Poisson Distributions 

An interesting feature of these two distributions is that, if the Poisson provides an 

appropriate description of the number of occurrences per interval of time, then the 

exponential will provide a description of the length of time between occurrences. 

Consider the probability function for the Poisson distribution, 

8(9) = *:(?@)(AB)C

!! ;     ! = ., $, 4, …, 

where, F is the mean rate of arrivals and G is a period of time. 

Defining the r.v. Y as the time of an event, we have (by definition), 

H(G) = I(J ≤ G) = 1 − I(J > G). 

Now, The 1st arrival occurs after time t iff there are no arrivals in the interval [0, G]. 

Therefore, 

I(J > G) = I(NOPQ OROSGT QUUVP WS GWXO 0 GQ G) = I(Y = 0) = *:(?@)(AB)Z

.! = *+AB. 

Hence, 

H(G) = I(J ≤ G) = 1 − I(J > G) = 1 − *+AB, 

which is the distribution function for the exponential distribution with parameter F. 

Briefly,  

X (no. of occurrences per interval of time t) ~IQWTTWS(FG), 

Y (time between occurrences)~\9^(F). 
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 Example 4.5 

If we know that there are on average 10 customers visiting a store within 2 hours 

(120 minutes) interval, then the r.v. that represents the number of costumers is 

Y~IQWTTQS(FG = 10). From another point of view, the r.v. that represents the time 

between costumers arrivals _~\9^ #F = `a
`ba&, where the average time between 

customers’ arrival is 
�
� = � !

�! = 12 minutes.  

4.3 Gamma Distribution 

The gamma distribution is another widely used distribution. Its importance is 

largely due to its relation to exponential and normal distributions. Before 

introducing the gamma random variable, we need to introduce the gamma function. 

4.3.1 Gamma function 

The gamma function denoted by "(#), is an extension of the factorial function to 

real (and complex) numbers. Specifically, if $ ∈ {1,2,3, . . . }, then 

"($) = ($ − 1)! 
More generally, for any positive real number #, "(#) is defined as 

"(#) = ∫ +-/�0
! 4/56+;   # > 0. 

4.3.2 Some useful Properties for Gamma distribution 

I. " 9�
 : = √?.  

II. "(# + 1) = #"(#),     # > 0. 

Proof 

"(# + 1) = ∫ +-0
! 4/56+      (Form gamma function definition). 

Use integration by parts:  

 A = +-                          6B = 4/56+ 

6A = #+-/�6+           B = −4/5 

"(# + 1) = −+-4/5|!
0 + ∫ #+-/�4/50

! 6+  

= # ∫ +-/�4/50
! 6+ = #"(#).  (Form gamma function definition) 

III. ∫ +-0
! 4/C56D = E(-F�)

CGHI ;     #, J > 0.  
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