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Introduction

When an extended object such as a wheel rotates about its axis, the 
motion cannot be analyzed by treating the object as a particle because 
at any given time different parts of the object have different linear 
velocities and linear accelerations. We can, however, analyze the motion 
by considering an extended object to be composed of a collection of 
particles, each of which has its own linear velocity and linear 
acceleration.

In dealing with a rotating object, analysis is greatly simplified by 
assuming that the object is rigid. A rigid object is one that is 
nondeformable—that is, the relative locations of all particles of which 
the object is composed remain constant. All real objects are deformable 
to some extent; however, our rigid-object model is useful in many 
situations in which deformation is negligible.
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10.1 Angular Position, Velocity, and 
Acceleration

Angular Position

Consider a particle at P is at a fixed distance r from 
the origin and rotates about it in a circle of radius r.

The particle moves through an arc of length s, as in 
Figure . The arc length sis related to the angle θ 
through the relationship:

𝑠 = 𝑟𝜃 → 𝜃 =
𝑠

𝑟

Note the dimensions of θ in Equation 𝜃 =
𝑠

𝑟
. Because 

θ is the ratio of an arc length and the radius of the 
circle, it is a pure number. However, we commonly 
give θ the artificial unit radian (rad). 
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10.1 Angular Position, Velocity, and 
Acceleration

Angular Speed

As a particle travels from position 1 to position 2 in a time interval Δ, 
the reference line of length rsweeps out an angle Δθ= θf-θi. This 
quantity Δθis defined as the angular displacement of the rigid object:

∆𝜃 = 𝜃𝑓 − 𝜃𝑖

We define the average angular speed as:

ഥ𝜔 =
𝜃𝑓 − 𝜃𝑖

𝑡𝑓 − 𝑡𝑖
=
∆𝜃

∆𝑡

the instantaneous angular speed is:

𝜔 = lim
∆𝑡→0

∆𝜃

∆𝑡
=
𝑑𝜃

𝑑𝑡
Angular speed has units of radians per second (rad/s)
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10.1 Angular Position, Velocity, and 
Acceleration

Angular Acceleration

The average angular acceleration of a rotating rigid object is defined 
as:

ത𝛼 =
𝜔𝑓 −𝜔𝑖

𝑡𝑓 − 𝑡𝑖
=
∆𝜔

∆𝑡

the instantaneous angular acceleration is defined as:

𝛼 = lim
∆𝑡→0

∆𝜔

∆𝑡
=
𝑑𝜔

𝑑𝑡
=
𝑑2𝜃

𝑑𝑡2

Angular acceleration has units of radians per second squared (rad/s2)

When a rigid object is rotating about a fixed axis, every particle on 
the object rotates through the same angle in a given time interval 
and has the same angular speed and the same angular acceleration.

That is, the quantities θ, ω, and αcharacterize the rotational motion of 
the entire rigid object as well as individual particles in the object.
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10.2 Rotational Kinematics:
Rotational Motion with Constant Angular 

Acceleration
In our study of linear motion, we found that the simplest form of 
motion to analyze is motion under constant linear acceleration. 

Likewise, for rotational motion about a fixed axis, the simplest motion 
to analyze is motion under constant angular acceleration.

Notice that these expressions are of the same mathematical form as 
those for linear motion under constant linear acceleration with the 
change: 𝑥 → 𝜃,𝜔, 𝑎 → 𝛼 7

Rotational Motion about a 
fixed axis

Linear Motion 

𝝎𝒇 = 𝝎𝒊 + 𝛼𝒕

𝜽𝒇 = 𝜽𝒊 +𝝎𝒊𝒕 +
𝟏

𝟐
𝛼𝒕𝟐

𝝎𝒇
𝟐 = 𝝎𝒊

𝟐 + 𝟐𝛼(𝜽𝒇 − 𝜽𝒊)

𝜽𝒇 = 𝜽𝒊 +
𝟏

𝟐
𝝎𝒊 +𝝎𝒇 𝒕

𝒗𝒇 = 𝒗𝒊 + 𝒂𝒕

𝒙𝒇 = 𝒙𝒊 + 𝒗𝒊𝒕 +
𝟏

𝟐
𝒂𝒕𝟐

𝒗𝒇
𝟐 = 𝒗𝒊

𝟐 + 𝟐𝒂(𝒙𝒇 − 𝒙𝒊)

𝒙𝒇 = 𝒙𝒊 +
𝟏

𝟐
𝒗𝒊 + 𝒗𝒇 𝒕



10.3 Angular and Linear Quantities

With 𝜃𝑖 = 0, 𝛼 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝜔𝑓 = 𝜔𝑖 + 𝑎𝑡, 𝜃𝑓 = 𝝎𝒊𝒕

+
𝟏

𝟐
𝛼𝒕𝟐 𝑎𝑛𝑑 𝜔𝑓

2 = 𝜔𝑖
2 + 2𝛼𝜃𝑓

We shall find relations between linear and angular quantities:
∵ 𝜔𝑓= 𝜔𝑖 + 𝑎𝑡

∵ 𝑣 =
𝑑𝑠

𝑑𝑡
=
𝑑(𝑟𝜃)

𝑑𝑡
= 𝑟

𝑑𝜃

𝑑𝑡
= 𝑟𝜔

∵ 𝑎𝑡=
𝑑𝑣

𝑑𝑡
=
𝑑(𝑟𝜔)

𝑑𝑡
= 𝑟

𝑑𝜔

𝑑𝑡
= 𝑟𝛼

∵ 𝑎𝑐=
𝑣2

𝑟
=
(𝑟𝜔)2

𝑟
=
𝑟2𝜔2

𝑟
= 𝑟𝜔2

∴ 𝑎 = 𝑎𝑡
2 + 𝑎𝑐

2 = (𝑟𝛼 )2+(𝑟𝜔2)2= 𝑟2𝛼2 + 𝑟2𝜔4

∴ 𝑎 = 𝑟 𝛼2 +𝜔4

at: tangential acceleration, ac: central acceleration, a: total acceleration
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10.3 Angular and Linear Quantities

Example 10.1 Rotating Wheel
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10.4 Rotational Kinetic Energy

Let us consider an object as a collection of particles and assume that it 
rotates about a fixed z axis with an angular speed ω If the mass of the 
ithparticle is mi and its tangential speed is vi, its kinetic energy is:

𝐾𝑖 =
1

2
𝑚𝑖𝑣𝑖

2

∵ 𝑣𝑖 = 𝑟𝑖𝜔

∴ 𝐾𝑅 =

𝑖

𝐾𝑖 =

𝑖

1

2
𝑚𝑖𝑣𝑖

2 =
1

2


𝑖

𝑚𝑖𝑣𝑖
2 =

1

2


𝑖

𝑚𝑖(𝑟𝑖𝜔 )2

=
1

2


𝑖

𝑚𝑖𝑟𝑖
2𝜔2 =

1

2


𝑖

𝑚𝑖𝑟𝑖
2 𝜔2

define the moment of inertia I as: 

𝐼 = 

𝑖

𝑚𝑖𝑟𝑖
2 , 𝑠𝑜 ∴ 𝐾𝑅 =

1

2
𝐼 𝜔2
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10.4 Rotational Kinetic Energy

Example 10.3 The Oxygen Molecule
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10.4 Rotational Kinetic Energy

Example 10.4 Four Rotating Objects
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Lecture Summary 
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If a particle moves in a circular path of radius r through an angle θ(measured in 
radians), the arc length it moves through is s = r𝞱.

The angular position of a rigid object is defined as the angle θbetween a reference 
line attached to the object and a reference line fixed in space. The angular 
displacement of a particle moving in a circular path or a rigid object rotating about a 
fixed axis is ∆𝜃 = 𝜃𝑓 − 𝜃𝑖.

The instantaneous angular speed of a particle moving in a circular path or of a rigid 
object rotating about a fixed axis is: ω=d𝞱/dt

The instantaneous angular acceleration of a particle moving in a circular path or a 
rotating rigid object is: α=dω/dt

When a rigid object rotates about a fixed axis, every part of the object has the same 
angular speed and the same angular acceleration.



Lecture Summary 
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If an object rotates about a fixed axis under constant angular acceleration, one can 
apply equations of kinematics that are analogous to those for linear motion under 
constant linear acceleration:

With 𝜃𝑖 = 0, 𝛼 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

𝜔𝑓 = 𝜔𝑖 + 𝑎𝑡, 𝜃𝑓 = 𝜔𝑖𝑡 +
1

2
𝑎𝑡2 𝑎𝑛𝑑 𝜔𝑓

2 = 𝜔𝑖
2 + 2𝑎𝜃𝑓

Relationships between linear and rotational quantities:
𝑠 = 𝑟𝜃, 𝑣 = 𝑟𝜔 𝑎𝑛𝑑 𝑎𝑡 = 𝑟𝛼

The moment of inertia of a system of particles is defined as:

𝐼 = 

𝑖

𝑚𝑖𝑟𝑖
2 , 𝑠𝑜 ∴ 𝐾𝑅 =

1

2
𝐼 𝜔2



Thank You
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