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Abstract

In this paper, we consider a two color multi-drawing urn model. At each discrete time step, we
draw a sample of m balls (m > 2), which will be returned to the urn together with a random number
of balls. The replacement rule is a 2 X 2 matrix depending on X and Y, two discrete positive random
variables with finite means and variances. Using a stochastic approximation algorithm, we study the
asymptotic behavior of the urn.

Keywords: central limit theorem, unbalanced urn, martingale, stochastic algorithm.

1 Introduction

The classical Polya urn was introduced by Polya and Eggenberger [2] describing contagious diseases. The
first model is as follows: An urn contains balls of two colors at the start, white and blue. At each step,
one picks a ball randomly and returns it to the urn with a ball of the same color.

Afterward, there were many generalisations and urn model become a simple tool to describe several mod-
els such finance, clinical trials (see [3], [8]), biology (see [16]), computer sciences, internet (see [6],[19]),
etc.

Recently, H. Mahmoud, M.R. Chen, C.Z Wei, M. kuba and H. Sulzbach [10, 0T}, 12} 13| 14, 15], have
focused on the multidrawing urn. Instead of picking a ball, one picks a sample of m balls (m > 1), say
I white and (m — [) blue balls. The pick is returned back to the urn together with a,,_; white and ¥,
blue balls, where a; and b;,0 < I < m are integers. At first, they treated two particular cases when
{am_1=cxl and by =cx(m—1)} and when {a,,,_; =cx (m—1) and by,_; =cxl}, wherec
is a positive constant. By different methods as martingales and moment methods, the authors described
the asymptotic behavior of the urn composition. When considering the general case and in order to
ensure the existence of a martingale, they supposed that W,,, the number of white balls in the urn after
n draws, satisfies the affinity condition i.e, there exist two deterministic sequences («,,) and (8,) such
that, for all n > 0, E[W,,4+1|Fn] = anW,, + B,. Under this condition, the authors focused on small and
large index urns. Later, the affinity condition was removed in the work of C. Mailler, N. Lasmer and S.
Olfa [1], they generalized this model and looked at the case of more than two colors.

In the literature, there are few works about unbalanced urns, mainly the papers of R. Aguech [I7] and S.
Janson [20] who dealt with urns with a simple pick. Whereas H. Renlund [4} 5] considered a model with
two draws at each epoch. The authors used different models such as martingale, stochastic algorithm
and embedding in continuous time. They gave limit theorems of the asymptotic behavior of the urn.

In this paper, we deal with a two color unbalanced urn class with multiple drawing and random addition.
Let denote by W,, (resp B,,) the number of white balls (resp blue balls) and by T;, the total number of
balls in the urn at time n. Let m a non null integer, the model we study is defined as follows: At each
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discrete step we draw a sample of m balls (we assume that the initial composition of the urn is more
than m to ensure that the first draw is possible). Let &, be the number of white balls among the n*”
sample, then we return the drawn sample together with @, (£, m —&,)! balls, where @,, is a 2 X 2 matrix
depending on the random variables X,, and Y,,, where (X,,)n>1 (resp (¥,,),>1) are independent copies of
X (resp Y), two positive independent random variables with finite means and variances.

We summarize the evolution of the urn by the following recurrence

(5) 2 () ven(me,): 1)

Let (Fy)n>0 be the o-field generated by the first n draws. Note that, with these notations, we have for
ke {0,..,m},

Wo_1Y (Bn_

) Gai)

(")
We aim to extend the results of recent works [10], [I1] and [I8] where the authors characterized the urn

models defined by Equationfor the following cases Q,, = ( 8 2 > ,Qn = ( 2 g ) ,Qn = < g 2 )

0 a
and Q, = b0
respectively by X,, and Y,,. The main idea is to use the stochastic algorithms and martingales in order
to prove that the number of white balls in the urn converges almost surely and to study its fluctuations
around its limit whenever it is possible.

The paper is organized as follows. In Section[2] we give the main results of the paper. In the subsection3.]]
we reformulate Theorem 1 in [4] to make it suitable to our model. The proofs of the main results are
detailed in subsection

P[gn = k|-7:n—1] =

, where a, b are strictly positive integers. Before each draw n we replace a and b

Notation: For a random variable R, we denote by ur = E(R) and 0% = Var(R). Note that ux, uy, 0%
and 032, are finite.
For z,, and y, two sequences of real numbers such that y,, # 0 for all n, we say that x,, is a little-o of y,

if and only if lim In — 0. We then denote ,, = o(Yn)-

n—-+oo Yn,

2 Main Results

In the present section we give the main results of this worksheet. As mentioned in the introduction, we
study urn models evolving according to the recursion of Equation . Recall that in the following we
consider two sequences of random random variables (X,,),>1 (resp (Y3,)n>1) iid copies of X (resp Y),
where X and Y are strictly positive random variables with finite means and variances. We show in the
following that the use of the stochastic algorithms was fruitful and prove that the normalized number
of balls in the urn converges almost surely to a finite limits, furthermore, whenever the matrix Q,, is
anti-diagonal, we show that the fluctuation of W,, around its limit is normal. In the case when @, is
diagonal we are not able yet to characterize these fluctuations.

Theorem 1. Consider the urn model evolving by the matrix Q, = <)? )(()”) Let § > %, we have the

following results

1. The total number of balls in the urn after n draws satisfies for all 6 > %

T, = mpuxn + o(y/n In(n)°), (2)
The number of white balls Wy, and blue balls By, in the urn after n draws satisfy for all § > %

mpx

Wy = n+o(v/n In(n)’), 3)

and
s Mx

Q

B, n + o(yv/n In(n)°). (4)

The following results deal with two versions of central limit theorem of W,,. In distribution we have



2. Lety = %, then,
W, — 3T,
lim =

m 27" N (o, 1). 5
n——+o00 E\/ﬁ ( )
3. Let ¥, = w! then,

. Wn - E(Wn) _
Jm e =V ©

In the following we show that, unlike the previous theorem, the stochastic algorithm’s theorem does not
work since we fall in the case when the function f = 0. We are able only to give the almost sure limit
of the urn’s composition. These results are not surprising considering that even in the deterministic case
X, = ¢ (cis constant), then fluctuation of W,, around its limit still unknown.

X, 0

Theorem 2. Consider the urn model evolving by the matrix Q, = ( 0 X

). The total number of

balls in the urn after n draws satisfies for all § > %,

T, = muxn + o(v/n In(n)°). (7)
Furthermore, there exists a positive random variable Wao, such that the composition of the urn satisfies
W, = Ween + o(n), (8)

and
a.s

B, = (mux — Wao)n + o(n). (9)

Remark: The random variable W, is absolutely continuous whenever X is bounded.
In the next theorem, the stochastic approximation’s theorem was successful to determine the almost sure
limit of each color and to prove a central limit theorem satisfied by W,,.

Theorem 3. Consider the urn model evolving by the matriz Q,, = <}9 ‘%") . Let z := %, we

have the following results:

1. The total number of balls in the urn after n draws satisfies
T, & m\/lix /iy n+ o(n), (10)
and the number of white and blue balls in the urn after n draws satisfy almost surely

W, & my/x /iy 2 n+o(n), (11)

and

B, = my/ux /iy (1 — 2) n+o(n). (12)

2. Furthermore, the mormalized number of white balls in the urn satisfy the following central limit

theorem
W= 21w £, N(o G(Z)) (13)
ﬁ ) 3 )
where,
4
G(z) = Z a;z’,
i=0
with
a0 =m0 + %),

a1 = m(1 - 2m)(% + i),
4z = 3m(m — 1)(0% + p%) — 2mlm — Dpxpy,
as = mE(X —Y)? = 2(m* — m) (0% + 4k — nxpy),

and ay =m(m—1)E(X —Y)2.



Theorem 4. Consider the urn evolving by the matriz Q, = ( ) . We have the following results:

1 If px > py, let p= 2=,
The total number of balls in the urn after n draws satisfies almost surely

T, = muxn+ o(n), (14)
Furthermore,

W, Z muxn + o(n) (15)
and

B, ¥ Boon’ + o(n”), (16)

where By, is a positive random variable.

2. If px = py, The composition of the urn after n draws satisfies almost surely

T, = muxn + o(n) (17)

; Wy, = Ween + o(n) (18)
and

B, = (uxm — W) n+ o(n), (19)

where W, 1s a positive random variable.

Remark: The case when ux < py is obtained by interchanging the colors.
Example: Let m = 1, this particular case was studied by R. Aguech [I7]. Using martingales and
branching processes, R. Aguech proved the following results:
If ux > py,
W, =puxn+o(n), B,=Dn’ and T, =puxn+o(n),

where p = Z—)‘; and D is a positive random variable.
If ux = py,
W, =

n+o(n) and B, =

MXwiB mx gt e

where W and B are positive random variables obtained by embedding some martingales in continuous
time.

3 Proofs

The stochastic algorithm approximation plays a crucial role in the proofs in order to describe the asymp-
totic composition of the urn. As many versions of the stochastic algorithm exist in the literature (see [9]
for example), we adapt the version of H. Renlund in [4, [].

3.1 A basic tool: Stochastic approximation

Definition 1. A stochastic approxzimation algorithm (U,)n>0 is a stochastic process taking values in [0,1]
and adapted to a filtration F, that satisfies

Un—i—l - Un = Tn+1 (f(Un) + AMn-{-l)a (20)

where (Yn)n>1 and (AM,,)n>1 are two F,-measurable sequences of random variables, f is a function from
[0,1] onto R and the following conditions hold almost surely.

(i) & <y, < &,

(ii) E(AM,,|F0) < Ku,



(iif) |f(Un)| < Ky,
(iV) E[7n+1AMn+l|fn] < Ke’YyZU

where the constants ¢, cy, Ky, Ky, and K. are positive real numbers.

Definition 2. Let Qy = {z € [0,1]; f(x) = 0}. A zero p € Qf will be called stable if there exists a
neighborhood N, of p such that f(z)(z — p) < 0 whenever x € N, \ {p}. If f is differentiable, then f'(p)
1s sufficient to determine that p is stable.

Theorem 5. Let U,, be a stochastic algorithm defined by Equation @) If f is continuous, then lim U,

n—-+4oo

exists almost surely and is in Q¢. Furthermore, if p is a stable zero, then P(Un — p) > 0.

Remark: Theorem [5| is close to Theorem 1 in [4]. Trying to apply Renlund’s theorem we check that
assumption (i7) namely |[AM,| < K, cannot be satisfied in our case only if the variables X and Y are
bounded which is not always true. Thus we think to replace that assumption by another satisfied by
such a model while keeping the same conclusion (i.e the almost sure convergence to a stable zero of the

function f).

Proof of Theorem[5 The proof is close to Theorem 1 in [4], for the convenience of the reader, we resume
the proof and we mention the main steps. In fact, the following lemmas are useful.

Lemma 1. Let V,, = > I", viAM,. Then, V,, converges almost surely.

Proof. Set A; = v;AM; and A; = E[A;|F;—1]. Define the martingale C,, = > | (A4; — /Nli), then

n

E(C2) < 3B} =) E(GAMY)

i=1
n

2
¢ 2
< 3 SEAM?),
i=1
if there exists some positive constant K, such that E[AM?2,|F,] < K,,, we conclude that C,, is an L*—
martingale and thus converges almost surely.

Next, since
Z 4] < ZE(%AMi|fi—1)
i>1 i>1
< Z Ke%zfl
i>1
< K.? Z ; < 00
- UL (—1)2 ’
i>1
the series Z¢21 A; must also converges almost surely. O

Lemma 2. Let Ux = ()51 {Un:Un1, ...} be the set of accumulation point of {Uy,} and Q¢ = {z; f(x) =
0} be the zeros of f. Suppose f is continuous. Then,

IP’(UOO cO f) —1.
Proof. See [4] O
Next, we prove the main result of Theorem [5| . If lir_irrl U,, does not exist, we can find two rational
n—-+0o0
numbers in the open interval | lim inf U, lim sup U, [.

n—+00 n—-4oo
Let p < ¢ be two arbitrary different rational numbers. If we can show that

P({lim inf U,, < p} N {limsupU,, > q}) =0,



then, the existence of the limit will be established and the claim of the theorem follows from Lemma [2]
For this reason, we need to distinguish two different cases whether or not p and ¢ are in the same con-
nected component of Q).

Case 1: p and ¢ are not in the same connected component of Q.
See the proof in [4].

Case 2: p and ¢ are in the same connected component of Q.
Let p and ¢ be two arbitrary rational numbers such that p and ¢ are in the same connected component
of Q. Assume that liminf U,, < p and fix an arbitrary € such a way that 0 <e < g —p.

n—-+4oo
We aim to show that limsup U,, < q i.e, it is sufficient to show that limsup U, <p+e.
n—-—4+oo n—-—4+oo

In view of Lemma |1} we have V,, = Z?:l v AM; converges a.s, then, there exists a stochastic N; > 0
such that for n,m > Ny we have |[V,, = V,,| < §{ and v, AM,, < §.

Let N = max(@, N1). By assumption, there is some stochastic n > N such that U, —p < 5.
Let
7 =inf{k >n; Uy > p} and oy =inf{k > m;Ux < p},

and define, for n > 1,
Tat1 = Inf{k > 0,; Uy > p} opg1 = inf{k > 7,; Ug < p}.

For all k we have
UTk- =Urn -1+ (f(UTk—l) + AM‘%)'

Recall that v, f(Ur,—1) < Ki < Bi and for n >N > @ we have v, f(X;, 1) < §. Tt follows,

T,—1 — n

3

K £
Vo (fUn—) + AM) < =L <24 1= 5

=] M
=] M

Note that f(z) = 0 when « € [p,q] (p and ¢ are in Q). For j such that 7, + j — 1 is a time before the
exit time of the interval [p, q| (i.e Ur,+;—1 € [p,q]), we have

UTk“l‘j =U:, + VTk-‘rj — Vi

As |V 45 — Vo | < 5, we have Uy, j <p+ 5+ 5 < p+e, the process will never exceed p + ¢ before the
time oy1. We conclude that supy~,, Ur <p+e¢.

To establish that the almost sure limit of U,, is among the stable point set, we refer the reader to [4] to
see a detailed proof.

O
Theorem 6 (see [5]). Let (U,)n>0 satisfying Equation such that lir_irrl U, =U*. Let#, =
- n—-—+0oo

19 f (Un—1) where f(z) = ;fg*) Assume that 4, converges almost surely to some limit 5. Then,

if 4 > % and if E[(ny, AM,)?|F_1] — 0% > 0, we have as n tends to infinity
2

VU, —U*) 2 /\/(0, ﬁ)

3.2 Proof of the main results

0 X,

Proof of Theorem[]l Consider the urn model defined by Equation with Q,, = ( X 0

) . We have

the following recursions:
Wn+1 =W, + Xn+1(m — €n+1) and Tn+1 =T, + an+1. (21)

Proof of claim 1



Lemma 3. Let Z,, = %= be the proportion of white balls in the urn after n draws. Then, Z, satisfies
the stochastic appmmmatzon algorithm defined by Equatzon@) with vy, = T , fl@) = pxm(1l —2x) and

AMn+1 Xn+1(m En—i—l mZ ) ,uXm(l - 27 )
Proof. We need to check the conditions of definition

(i) Recall that T,, = Tp + mzz;l X, with (X;);>1 are iid random variables. It follows, by Rajechman
strong law of large numbers, that

a.s 1
T, = puxmn+o(v/n In(n)’), §> 3 (22)
and we conclude that m < ﬁ < mix , let ¢ m#;H and ¢, = min

(ii) E[AMZ | F,] < (6m? + m)E(X?) + 9m?pk = Ko,
(iii) |f(Zn)| = m/lx|1 — 2Zn| <3mpux = Kf;

(iv) E(vn41AMpq1]|Fp) < % (AMy 1| Fn) =0=K

O

Proposition 1. The proportion of white balls in the urn after n draws, Z,, converges almost surely to
1

5.

Proof of Proposition[]. Since the process Z,, satisfies the stochastic approximation algorithm defined by
Equation , we apply Theorem As the function f is continuous we conclude that Z, converges
almost surely to %: the unique stable zero of the function f. O

W’IL — Wfb zn
Thn n

We apply the previous results to the urn composition. As we can write , we deduce from

Propositionand Equation (22) that %= = (1 4 (1)) (qum + 0<1n\(/%)5)>’ then this corollary follows:
Corollary 1. The number of white balls in the urn after n draws, W, , satisfies for n large enough

a.s 1
W, % @nﬂ(\/ﬁ In(n)’), &> 3.

Proof of claim 2 We aim to apply Theorem [6} For this reason, we need to find these limits:

lim ]E[(;L) AMZ,,|F,] and nlinéo—Tﬂf’(ZyL).

n—oo

We have

E[AM? (| Fa] = E(X2)E[(m — &1 — mZy)*|Fal) + pXEl(m — 2mZ,)?| F,)
—2U%E[(m — €y — mZy)(m — 2mZ,)| ]

= (0% +u2) [mz A Z, + Am2Z2 + mZn(1 — Zn) — 2 [m? + Am2Z2 — Am2Z,).

As n tends to infinity, we have Z, +> % and ,TT’”:T 22 1. Then,

lim E[AM2, | F,] < (0% ﬂ&)% and  lim —Tﬁf’(zn) w g,
n—oo n—oo n
According to Theorem @ Vn(Z, — %) converges in distribution to AN(0, ‘?2‘:;” EfL ). Finally, by writing
X

(W—T

7 ) V(Z, — 1)12 we conclude using Slutsky theorem.



Proof of claim 3 We are proving a second version of central limit theorem satisfied by W,. as the
proof is close to that of Lemma 3 and Theorem 4 in [I8], we will mention only the main steps and we
refer the reader to [18] for the details. The idea of the proof is the following: Once we prove that the

variables (X, (m — &,))n>0 are a-mixing variables with a strong mixing coefficient a(n) = 0(%),
§ > 1 (see Lemma 3 in [I§] for detailed computations), the Bernstein method (see [21]) will be perfectly
applied. Consider the same notations as in Theorem 4 in [I8] with & = X;(m — &) — pux (m — E(&)),

2 _ mlox+ui)+m’oy
12 '

All that we need more in that case is to compute the variance of W,,. In fact we have the following,

Sp = % S él and N is the centered normal random variable with variance o

Proposition 2. The variance of W, satisfies

2 2 2 2
Var(W,) = "X +“1);) T g o(vi In(n)), 5> % (23)

Proof of Proposition[3. Recall that the number of white balls in the urn satisfies Equation , then

Var(Wy1) = Var(W,,) + Var(X,(m — &,)) + 2 Cov(W,,, X,,(m — &,)).

We have Var(X,(m—&,)) = (0% +p%) (Var(mZn_l) —HE(mZn_l(l —Zn-1) 7;1::;?)) +0%E(m—¢&,)2.

Using Equation and the fact that Z, %3 %, we obtain

2

(1= 2+ o0 a4 RIS ISR (RO
= a,Var(W,) + b,

where a,, — (1 o % +0(hl7(]%)6)) and b, = 77L(0'§{+H%)+m20'§( +0<1n\(/7%)5).
Thus,

VaT(Wn+1)

n—1 bk )
— )

k=0 Hj:o aj

et (ln(n)‘s

There exists a constant a such that [[,_, ar = — (1 +o0
Hk_l k n2 \/ﬁ

2 2 2 2
Var(W,) = ™ox “‘f;) TN 4 o(Valn(n)), &> %

Var(W,) = ( ﬁ ak) (Var(WO) +
k=1

)), which leads to

converges in distribution to the variable N. O

: W —E(Wy
As a conclusion, W

Proof of Theorem[3 Consider the urn model defined by Equation with @, = (X” 0 > The

following recurrences hold:

Wn+1 = Wn + Xn+1£n+1 and Tn+1 = Tn + an+1. (24)
As T, is a sum of iid random variables then T, satisfies the following

a.s 1
T, = H};mn+ o(v/nln(n)?); &> 3

(25)

~ 1 ~ _1 aps .
The processes M,, = HZ:1 (nfigw)wn and N,, = HZ:1 (kaiﬁmx)Bn are two F,, positive martingales.

_ v | J
In view of Equation 7 there exists a positive constant ~; Z:ll (T]CJFT%) r % (1 + 0( n\(/nﬁ) )) for

o> % Thus, there exist nonnegative random variables Woo and Boo such that Woo + Boo = mux and

WTL a.s T B’I'L a.s =
— 5 Wy, and — — B...
n n



Example: In the original Polya urn model [2], when m = 1 and X = C (deterministic), the random
variable W, /C' has a Beta(22, 72) distribution [7, 20]. Whereas, M.R. Chen and M. Kuba [II] consid-
ered the case when X = C (non random) and m > 1. They gave moments of all orders of W,, and proved
that W, cannot be an ordinary Beta distribution.

Remark: Suppose that the random variable X has moments of all orders, let m; = E(X¥), for k > 1.
We have, almost surely, W,, < T, then, by Minskowski mequahty, we obtain E(W2k) < (mn)?*E(X?F).

Using Carleman’s condition we conclude that, if 3, f15,>" = 00, then the random variable W, is
determined by its moments. Unfortunately, till now we still unablg to give exact expressions of moments
of all orders of W,,. But, we can characterize the distribution of W, in the case when the variable X is
bounded.

Lemma 4. Assume that X s a bounded random wvariable, then, for fived Wo, By and m the random
variable W is absolutely continuous.
The proof that Wao is absolutely continuous is very close to that of Theorem 4.2 in [12]. We give the

main proposition to make the proof clearer.

Proposition 3. (see [12]) Let Qy be a sequence of increasing events such that P(Ug>08) = 1. If there
exists nonnegative Borel measurable function {fi}e>1 such that IP’(Q@ NWiYB )) [ fe(@)dz for all

Borel sets B, then, f = l 1131 fe exists almost everywhere and f is the density of Wae
—+o00

Let (Q,F,P) be a probability space. Suppose that there exists a constant A such that, we have almost
surely, X < A.

Lemma 5. Define the events
Qp:={W, > mA and B; > mA},

then, (Q)e>0 is a sequence of increasing events, moreover we have P(Up>fde) = 1.
Next, we just need to show that the restriction of W, on Q; = {w; Wy(w) = 5} has a density for each
g, with Am < j <Tp ;. Let (pc)cesupp(x) the distribution of X.

Lemma 6. For a fized £ > 0, there exists a positive constant x, such that, for every ¢ € supp(X),
n>0+1, Am < j<Ty_q1 and k < Am(n+ 1), we have

= 1
S B(Wass = j+ kW = j+k —ci) S pe(l— -+ =), (26)
=0

Proof. According to Lemma 4.1 in [12], for Am < j < Ty_1, n > £ and k < Am(n + 1), the following

holds:
é (j + c(ik - i)) (Tn —jT'n—_cék - i)) f;”: a —;Zm—_zcl))z;g—l . on

which is a polynomial in T, of degree m with coefficients depending on Wy, By, m and c only.

Let up k() = > g P(Wyy1 = j + k|W,, = j + k — ic). Applying Equation to our model we have

(G R\ (Tn— =K\ (T,
un,k(c) - P 7 m—1 m
=0

< ) ( 1— 1)26)1’5“ 1+..,)(T777T+(1*777L).Tm,1+.”)—1

L) o

L[]

8
»
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Later, we will limit the proof by mentioning the main steps. For a fixed £ and n > £+ 1, we denote by

Up,j = ogggi(mnp(WH” =j+ kW, = j). We have the following inequality:

n < P n =j+k n=J+k—ci }
Untlj = ngénj?rﬁnﬂ) { 2 ) Z(X) Wegnt1 =7+ kWepn =5+ ct)
i=0 cE€supp

max {Z S PWesns1 =+ kWern = j+k — ci)

<
© 0<k<Am(ntl) =0 cesupp(X)
XB(Wisn = j + & = cilWe = ) }
< max Z Z PWegni1 =5+ E|Wegr, =5+ k — ci)
O<k<Am(n+1) =0 c€supp(X)
X max P(Wu_n =j+ ];|Wé = J)
0<k<Amn
1 K
< Z pc(1_7+72)1}"7j
et n+l  (n+1)

= (1 - %H + ﬁ)vn’j.

This implies that there exists some positive constant C(¢), depending on ¢ only, such that, for a fixed ¢
and for all n > ¢+ 1, we get

. . - 1 & ()
P(W,, = kW, =7) < 11—+ =) < —=. 29
ogkénﬁf(n_z) ( J+ kW, ‘7) - E( 7 + i2) ) (29)
The rest of the proof follows.
O

0 X,

Proof of Theorem[3 Consider the urn model evolving by the matrix @, = <Y 0

) . According to

Equation , we have the following recursions:
Wit =Wo+ Xopi(m — 1) and Thopy =T +mXogy + &1 (Yo — Xoga). (30)

Lemma 7. The proportion of white balls after n draws, Z,, satisfies the stochastic algorithm defined by
@), where f(x) = m(ux — py )z — 2uxma + pxm, ¥, = T% and AMy 41 = Dpy1 — E[Dpy1|Fn], with
n+l = £n+1(Zn(Xn+1 - Yn+1) - Xn+1) + an—i—l(l - Zn)

Proof. We check the conditions of Definition [T} indeed,

(i) recall that T, = To+m > 1 Xi+ > i, &(Y; — X;), then Lo < Top mSA0 5, qom S0 1Y, — X
By the strong law of large numbers we have 77;—" < m(px + pjy—x)) + 1. On the other hand, we
have T, > 1I<m£1 (X, Y;)mn, thus, the following bound holds

1 1 1

< — <
(m(px +py—x))+1)n = T, = m min (X;,Y;)n’
1<i<n

1
m(px +py —x))+1)

1
m min (XZ,Y;)’

1<i<n

and ¢, =

let ¢, = 0

(ii) E[AM?, |Fn] < (x—v)2 + 3px)(m+m?) +5m?puxe + 2m*ux py +m?(|jpx — py |+ 3ux) = Ky,
(i) [f(Zn)l < m(py — px|+3px) = Ky,
(iv) B[z 5 AMu1|F] < 7-E[AM, 41| F,] = 0.

+1
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O

Proposition 4. The proportion of white balls in the urn after n draws, Z,, satisfies as n tends to infinity

Zp 25 2= $ (31)
VX /Yy

Proof. The proportion of white balls in the urn satisfies the stochastic approximation algorithm defined

by Equation . As the function f is continuous, by Theorem the process Z,, converges almost surely
VEX
VX /Iy !

to z = the unique zero of f with negative derivative.

O

Next, we give an estimate of T,, the total number of balls in the urn after n draws, in order to describe
the asymptotic of the urn composition. By Equation 7 we have

L_L,m ZX+ — ix) Zzl L+ Z[&Y, X;) — Efea(Y: — X)IFia]].

Since (X;);>1 are iid random variables, then by the strong law of large numbers we have ™ Y X =2
mux. Via Cesaro lemma, we conclude that % S, Z;—1 converges almost surely, as n tends to infinity,
to z. Finally, we prove that last term in the right side tends to zero, as n tends to infinity. In fact, let
G, = Z?:l [Ei(Yi - X;) — E[&(Y; — X¢)|fi_1]}, then (G, F,) is a martingale difference sequence such
that
<G> y
=G IS gwers
=D EVGIIFil,
i=1
where VG,, = G, — Gn—1 = (Y, — X)) — E[6u (Y
variation of the martingale.

By a simple computation, we have the almost sure convergence of E[VG?|F;_1] to (mz(1—z)+m?2?) (02 +
0% ). Therefore, Ceséro lemma ensures that, <¢== 2,2

— X,)|Fn—1] and < G >, denotes the quadratic

converges to (mz(1 —z) +m?z2)(c% + %), it follows
that G” 2% 0. Thus, for n large enough we have

T7 a.s
;L —5 my/lx /1y - (32)

In view of Equation (32)), we describe the asymptotic behavior of the urn composition after n draws. One

can write % = VZ/I“/n 77;” and Bn = %; 7;;, using Equations and Slutsky theorem, we have, as n
Wa B, as

tends to infinity, 22 m, /HXw//lYZ and == —= m\/ix /iy (1 — 2).

Proof of claim 2

Later, we aim to apply Theorem @ In our model, we have ~,, = TL, then we need to control the following
asymptotic behaviors

. n 2 _n
In fact, recall that 7~ converges almost surely to m\/uTl(\/W and ]E[AM2+1|.7: | = E[D2 | F]+E[Dyg1| Ful?

Since E[D,,+1]F,]? converges almost surely to f(z)? = 0, we have,

E[A] 4| Fa] = E{ZTQL(XnJrl ~Yoi1)? = 2Z, X1 + Xn+1|fn}]E[fi+1|fn] +m*E(X?)

+om? (Zﬁ(]E(XQ) — pxpy) — ZnIE(XZ)).

Using the fact that E[¢2, ]| F,] = mZ, (1 — Zn)%; =™ + m?2Z2 and that Z,, converges almost surely to z,

we conclude that E[D2 ,|F,] converges almost surely to G(z) > 0. Applying Theorem @ we obtain the
following

S Zn — 2) L N(o, &) (33)

3m2ux py
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But, we can write % = \/E(V;f" - z) % Thus, it is enough to use Slutsky theorem to conclude the

proof.

Proof of Theorem[j] Consider the urn model defined by Equation with @, = (X" 0 ) The

process of the urn satisfies the following recursions:
Wis1 =Wy + Xnp1€nyr and Topn =T + mYpp1 + &1 (Xnt1 — Yora)- (34)

Lemma 8. If ux # py, the proportion of white balls in the urn after n draws satisfies the stochas-
tic algorithm defined by Equation @) where vy, = T%’ fl@) = m(py — px)z(x — 1) and AM,+q =
Dn+1 - E[Dn+1|fn] U)Zth Dn+1 - £n+l(Zn(Yn+l - XnJrl) + XnJrl) - mZnYnJrl'

Proof. We check that, if ux # uy, the assumptions of definition [I] hold. Indeed,

(i) Recall that T, = To +m Yy ., Y, + > i, &(X; — Y;), then via the strong law of large numbers we
have \7;1—"| < mpy +mpx_y| + 1. On the other hand, we have T}, > min;<;<,(Xj, Y;)mn, thus,

1 1 1

< == . i
(mpy +mpx—y)n — T, — min (X;,Y;)mn
1<i<n

1
(mpy +mpx _y|)

1
y —
121é1n(X1 Y)m

let ¢ = and ¢, =

(if) E[AM?2 (|F,] < (2m+m?)(dpxe + py2) +3mPuy + 2m2ux + 2m2pux py +4m?(ux — py)? = Ky,
(iii) [f(Zn)| = Impy — px)Zn(Zn — )| < 2mlpy — px| = Ky,

(iv) E[vnt1AM, 1| Fn] < T%IE[AMnHL}'n] =0=K..

Proposition 5. The proportion of white balls in the urn after n draws, Z,, satisfies almost surely

1, if px > py;
lim Z, =<{ 0, if px < py;
n—oo o

oo, if px = py,
where Zso 1S a positive random variable.

Proof of Proposition[5. Recall that, if ux # py, Z, satisfies the stochastic algorithm defined in Lemma
Bl As the function f is continuous, by Theorem [f] we conclude that Z,, converges almost surely to the
stable zero of the function h with a negative derivative, which is 1 if px > py and 0 if px < py.

n+1

In the case when pux = py, we have Z,+1 = 2, + ;—H, where P11 = Xp11&n+1 — Zn(mYn+1 +

Ent1(Xpa1 — Yn+1)). Since E[P,+1|F,] = 0, then Z, is a positive martingale which converges almost
surely to a positive random variable Z,,. As a consequence, we have

Corollary 2. The total number of balls in the urn, T,, satisfies as n tends to infinity

if ux > py
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Proof. In fact, let M,, = Z?:l &(X; —Y;) —E[G(X; — Y;)|Fiz1], we have
T, To mw— 1 —
— = —+—=) YVi+— (X =Y
n n+nz +n,z£( )
M,
= —+—ZY+ ux — pv) ZZHJF—
=1

As it was proved in claim 1 of Theorem [3| we show that, as n tends to infinity, we have % 2% 0. Recall

that, if ux > px , Z, converges almost surely to 1. Then, using Cesaro lemma, we obtain the limits
1 n

requested. If ux = py, we have = > | Y; converges to uy = pix. O

Using the results above, the convergence of the normalized number of white balls follows immediately.
Indeed, if ux > py, we have, as n tends to infinity,

Wyo _ WiaTh as
= AT T MUx,
n T, n

~ -1 ~
Let G,, = (H?;ll(l + "LT%)) B, then (G, F,) is a positive martingale. There exists a positive number
A such that H;le(l + 55F) = Anf; p = L. Then, as n tends to infinity we have

B
np
where B, is a positive random variable.

—1
If ux = py, the sequences (H?;ll(l + %)) W,, and (HZ L1+ mT“lY)) B, are F,, martingales

such that (H" 1(1 + ThX )) ~ Bn, where B > 0, then, as n tends to infinity, we have

Wi as
— S5 W4 and

" N
— = Boo,
n n

where W, and Boo are positive random variables satisfying Boo =mux — Wx.

O

Remark: The case when ux < py is obtained by interchanging the colors. In fact we have the following
results: ~
T, E muyn +o(n), W, =Wen’ +o(n) and B, =muyn + o(n),

where W, is a positive random variable and o = ﬁ—’y‘
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