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Abstract: Recent studies on twisted-light-matter interactions have highlighted the importance
of the longitudinal electric field component, which had previously been overlooked. Together with
the transverse component, it corresponds to the lowest-order terms in a perturbative expansion
over the paraxial parameter. In this work, we investigate the influence of higher-order correction
terms in the perturbative expansion on the quadrupole excitation of a trapped atom. This article
begins by resolving discrepancies in the literature regarding the calculation of transverse fields at
second and higher even orders using the appropriate gauge. A key finding of our study reveals
that including a higher-order term in the perturbative expansion is not always sufficient to enhance
accuracy in describing the interaction at a given level; instead, two successive orders may need
to be considered together. This is particularly evident in quadrupole transitions involving no
change in the magnetic quantum number (Am = 0), where longitudinal corrections play a more
significant role than their transverse counterparts, despite the latter being lower order. This
behavior is attributed to the sensitivity of quadrupole interactions to field gradients and the
connection between odd- and even-order fields via transverse gradients.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

In the paraxial approximation of the Helmholtz wave equation, the complex amplitude of the
field is represented as a product of a sinusoidal plane wave and a function varying slowly along
the propagation direction. The resultant paraxial wave equation for this function is known to
effectively describe propagating beams which are not strongly focused. Lagurree Gaussian (LG)
beams, which are types of light with twisted (or vortex) phase, are solutions to the paraxial wave
equation in cylindrical coordinates [1—4]. These beams can carry Orbital Angular Momentum
(OAM) arising from the helical wave front, in addition to Spin Angular Momentum (SAM)
arising from circular polarization. The main characteristics of LG beams can be described by two
indices: the angular momentum number ¢ and the number of radial nodes p. The rich properties
of twisted light connected to its OAM have made it the focus of numerous fundamental and
applied studies [5-9].

Applying the paraxial approximation directly to the Helmholtz equation for the electric field
results in a solution with a finite transverse profile. However, this paraxial form of the electric
field has no vanishing divergence and, in turn, does not satisfy Maxwell equations [10]. In
1975, Lax etal. [11] proposed a semi-analytical method to more accurately account for the
paraxial solution within the more general framework involving the exact solution of Maxwell
equations. Employing a perturbation method, the completely-transverse paraxial solution was
shown to be nothing but the zeroth-order solution of the full equation in the paraxial parameter
defined as f = (kwg)~!, where k and wy are the wave number and the beam waist, respectively.
Higher-order corrections beyond the paraxial approximation, which are not necessarily transverse,
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are obtainable using two partial differential equations for f small compared to unity. This
pioneering work was the foundation for subsequent more detailed analysis, aiming to obtain,
for example, higher-order corrections of the Gaussian [12—-15] and LG beams [16—19]. There
are also other methods to deal with beam propagation beyond the paraxial approximation such
as, vector angular-spectrum representation and diffraction integrals [13,17,20]. However, the
Lax series expansion provides the means to analytically explore various effects without fully
departing from the paraxial framework.

Recent experimental data and theoretical analysis have revealed that considering only the
zeroth-order field (the standard paraxial solution) is, in general, inadequate for addressing light
properties and its interaction with matter even under paraxial focusing conditions. The first-order
electric field correction, which oscillates parallel to the propagation direction, has been shown to
induce non-negligible effects [21-30]. The combination of this longitudinal component and the
purely transverse paraxial field is regarded as an improved version of the paraxial approximation.
The longitudinal component of paraxial optical vortices has a key role, for example, in atomic
quadrupole transitions when the two angular momenta are opposite to each other as shown in
[27-29] for atoms trapped near the phase singularity, a node on the beam axis. In a recent work
[30], we have shown that this is a general property for any paraxial light by deriving analytical
formulas for the position-dependent angular-momentum selection rules.

A crucial question now arises regarding the role of higher-order terms in the perturbative
expansion, with respect to the paraxial parameter, in twisted light-atom interactions. This work
addresses this question by examining the parameters that affect their role in accurately describing
atomic quadrupole transitions. Importantly, it demonstrates that advancing to higher orders in the
perturbative expansion does not necessarily yield greater accuracy at a certain order of f; rather,
two successive terms in the expansion may need to be considered together. In the first part of this
article, we provide a key clarification on the calculation of transverse fields at second and higher
even orders in the paraxial parameter, resolving existing discrepancies in the literature. This work
lays the theoretical groundwork for understanding higher-order corrections in twisted-light-matter
quadrupole interactions, providing a basis for future numerical and experimental investigations.

2. Transition amplitude and the paraxial field

The angular-momentum selection rules for the twisted-light-photoexcitation can be derived using
the Power-Zienau-Woolley (PZW) formalism [31-33]. Atomic transitions driven by OAM light
are mainly governed by quadrupole interactions [34,35]. The corresponding transition matrix
element for a transition from an initial state |I) to a final state |F’) is represented in this formalism
by:

1
Mga =5 ) (FIQyIDVI E; (M
i

where Q;; = exlij’. are the quadrupole transition operators with x; the components of the internal
position vectors. E; are the electric field components along x, y and z directions which are going
to be derived below.

In order to avoid the inconsistency between the paraxial approximation and Maxwell equations,
the Helmholtz wave equation can be first written for the vector potential A instead of the electric
field [2,12]. This will result naturally in the improved paraxial form for the electric field. The
suitable gauge for this purpose is the Lorenz gauge where the divergence of A is nonzero. After
applying the paraxial approximation to the equation, one can obtain the following solution for a
circularly polarized LG, mode of indices £ and p propagating along z:

_ X +ioy)

A=
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Research Article Vol. 33, No. 3/10 Feb 2025/ Optics Express 6072 |

Optics EXPRESS i N

where o-=1(-1) for left (right) circular polarization, w is the angular frequency, k is the wavenumber
in the longitudinal direction, A¢ is a normalization factor which can be determined by the average
power of the beam (the integral of the z-component of the Poynting vector over the beam
cross-section) and ug(r) is the mode function given by:

dor) = 10 ( p )|€|L|€(2P2)
0 = —\|—= D 5

w(z) \w(z) w? 3)
p2 | lkp2
w(z)?  2R(z)?

X exp (ifcp - —ip+|€|+1) arctan(ziR)
where p is the radial distance from the center axis of the beam, w(z) is the radius at which the field
amplitudes fall to 1/e of their axial values with wy = w(0), Lllfl (%) is an associated Laguerre
polynomial, zg is the Rayleigh length and R(z) is the radius of curvature of the beam’s wavefronts
at z, defined as R(z) = z(1 + z—%)

1 9D

Exploiting the Lorenz condition (V.A = ——5 %), one can obtain the scalar potential ®. The
positive-frequency part of the electric field E is related to both ® and A as follows:

4D
EM(r) = iwA - 6—2 -V, ® )
Z

where V is the transverse gradient. To comprehend the relevance of the different terms in the
context of the field corrections, we rewrite expression (4) in terms of the following dimensionless
variables:

X =woX, y=woy; z=102 5)

where [ = kw% is the diffraction length, so that it can be expressed in powers of f. Consequently,
the three terms in the expression for the electric field in (4) corresponds to different orders in f as
follows: 0

OEY  OE;

EXr) = (EO% + EV9) + if (=2 + —2

(r) = (B "X+ E579) +if (— %

)2

(6)
+f°V.( PP + IE

where V| is the transverse gradient in terms of the dimensionless variables (&, 7). Combining the
zeroth- and first-order terms, one can form the expression of the electric field in the improved
version of the paraxial approximation:

EOr) = EY + Y ™)

On the other hand, the derivatives of the scalar potential with respect to the transverse
coordinates lead to transverse terms, which are second-order in f. These terms are considered
beyond the validity of the paraxial approximation, as will be clarified below; thus they are
routinely neglected [21,36].

3. Corrections to the paraxial approximation

Following the efforts of Lax et al [11] in obtaining corrections to the paraxial solution, Davis
[12] has developed a closely related method by first expanding the vector potential as a power
series in terms of the paraxial parameter. Then the corrections to the electric field are determined
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using the Lorenz gauge, presented in (4). For the sake of simplicity, we limit our discussion in
this section to the case of linear polarization. Therefore, the vector potential can be written as:

A = R Ag u(r) TR 4 ¢ e, (8)

The general mode function u obeys the Helmholtz wave equation which can be expressed in
dimensionless variables as follows:

- 0 0?
V2u+2i — u+f2—u—0 9)
0z
In the paraxial approximation, the term that scales with f2 in the full wave equation is
disregarded, as presented in expression (7). The perturbative solution of this equation is assumed
to be in the form of an infinite power series [12]:

w=u® +f2u? 4 @4 (10)

It can be easily verified that u(?), the zeroth order term in £, has to obey the paraxial wave
equation leading to the zeroth order vector potential. After applying the Lorenz gauge, one can
also obtain the same expressions for ET) and E(zl) provided in (6). On the other hand, u®*)
(s =1,2,3,...) has to obey the following differential equation:

62 M(Zs) + 2l~£u(2s) - _ 9 (2s 2) (11)
+ 0z 622
In the case of a complex-argument LG beam, the zeroth-order mode function u(o is given by:
- (0 VI AP N
i) = (1P ple LI ) o et (12)

where ¢ = (1 +2iZ)"! and p = p/wy. Takenaka et al [16] solved for & u analytlcally obtaining :

—(2s ( 1)s+m 2s m =
iy = Zs(m—l)'( )< ~ Y g (13)

Employing this result, a recent work obtained the expression of u(f;) for a real-argument LG

beam to be [19]:
(2s) _ N |5| +P en) "
“ep = Z Ueg 4

Following [12], the authors derived the second-order correction (s = 1) for the electric field
using the Lorenz gauge [19]:

. iklz oS \V; a
EE)J_ = iw A etklZf2 (X u(z[)) + Vl(gu(o))) (15)

It is interesting to observe that E( ) contains the transverse gradient of the zeroth order field.
It is the same part which was 1gn0red in the paraxial expression (6). This term in (15) introduces
an additional component to the transverse field along the y-axis. This result contradicts with the
correction scheme of Lax and co-authors described in [11,37] which has been derived directly



Research Article Vol. 33, No. 3/10 Feb 2025/ Optics Express 6074 |

Optics EXPRESS i N

from Maxwell equations using the electric field. In this scheme, the electric field is expressed in
powers of f as follows:

EM(r)=XE, + 2E:

I 0 (16)
zelklz % Zstw(Zs) +7 Zf(lﬁl)wlwl
s=0 s=0

The expansion includes alternate orders, i.e., the transverse (longitudinal) components are
expressed as a power series of even (odd) orders of f. The functions 1/1(2”, withs =1,2,3,., are
obtained by solving the same differential Eq. (11) used to find u>. So both functions must have
the same spatial dependence and to be directly proportional to each other. Moreover, it can be
noted that the polarization state of the transverse field in (16) remains intact regardless of the
order of the correction, in contrast to expression (15).

It is crucial to examine why the earlier approach, based on the systematic expansion of the
vector potential, fails to align with the work of Lax et al. [11] beyond the first-order correction.
This disagreement can be traced back to an improper choice of the gauge. While the Lorenz
gauge is conventionally used for deriving paraxial beams with Gaussian or Laguerre-Gaussian
(LG) radial profiles, it proves inadequate in this context, where the full wave equation is applied
and a power-series solution beyond the paraxial approximation is required. Instead, the Coulomb
gauge must be employed in this scenario.

Considering that the ansatz for the spatial mode of the zeroth-order field must correspond to
the transverse paraxial solution, it can be shown that the electric fields derived from both the
Lorenz and Coulomb gauges agree only up to the first order in f. However, gauge-dependent
differences arise in all higher-order terms. We emphasize that this result does not contradict the
gauge independence of electric and magnetic fields. This is a special case, where the zeroth-order
transverse spatial mode of A is constrained. Under this constraint, it can be shown that no gauge
transformation exists to connect the two sets of potentials produced by these gauges [36].

The vector potential in the Coluomb gauge A€ (r) has non-vanishing longitudinal component in
addition to the transverse component. The latter can be expanded in even powers of f as explained
in the earlier approach and admits the same solutions. On the other hand, the power-series
solution for the longitudinal component is in odd orders of f and is determined by the Coulomb

condition: P
a—ZAzC = 'V, A (17)

In the Coulomb gauge, the vector potential is related to the electric field as follows:
EM(r) = iwAC(r) (18)
This leads to the following expression for E(f):
EY) = RiwAg e P uf) (19)

Using this expression with £ = p = 0, one can recover the form of the second order correction
for the fundamental Gaussian beam, as derived by Agrawal et al. in [13].

To highlight the differences between the two expressions given in (15) and (19), we set p = 0,
as it is experimentally widely used and assume that the focal plane is shifted from the Z = 0 plane
to a parallel plane at 7 = z9>0, so that wy = w(Z — zp). The expression (19), therefore, reads:

Ef) =% 27wA eikl(z—zo)f(Z) 1—4([0; (20)
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On the other hand, the expression (15) is equal to (19) plus additional terms, so for this case, it
takes the following form:

E? = ED 1 iodg M)y 40

A |€| —iyp ~ 2 |€| —2iyp
X {x ((Ee 20 ¢os ) Ee 2 @1)

€ i 4 o
+¥ ((:e"ﬂ" “2psing) (e ~2pc0s¢) - i|~—2|e‘2’7‘/’) }
P 2] F;

where y = %. It should be noted that the amplitude of the second-order field correction derived

using the Coulomb gauge (E(f)) is fundamentally different from the corresponding result obtained
using the Lorenz gauge (E(L%l). This distinction lies not only in the magnitude of the field along
the x-axis but also in its vector form through the presence of an additional y-component. Notably,
there are cases where one of the field forms vanishes while the other does not. For example,
E(f) is always zero around the phase singularity regardless of the value of £. On the other hand,

E(Lzl is nonzero in this region for |£| = 2 due to the presence of p? in the denominator. This
may lead to incorrect prediction for certain phenomena. In particular, for atomic quadrupole
transitions induced by LG beam with £ = =20, considering the second order correction to the
field in the misleading form of (21) doubles the strength of Am = +1 transitions, reported in [30].
Moreover, E(f) depends linearly on the longitudinal distance from the Z = 0 plane, so it vanishes

as Z — 0. In contrast, the additional terms in E(Lz)l exhibit no such dependence. As a result, the
comparison between the two approaches is not merely a matter of quantitative difference but
rather of fundamental qualitative difference that when considered in the context of the Lax et al
correction scheme [11], becomes a conceptual difference.

The third-order correction, in terms of the lower-order terms, can be determined to be:

s 0
ES) — iielkl(Z_ZO)fS(VJ_'F(f) n 8_ZF§1)) (22)
where we define EC)(r) = ¢//¢=20) (F + F: 2). This relation is also true for any higher odd-order
correction and it agrees with the results of Lax’s scheme [11].

4. Quadrupole transitions

This section investigates the influence of higher-order electric field corrections on twisted
light-matter interactions, with a focus on quadrupole transitions. A major aim is to examine if
the significant contribution of the longitudinal field components relative to the transverse ones
reported in the literature [27,30], as explained in Fig. 1, persists at higher orders. We restrict
our discussion to electric field corrections up to the third order, as they represent the leading
terms. Most of the results presented here can be generalized to higher-order corrections. The
connection between odd- and even-order fields can be summarized in the following expressions:

FO= iV, - FO
23)
3) _ .§ 2) | . 0 (1) (
FZ =iV, -F, -HZ“)_ZFZ
The longitudinal gradient of F i D can be ignored near the center of the beam at the beam focus
in the range where the diffraction length is larger than the wavelength of the light [36]. Restricting
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Fig. 1. (a) Transverse cut of Laguerre-Gaussian beam with antiparallel spin and orbital
angular momenta (¢ = —o). The arrows represent the magnitude and direction of the
paraxial transverse field component across the plane of the dimensionless coordinates (X, ¥).
(b) Schematic of the polarization vector of the electric field at the center of the focused
beam where a trapped atom is located. Although the transverse component near the phase
singularity vanishes, the non-zero transverse gradient of its field induces atomic quadrupole
transitions with Am = 0. On the other hand, the longitudinal component, which is also
proportional to the transverse gradient of the transverse component, exhibits a Gaussian form
that peaks at the center. Am = 0 quadrupole excitation from the longitudinal component
depends on its longitudinal gradient. These effects make the contribution of the longitudinal
component relatively more significant for this particular transition.

the treatment to this region, we can rewrite the above equations in the following compact form:
2m+l) _ oy 2
F&Y =iV, F (24)

where n=0,1. Since the matrix element (1) contains derivatives of the field, the order of terms
involving the longitudinal gradient of the (2n+1)"-order field correction is reduced, so that they
become comparable to terms involving the transverse gradient of the (2n)”-order correction.
Moreover, the relationships between the quadrupole operators may amplify the contribution of
the higher order field, as shown below.

Employing expression (1), one can show that there are two channels for an atomic quadrupole
transition with magnetic quantum number difference Am = 0 induced by an LG beam with
{=—0:

1 Channel M, associated with the transverse gradient of the fields E)(CZ)")

. M, is given by:

| IE OE?"
L 9%z Ny
= (0) 5=+ (0) )

(2n) (2n)
1 OE; OE;
"o (Oxx) (W + £y

M
(25)

)

Here we used the result (Q.) = (Q,y).

2 Channel M; associated with the longitudinal gradient of the field E?"H). The corresponding
quadrupole transition operator is Q,,, where (Q..) = =2 (Q,,). So we can write:

(2n+1)
e Z L (0.) OF;
z 21 o7
OE®  QEP" (26)
— —k X Yy
FAQu) (——+ % )
=2m"

L
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The finding that that M§2”+1) is larger than M(f”) for n = 0 and 1, respectively, originates
from two primary factors. First, an odd-order correction arises from the transverse gradient of
the preceding even-order term in the expansion. Second, M(f") (M;z'”])) is proportional to the
transverse (longitudinal) gradient of the even-order (odd-order) field. Consequently, the order of
the transition amplitude M;z'm) in f is reduced by one order to match that of M(f"). The factor of
two in the ratio of M; to M, emerges from the relationships among the involved expectations
values of the quadrupole transition operators.

Having examined the role of longitudinal corrections in quadrupole transitions compared to
transverse corrections, it is also important to consider the influence of the second- and third-order
corrections relative to the lowest ones. The ratio of matrix elements M(f) to M(f) is governed by
the transverse gradient of the transverse fields E(f) and E(f). This ratio is particularly interesting
when calculated at the focus in the region near the phase singularity [27], where quadrupole

transitions induced by LG beams with |[¢| = 1 are nonzero only for £ = —c. In this case, the
2 (0)

mode functions U and i, o are related as follows:
W = 120z 27)
Thus, the ratio of matrix elements reads:
(2)
M
MZ)) = 1212z (28)
1

We observe that the importance of the correction in quadrupole excitation depends on the
degree of focusing through both the square of the paraxial parameter and the scaled propagation
distance along the z-axis, measured from the z=0 plane, where the field is assumed to be fully
paraxial.

It is evident from (27) that the second-order field correction near the phase singularity follows
the same radial profile as the zeroth-order field. At paraxial focusing conditions (f<<1), the
contribution of E? is therefore overwhelmed by the dominant contribution of E®). As the trapped
atom moves laterally away from the center, the spatial structure of higher-order corrections
diverges from that of the lowest-order fields, leading to variations in their relative contributions
to the atomic quadrupole excitation. These radial spatial differences are primarily encoded in the
differing degrees of the involved associated Laguerre polynomials. Under tight focusing, the
effects of higher-order corrections is more pronounced. Additionally, the overlooked longitudinal
gradients involved in the definitions of the field corrections and the Hamiltonian need to be
considered in this regime.

In contrast to Am = 0 transitions, quadrupole Am = +1 transitions induced by Ef) partially
depend linearly on the propagation distance. The matrix element for this transition is propotional
to the longitudinal dervative of E(f), which is composed of three terms:

_(2)

o u
o oHE20) (,'kl)zaézp) + Z—Bi’p +il t(;zp) (29
y d k

2)

OE"

0z
It can be noted that the last term has no linear dependence on the distance from the z=0 plane.
A key point to consider is that all odd-order corrections have no contribution to transitions with

Am = 2. As explained in [30] for the first-order correction, the absence of the longitudinal field
channels is attributed to the tensor structure of the quadrupole operator Q;,, where i = x,y or z.

5. Conclusion

The perturbative approach bridges the gap between the standard paraxial approximation and the
fully nonparaxial regime. Despite the perturbative expansion was proposed in the mid-1970s,
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discrepancies remain in the literature regarding the calculation of transverse fields at second and
higher even orders in the paraxial parameter. This work began by resolving these discrepancies
through the adoption of a gauge framework consistent with Lax’s correction scheme.

We also have demonstrated that the longitudinal corrections play a more significant role for
certain quadrupole transitions in a localized atom compared to their transverse counterparts,
although the latter are lower by one order in the paraxial parameter. This observation is not solely
determined by the degree of focusing. Instead, it also arises from two additional factors: i) a
longitudinal correction emerges as the transverse gradients of the preceding transverse correction,
and ii) quadrupole transitions are sensitive to electric field gradients. Although this article
focused on LG beams, the formalism is general, and the findings are relevant for other types
of focused light beams that can be described using the Lax series expansion. Incorporating
higher-order corrections allows for more accurate modeling of atomic transitions, enhancing the
accuracy of spectroscopic measurements and precise control of twisted-light-matter coupling in
quantum information applications, especially for tightly focused beams in the range where the
perturbative expansion remains valid.
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