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In this paper, we construct a new hierarchy based on the third g-discrete Painlevé equation (¢Py) and also study
the hierarchy of the second g-discrete Painlevé equation (gPyp). Both hierarchies are derived by using reductions
of the general lattice modified Korteweg-de Vries equation. Our results include Lax pairs for both hierarchies
and these turn out to be higher degree expansions of the non-resonant ones found by Joshi and Nakazono [29]
for the second-order cases. We also obtain Bécklund transformations for these hierarchies. Special g-rational
solutions of the hierarchies are constructed and corresponding g-gamma functions that solve the associated
linear problems are derived.
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1. Introduction

Following widespread interest in the Painlevé equations, it is natural to ask whether their integrable
discrete versions share their fundamental properties. In this paper, we consider and answer the
following question about multiplicative or g-discrete Painlevé equations, namely the construction
of new associated infinite sequences of discrete equations called hierarchies. The term ‘hierarchy’
here refers to a sequence of g-difference equations sharing a linear problem.

In the literature, discrete hierarchies are known for some additive discrete Painlevé [10, 16], and
g-discrete Painlevé equations [21,32,45] but not for most of the known discrete Painlevé equations.
Our paper extends the class of known hierarchies of g-discrete Painlevé equations by providing a
new hierarchy, associated with the g-discrete third Painlevé equation.
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Our approach starts with an integrable partial difference equation, also known as a lattice equa-
tion, and considers higher-order reductions than those that have been constructed before. (See for
example [19, 25, 34, 37-39].) Our starting point is equation (3.1), which is a slightly more gen-
eral (multi-parameter) form of a standard lattice equation denoted by H35:0 in the ABS classifica-
tion [3,4]. Further background information about lattice equations is given for the interested reader
in §1.1.

In particular, we obtain two g-discrete hierarchies, whose starting points are the g-discrete sec-
ond and third discrete Painlevé equations, denoted by gPy and gPyyp respectively below. We will
refer to the '™ member of the respective hierarchies by qPﬂl ), qPI(ﬁ). In fact, we also obtain addi-
tional hierarchies, but we focus on gPy and ¢Pyyp here to provide a self-contained exposition. The
term hierarchy is used because each sequence shares a linear problem, which is one of a pair of
linear problems known as Lax pairs. The corresponding Lax pairs have the form

D(gx,t) = A(x,1)DP(x,1), (1.1a)
T (®(x,t)) = B(x,1)P(x,1), (1.1b)

where .7 is a time-deformation operator, whose action iterates the Painlevé variable ¢ in the resulting
hierarchy. The variables x and ¢ are often called spectral and Painlevé variables respectively. The
matrix A is polynomial in x and given by equations (1.3), while B is given by equation (1.6) or (1.9).
(See our main result Theorem 1.1 in §1.2.)

For Equations (1.1a) and (1.1b) to be compatible, we must have
T (A(x,1))B(x,1) = Blgx,)A(x,1). (12)

For each n € N corresponding to the degree of A in x, we show that equation (1.2) gives rise to
either ng ) or ng’I) (corresponding to the choice of B). Equations (1.8) and (1.11) in Section 2 give
the complete form of these hierarchies. In the same way that gPyy is a symmetric case (or projective
reduction) of Py, we can show that the n™ member of the qPr hierarchy can be obtained from the

n™ member of the ¢Pyy hierarchy.

Previous approaches [10, 21] for constructing hierarchies have started by extending the degree
of the matrix A in x and using the resulting compatibility conditions to derive new equations. The
key idea here relies on fixing one matrix while we change the degree of the other one. However, the
calculations are not straightforward, and become more technical in the case of g-discrete equations.
Instead, we pursue a simpler approach given by higher-order reductions of systems of lattice equa-
tions, as explained in Section 3. In finding the appropriate reductions, we were motivated by the
Lax pairs and the actions of the time-deformation operator .7 on parameters given in [29], which
allow us to hypothesize the lattice parameters that we use for the reductions.

Given an integer d, a well-known procedure for finding reductions of lattice equations gov-
erning a function x(/,m) is to assume a periodic (d, 1)-reduction, i.e., impose X u+1 = Xj4dm OF
Xt mt+1 = 1/Xi4am. Such periodic reductions of the lattice mKdV (modified Korteweg-de Vries)
equation, also known as H3, were obtained for some integer d in [21]. We note that this led to a gPp
hierarchy, which we also find here. However, the calculations are intricate and further assumptions
were required to find Lax pairs. In contrast, our approach immediately provides hierarchies as well
as their Lax pairs, without intermediate assumptions.

The 2 x 2 Lax pairs we find have certain advantages for analysis. The most important proper-
ties are that each matrix A corresponding to a member of the hierarchy is non-singular at x = 0
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and oo and explicitly factorisable into linear factors in x. The former property enables Birkhoff
and Carmichael’s classical theory of non-resonant g-linear difference equations [6, 9] to be applied
immediately.

1.1. Background

In this section, we provide some background material about Painlevé and discrete Painlevé equa-
tions, and integrable lattice equations.

The Painlevé equations appear widely in physical applications (see for example [46]). They
were discovered originally by Painlevé [40], Gambier [14] and Fuchs [13] in the search for new
transcendental functions that satisfy ordinary differential equations (ODEs) and their general solu-
tions are known to be higher transcendental functions, called the Painlevé transcendents. Later, they
were found as reductions of completely integrable partial differential equations (PDEs), such as the
Korteweg-de Vries equation [1,2]. More recently, integrable difference equations with properties
that are very similar to those of the classical Painlevé equations have been identified. They are now
known as discrete Painlevé equations and there are three types. We focus here on discrete Painlevé
equations of g-discrete or multiplicative type; see Sakai [43].

The search for discrete versions of integrable PDEs has also been a very active area of recent
research. Many partial difference equations with properties that are very similar to those of inte-
grable PDEs are known to share a geometric property called consistency around a cube (CAC) or
multi-dimensional consistency [35,36]. Classifications of scalar equations with this property [3,4,7]
led to a list of scalar partial difference equations. By convention, they are denoted as A-, D-, H- or
QO-type. In this paper, we focus on an example of H-type, denoted H3, which is also known as a
lattice mKdV equation.

Many reductions of lattice equations to the g-discrete Painlevé equations are already known
[8,12,19,22,23,26,34,37-39]. For example, the qPy; and Py equations were derived from a so-
called geometric reduction of H; and a special case of an equation labelled D4 in [7]; see [30].

Motivated by the existence of hierarchies (infinite sequences) of PDEs associated with each
integrable PDE, hierarchies of Painlevé equations have also been found [15,28]. Correspondingly,
hierarchies for a restricted set of discrete Painlevé equations have also been obtained [10, 21, 33].
However, to the best of our knowledge, very few g-discrete Painlevé hierarchies have been con-
structed.

Although generic solutions of discrete Painlevé equations are higher transcendental functions,
there also exist special function and rational solutions for special cases of parameters. Each such
special-parameter case can be mapped to another through transformations called Bicklund trans-
formations [24]. Explicit solutions of gPy; were studied and corresponding solutions of its Lax pair
found in [31].

Starting with a seed solution corresponding to an initial parameter, one can generate an infi-
nite series of solutions of the same equation with different parameters, provided that the Backlund
transformation we use does not terminate. Confusingly, the word hierarchy may also be used in this
context to refer to an infinite sequence of solutions generated by a Bicklund transformation when
successively applied to a seed solution.
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1.2. Main Result

Our main result shows that each member of the hierarchy of ¢gPy; and gPyy; shares one spectral linear
problem equation (1.1a), with the coefficient matrix given by

n
Ax,t) =JAn—j, n>2, (1.3a)
Jj=0
where
_ibiA 1
o T
A,._< B —"bi’"x) (1.3b)

Here, b, [ = 0,1,...,n, A and ¢ are the non-zero complex parameters and h;, [ = 0,1,...,n are
dependent variables. We find that the product of all /; turns out to be constant in the case of the gPy
and ¢Pyyp hierarchies. We take this constant to be A% without loss of generality, to match with the
second-order case given in [29], that is,

n
[Tn =2 (1.4)
j=0
We also take
bn=q (1.5)

to match with the base cases given in the same paper [29] . In fact, one can take b, to be any constant
from the construction in Section 3.

We use the following notation. Given 2 < n € N, the n™ member of the hierarchy will be
described by using a deformation operator referred to as T and T for the case associated with
qPy and gPyyp respectively. These operators act on a set of parameters and independent variables
denoted by by, b1, ..., by, A, g, x and on the dependent variables, which we will denote by hy, ...,
hy,.

The following theorem collects our main results.

Theorem 1.1. Let n € N, n > 2. The compatibility condition (1.2) is satisfied on solutions of the
qP1 and qPyyy hierarchy respectively when {7, B} is replaced by one of the following choices:

(1) {T By} and (2) {f Bii1}. The Py and qPyy hierarchies are given as follows.

_ibok 1
_ ho X
B = ( _(i —ibokhox> ’ (16)

(1) Take

and define T by the action

f : (b07b17 "')bja°"7bn*17bnva’7Q)x) — (b17b27"'5bj+17 "')quabna)L)qvx)‘ (17)
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Then the resulting hierarchy of equations is given by
T(hy) =hyp1, 0< r<n—2,
F 1) = A*(1+bolTiZ} h)) (1.8)
n—1
o hi(bo+ITIZ )

ik — ok,
— h h
e (5 ) (5 ) "

and define T by the action

(2) Take

T : (b()vblv°"abj7"'abn727bn715bnaz’7qﬂc) — (b27b3a "'7bj+27"'7bOQ)b1q7bn7A”Q7x)) (110)

Then the resulting hierarchy of equations is given by

T(hy) =hy4, 0<r<n—3,
. A(1+boITi) hy)
T(h" 2) n—1 n—1
H] oh (b0+n h ) (1.11)
1) 22 (14-by (T 1) T (ha-2) )
T (hy—1 a .
\ (T2} A7) 7 (n-2) (b1 + (T2 ) T (ha2) )
Remark 1.1. Variables i; (I =0,1,...,n) are functions of # on which these operators T and T act

respectively as follows

I —pt= q%t, for equation (1.8) by taking by =t¢, b = q%t,
t— pt= q%t, for equation (1.11) by taking bg =¢, by = bt,by = q%t,bg = bq%t for even n,

where b is a constant for the latter case. For the former case, one can easily see that by = pt =
T (t) =T (bo). Similarly, for the latter case we have b, = T'(by), b3 = T (b;). Using these operators,
we find that

b; —qntforO j< —1, for equation (1.8),
byj = q W, brjr1 = bq i t, for even n and 0 < j<n/2, forequation (1.11).

Remark 1.2. The results of Theorem 1.1 can be separated into two hierarchies in each case. These
are distinguished by whether 7 is odd or even. The cases corresponding to odd n reduce to one of
lower order in each case. At the base level, we get degenerate limits of gPy; and gPyyp. See further
details for the case n = 3 in Remark 2.1.

Remark 1.3. It is intriguing to note that the Lax pair A(x,7) given in (1.3) has a form that is
analogous to the one given by Kajiwara et al [32]. This is because these matrices both come from
periodic reductions of lattice equations.?

Because of the observations in Remarks 1.2 and 2.1, we will assume that 7 is even in the remain-
der of the paper. (Nevertheless, all the results are satisfied also for the case when # is odd.)

aWe would like to thank the referee for this observation.
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1.3. Outline of the paper

This paper is organized as follows. In Section 2, we provide examples of the first and second mem-
bers of each hierarchy. In Section 3, we use periodic reductions of the general mKdV to derive
the hierarchies of g-discrete second and third Painlevé equations. Their associated Lax pairs and
Bicklund transformations are obtained automatically from this method, in Sections 3 and 4. In Sec-
tion 5 we describe the rational solutions of the hierarchies and deduce the corresponding solutions
of their associated Lax pairs.

2. Second- and Fourth-order members of the hierarchies

In this section, we consider the cases n =2, 3, 4 in Theorem 1.1 explicitly. The case n = 2 cor-
responds to the well-known ¢Py; and gPp; equations. The case n = 4 is the next member of the
hierarchy corresponding to each of these equations. The odd case where n = 3 is deduced here for
illustrative purposes, to show that the result is a second-order equation that is a degenerate version
of gPyr and gPpy. Thereafter, we will refer to the iteration of the variable /; (I =0,...,n) under the
deformation operators Tand T by A, and iy, respectively.

2.1. The casen =2

In this subsection, we consider the case n = 2 in Theorem 1.1. Recall that equations (1.5) and (1.4)
give the constraints

hohihy =A% and b, =gq.
Note that the deformation operators are given as follows

f: (bO,bl,bZal’Q) — (blvquabZalaQ)a
T\: (bOablabZaﬂ')q) — (qb()vthvaAWQ)'

So the first members of the gPy; and ¢gPyyp hierarchies are given by following equations

ho = hy,
gPyp : 7 A2(1 4 bohy) (2.1
: hohi(bo+h1)’
A~ 2‘2(1+b0h1)
0= 7 7 77 . 1
hohy (bo + h
gPly 021( ° Al) (2.2)
i _ A1t bik)
| == _.
hohy (b1 + ho)

Equations (2.1) and (2.2) are the second order of the g-discrete second and third Painlevé equations
given in [29].

2.2. Thecasen=3

Remark 2.1. For the case where n is odd, we can always reduce the order of the associated equa-
tions by unity, and that leads to a degenerate version of the hierarchy.
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We consider the case n = 3 to illustrate the argument. Recall that equations (1.4) and (1.5) give
the constraints

h0h1h2h3 = 2«2 and b3 =dq.
Note that the deformation operators are given as follows

: (b07b17b27b372’7Q) — (b17b27qb0ab372‘7Q)7

T
?: (b07b1,b2’b3>laq) - (bZ’quaqblab?)aAaQ)'

We consider each case listed in Theorem 1.1 separately below.

(1) We obtain

- . - A2(1+4bohihy)
ho=hy, hy =hy, hp =
0o="n, m=hnhy, Tl (o iiha)’
which is equivalent to
= A2(1+bohoh
o — 2 bololo) 2.3)
hohoho(bo + hoho)
Defining 710710 = f, equation (2.3) becomes
<. A*(1+Db
f= A(1+bof) (2.4)
- (bo+ f)

The resulting equation is a degenerate version of the gPyy equation that was first obtained in [42];
for details see [17,18,42].
(2) We obtain

R tbohh) s A(L4bikgh)

ho=hy, I = = < =)
O T hohihay(bo+ hihy) 27 Wiy (by + hohy)
which is equivalent to
R A2(1+bohth x o~ AX(1+bihih
hihy = —A( + b0ty AO> and hohy = M- (2.5)
hoho(bo + hiho) hihy(by + hiho)

Defining f = hoh; and g = ﬁoh 1, equation (2.5) becomes

s, A2(1+bog) L _ A1+ b1 )

_ - 2.6
Ir (botg) 28 1+ 7) (2.6)

The cases listed above cover all the possibilities for n = 3. These illustrate the assertion made in
Remark 2.1. The general case of odd » will be consider in a separate paper.
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2.3. The case n =4

Here we consider the second member (fourth-order) of the gPy; and ¢gPyp hierarchies. Recall that
equations (1.4) and (1.5) give the constraints

h0h1h2h3h4 = 2,2 ang b4 =d.
Noting that the deformation operators are given by

(b07b17b2ab3ab4aa’7q) — (b17b27b3aqb07b4va’aq)a

T:
f: (b07b17b27b3ab4al>Q) — (b27b37qb07qb17b472'7Q)7

we obtain the second member of the gPy; and ¢gPyyy hierarchies as follows

ho=h, hy=hy, hy=hs,

4
P A2(1 4+ bohahahs) @7
> hohihahs (b + hihohs)
or, equivalently
< A%(14 bohahyh
hohy = (L+bohshshz) (2.8)
=" hohohy(bo+ haohahy)

Moreover, we have

ho = hy, hy = hs,
i A%(1+ bohihahs)
‘IPE;‘I) 132 hohyhahs(bo + hihohs)’ (2.9)
A A2(1+bihohshy)
3= = —,
hihyhzhy(by + hahshy)
or, equivalently
A A%(1+bohshahs)
h2h2 = - ,
- h3hyhz(bo + h3hahs) 2.10)
. A2(1+byhohshy) '
h3hs =

~

N hzhgilz(b] +h2/’l3ilz) .

3. Proof of Theorem 1.1

In this section we prove Theorem 1.1 by applying a periodic reduction, often called a staircase
method, to a lattice equation, which is a multi-parametric version of the discrete modified mKdV
equation, given by

O(wo, w1, w2, wi2; 04, Bi) = ywowa — Cowiwiz — Biwow; + fawawiz =0, 3.1

where the arguments wg, wy, wy, wi; are associated with vertices of a quadrilateral. Interpreting these
as points on a lattice with directions / and m, we assume wo = Wy u, Wi = Wi41,m, W2 = W[ m+1, and
W12 = Wi4+1 m+1, as shown in Figure 3.1.
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23 2123

WEm+1 Vit Lmt] w3 wi3

By N wp
B> "
oy, o By

wi2

Wlm Wi+1m wo ay,a Wi

Fig. 3.1 Quad equation and CAC

Note that o; and fB;, i = 1,2 are parameters, which may also depend on / and m. We assume
that the parameters (a;, ) and (Bi,B2) correspond to the / and m directions respectively on the
lattice and embed this equation in a cube with a third direction associated with parameters (1, %),
see Figure 3.1 cf. [47].

It is easy to check that if we put the equation with respective associated parameters on each face
of the cube and initial values are given at vertices wg, w, wp, w3, we obtain the same value of wys3
from the three possible ways of computing it [3, 24]. This property is called consistency around a
cube, or CAC.

The Lax pair of the lattice mKdV equation is well known [24]. In Appendix A,
we provide a derivation of the following Lax pair whose compatibility condition, namely
M(W] , W12, 13] ,ﬁg,x)L(Wo, w1, 0, OCQ,)C) = L(Wz, w1z, 0, OCz,x)M(W(),Wz, B] , ﬁz,x) is the multi-
parametric equation (3.1):

__ ogwo ll
L(W05W17a17a27x) = ;;l _(Zzwlx ?
wo
32
_ Biwo . I (3-2)
M(W()aWZaﬁl)ﬁva) = lW2 ﬁzwzx ’
2 T Twy

where we consider /; and /; as constants and x as a spectral variable.

3.1. qPyy hierarchy

In this section, suppose n > 2 is a given, fixed integer. We will derive the gPy hierarchy by using
the (n, 1)-reduction of equation (3.1) i.e., by imposing w; ,, = Wy, m+1 and taking u; = w; ,, where
i=1—nm]37,41].

Figure 3.2 represents this reduction with associated parameters, which are different on each
edge. Consider the last edge on the horizontal line in this figure, which joins u;, to u,+;. We assume
that the corresponding parameters are given by (q0,1,¢0% 2). This can be seen as a non-autonomous
reduction of the general mKdV.

On the quadrilateral on the right of Figure 3.2, we have the equation Q(uy,u,r1, uo,ur;
q0.1,9%2,P1,B2) = 0, which is given by

qOl, 1 Unttoy — GO 2 1U1 — Pritpltng1 + Pououy = 0.
We can solve for u,, | from this equation to find the shift map

S: (uo,ul,...,un_l,un;ao,,‘,. --;O‘n—l,i)

(3.3)
— (ulal’tZa vy Un  Un 150 gy ey an,Ll',an,i)
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u 4. uy

' I

|

|
Bi Bi

|

® ® L ~- - —— & — — — -4
up 0 u o ) 00 u3 Un—1 o,y ; U gop;  Untl

Fig. 3.2 The (n, 1)-reduction of mKdV associated with the ¢Pyj hierarchy.

where i = 1,2 and

_uo (q0o,1un + Bouy)
Upr1 = .
qop2u1 + Pruy

Lethj=uji1/ujfor j=0,1,2,...,n— 1, then we obtain the map

T: <h07h17'"7hn—17a0,i7"'7an—1,i)
- 3.4
— (hl)hZ)'"7hn—1)T(hn—1)7a17i7‘"7an—17i7qa0,i))

where

~ = qoghihy .. by + B2
T(hy_1):=h,_1 = : . 3.5)
(hn-1) 1= by hohi ... hy—1(q002 + Bihihy ... by 1)
We note that the map (3.4) with (3.5) is a general version of the gPyy hierarchy given in Theorem 1.1.
Now we will construct the Lax pair for the map (3.4) from the reduction described in Figure 3.2.
We start by constructing a monodromy matrix associated with the (n, 1)-reduction (see [41]). Walk-

ing along the vertices labelled by up in Figure 3.2, we have steps taken along horizontal edges,

which are represented by L, and one step up in the vertical, which is represented by M, leading to
the composition:

L = (M(up,u0,B1, B2, x) )L(tn—1,tn, On—11,0—12,%)L(tp—2,upn—1,0,-21,0-22,X)

(3.6)
----- L(u1,u2, 00,1, 01 2,%)L(uo, u1, oo, 1, % 2,%).
This matrix .Z is called a monodromy matrix.
Applying the deformation 7 on . we have
T(L) = (M(upg1,u1, Br, B2o%) ) L(thn, 41,4001, 9002, %)Lttt , U, On_1 1, 012, ) 37)

----- L(uz,u3,00,1,002,x)L(u1,u2, &1 1,0 2,%).
The Lax pair for the quad-equation Q(uy, ty+1,u0,u1,900,1,9% 2, B1,B2) = 0 is given by

M(un+1,u1,ﬁ1,ﬁ2,x)L(un, un+1,q%71,qao,2,x)
- L(”Ov ulvqa(),lvanva)M(un? MO)ﬁl ) ﬁ27x)'
Substitute this in equation (3.7), we get

T(ZL) = L(uo,u1,q0% 1,40 2,%X)M(tty, g, Bt B, X)Lty 1,y Op—1. 1, 01 2, %)

----- L(uz,u3,001,002,X)L(uy,uz, 01 1,0 2,X),

(uo,u1,q00.1,q00.2,%)-L (L(ug,uy, 0.1, 0602,%)) ",

(g, 1, 0.1, 00 2,Gx).L (L(u, u1, 0t 1,00.2,%x)) ',

=L
=L
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where we have used L(o;, gx) = L(q04,x).
Thus, we get

T(X)L(MO,MM aO,lv(XO,Zax> = L(”Oaulaao,ly a0,27qx)$'

Letting A = . and B = L(ug,u1, 0,1, 00 2,x), we obtain a Lax pair of gPy hierarchy.

Taking the parameters as the following
[))1 = ibn/l, Bz = ibnl, o1 = l'bl)L, and 0o = ibl//l,

where [ =0,1,...,n—1, and b, = g, we obtain the hierarchy of gPy; given by (1.8).

3.2. qPuy hierarchy

(3.8)

First of all, we notice that the deformation operator of gPyy (f) is a two-fold composition of the
deformation operator of gPy (T), (i.e. T = T?). Hence, we use the same methods with one extra

iteration of the reduction and the corresponding Lax matrices L and M.

We consider the hierarchy of gPyy starting with (n, 1)-reduction, and it can be described by the

following Figure:

uy (9%.i up  qay; I

T T

1 1
Bi B I'g

1
Qi (250 Op—1,i q%.i - qo.i -
—_——— —————ep = = — _— -

ug up i u u3 Up—1 Uy Unp41 Un+2

Fig. 3.3 The (n,1)-reduction of mKdV associated with the gPyy; hierarchy.

On the quadrilateral on the right of Figure 3.3, we have the following equations

Q(unv unJrl»anul;an,iaBi) = Oa
O(upg1,Uns2,u1,u2;904 4, Bi) =0,
which are given by
GO0, 1Unlty — GO0 2Unt 111 — Brityttyy1 + Bouour =0,
qOU 1 Up 111 — GO Up2U2 — Britps1Unio + Pouguy = 0.

We can solve for u,+| and u, 1, from these two equations to find the map

(3.9)
(3.10)

(I/[O, ULy .oy Up—1,Un; a07i7 al,ia AR anfhi)
> (U2, U3, ooy Uy 1, U 23004, OB oy Oy 1,4, GO0 i, GO ).
Similar to the hierarchy of ¢Py, we define h; = % where j =0,1,2,...,n — 1. Taking parameters
J

as (3.8), where b, = ¢, then we obtain the map

T\ : (h07h17 "'7hn727hn71;b07b17 e 7bn727bn717bn)
— (h2yh3) ceey f(hn*Z)a ?(hnfl);b27b37 cee aqb07qb17bn)7
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where
. . A (boTT=} hi+1
T(hnfz) = hn72 = n—l( =l ln_l ) ;
[T:20 hi(bo + 1T, i) (3.12)
_ A A2(bihy 2 T1}, hi+ 1)
T(hnfl) =hy_1 = % n—1 ~ n—1 :
hn,2 Hi:l hi(bl +hn72 Hizz hi)

We note that the map (3.11) with (3.12) is the gPyyy hierarchy given in Theorem 1.1.
Now as in the gPyy hierarchy, we will construct the Lax pair for the map (3.11) from the reduction

described in Figure 3.3. Similarly, the monodromy matrix associated with the (n, 1)-reduction is
given by

& = M(up, uo, Br, B, X)Ltn—1, tn, 01,1, On—12,X) Lthn—2, tp—1, Cp—21, 02,2, X) (3.13)
L(up,up, 001,00 2,%)L(uo,ur, 0to,1, %2, x). '

Applying the deformation 7 on % we have

<g> == M<un+27u27ﬁ17B27x)L<un+17un+27qa1,1 7qa1,27-x>L(ul’la Up+1 7qa0,17qa0.,27x) (3 14)

T
L(u3,u4,031,032,x)L(uz,u3,00,1,002,X).

The Lax pairs for the quad-equations

Q(unyun—Haanul;an,laan,%ﬁl:ﬁl) = 07

and
O(Uny1,Uny2,u1,U2;q00,1,90 2,1, B2) =0,
satisfy
M (uni1,ur, Br, B, %)Lt tn 41,900,190 2, X) (3.15)
= L(uo,u1,900,1,9002,%)M(un, uo, B1, B2, %),
and

M(upi2,u2, B, Bo, X)Litpi1, Upi2,q00 1,900 2,X) (3.16)
=L(uj,uz,q0.1,904 2,)M(ups1,u1, Br, B2,x). .
Using (3.16) and (3.15) in equation (3.14), we get
T(Z) = L(u1,u2,q04 1,90 2,X)M(tns 1,11, Br, Bo, X)Lt thn 1,4 000.1, 00 2, X)
''''' L(u3,u4,03,1,032,x)L(uz,u3,00,1,002,x),

= L(u1,u2,q04,1,904 2,X)L(uo,u1,q00,1,900,2,X)M(utn, uo, B1, B2, X)
L(up—1,un, Op—1.1,00-12,X).... L(uz,u3, 00 1, 0 2,%)

B -
- L(l/ll,MZ,C](XLI,Q(XLZ,X)L(MO, Ml7qa0,lvqa0,27x)$(L(M07M17O(O,laOCO,Zax))

(L(u1,uz, al,lﬁalaz’x))_l’
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where we have used L(o;, gx) = L(q04,x).
Thus, we obtain

T\(X)L(ubu% al,l 5 (1172,)6)14(140, ur, ao,l ; (XO,Q,X) =
L(ui,uz, 001,01 2,9x)L(ug, u1, 0,1, 0t 2,9x).ZL -

If wetake A =%, B=L(uj,u, 041,04 2,x)L(ug, u1, 0 1, 0%,1,x), we have the Lax pair of gPy
hierarchy.

Remark 3.1. The entries (1,2) and (2,1) of matrix A, which we choose to be 1 and —1 in the
matrices, can be replaced with any constants and the compatibility condition still holds.

4. Biacklund Transformations of the hierarchies

One of the interpretations of CAC property is a connection with Béacklund transformations. The
CAC property can be regarded as a Bicklund transformation between a top and a bottom equation
in a cube [5]. It can be described as follows.

We consider the following quad-equation which is CAC

O(ug,uy,up,up; 0, ) =0. “4.1)

We then embed this equation (4.1) in the third direction associated with variables v and lattice
parameters ¥, this parameter will be a Backlund transformation parameter (see Figure 3.1 where ws
is replaced with v). A Bécklund transformation between two equations which are depicted by the
top and bottom faces in the cube is given by

Q(u0>u1>v0avl;a7'y> = O,
O(uo, u2,v0,v2;B,7) = 0.

We note that this is an auto-Béicklund transformation as the top and bottom equations are the same.

In this section, we use the Bicklund transformation of the lattice mKdV to derive the Bicklund
transformation for the ¢gPy; and gPyy hierarchies. Moreover, we give a few examples of some rational
solutions for second and fourth order.

4.1. Bicklund transformation of the qPyy hierarchy

To find a Bicklund transformation for the gPy; hierarchy, we embed the (n, 1) periodic reduction in
three dimensions with a slight modification. A third direction in the Z x Z x Z lattice is associated
with parameters 7;,7% and variables v;’s. Instead of imposing the (n,1) periodic reduction for the
v’s variables, we use a twist reduction vy, 11 = vy n/d cf. [8]. This is because we want to create
a Bécklund transformation between two equations with different parameters. Parameters along the
staircase of the v variables are as the same as the ones we use for the u variables. For example the
(2,1)- reduction in three dimension corresponding to the first member in the gPyy hierarchy can be
described in Figure 4.1.

We now illustrate a method of finding a Béacklund transformation for the gPyy hierarchy by using
the base case gPy; which is associated with n = 2.
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Vo/d V1 /d
Vo Vi v/ V3
1
l
Yi o 1
uj
Bi
uo O, i up Oy Uz q0p,;i us

Fig. 4.1 Bicklund transformation for gPry.

The twisted reduction for variables v’s gives the top shaded equation which is given by

0 (va,v3,vo/d,v1/d;q0 1,400, B1, B2) = gt 1vavo/d — q0lo.2v3v1 /d — Bivavs + Bavovy /d* = 0.
4.2)
This gives us a shift map

Sy 1 (vo,vi,va, 0 i, 01 i, Bi) — (vi,v2,v3, @1 ,q00 , Bi), with i=1,2, 4.3)

where v3 can be solved from (4.2).
As we discussed above, a Bicklund transformation can be inherited from CAC. Thus, a
Bicklund transformation between the shaded equations in Figure (4.1) is the following system

Q(uo,u1,vo,v1;0.1,002,%1,%) =0,
Q(Ml,uz,vl,VZ;a171,a172,'}/1,'}/2) :Oa (44)
Q(uz,uo,v2,vo/d; 1, B2, 1,7%) =0.

We consider this system as the system of variables vg,v;,v,. By writing v, and vy in terms of vy,
we obtain a quadratic equation in vy which leads to non-rational solutions in general. However, if
we take p» = 0 then system (4.4) becomes a linear system and it can be solved uniquely with the
following solution

Vo = 1id (0200 sutgur + 0o 2 Brugun + iy 1 Brugur)
(dag, 10,11 — 020 232) uo
11 (da, o pugun +d o 1 Bruyus + o 2 Bououy )
(daw, 101,11 — 200 232) uy
N (da,1 04 1ugua + Ot 2 oy uz + 0ty 1 Baugey)
uy (dap, 10,1 B1 — 20 232) '

This defines the Biacklund transformation BT : (ug,u;,uz) — (vo, v, v2). We note that the Bicklund
transformation should be compatible with the shift map S, and S, i.e. we have

)

V) =

)

V) =

S,oBT =BT oS.

This implies d = ¢g. Similar to the gPyy equation, we introduce g; = V’v—fl for i = 0,1. Using the
parameters given in (3.8), we obtain the equation

A2(boggi+1)
g181 = —————=, where by=t. 4.5)
= qg1(bo+qzg)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
466



H. Alrashdi et al. / Hierarchies of q-discrete Painlevé equations

This suggests that we introduce H; = gg; for i =0, 1, 2, in which case equation (4.5) can be written
as
@A (tH; +1)

HH =
121 H1(1+H1)

Therefore, H; satisfies gP, with parameter lzqz instead of A2. Hence, the transformation from #;
to H;, where h; = u;y1/u;, and i = 0, 1,2, defines the Bécklund transformation for ¢Py. Thus, we

can write the Bicklund transformation of qPEI2 ) as

b sz 1/2(q1/2 22 h1+q1/2 A2 +hy bl)
1T hi (q"? by +1 by +1) ’

by taking by = g1, (4.6)

where Hy = H(t),hy = hi(¢) and iy = hi(g"/?r). This is equivalent to the known Bicklund trans-
formation for gPy [27].

We can see that this transformation produces a solution, H of gPy; with parameter A?¢> from a
solution, / corresponding to A2.

Proposition 4.1. The simplest rational solution (seed solution) of the qPy and qPry hierarchies,
equations (1.8) and (1.11), respectively is

h=+1, 1=01,...n, and A==+l. 4.7)

This can be checked by substituting the above values into (1.8) and (1.11), respectively. Apply-
ing the Bécklund transformation (equation (4.6)) repeatedly on the seed solution will give us an
infinite number of solutions of equation (2.1) for A2 — ¢?A2. In the next few examples we will
use the notation /(t; A?) to refer to a solution of equation corresponding to A2,

(2)

Example 4.1. Let us look at few examples of rational solutions of gP};”. Starting with A2 =1, we
have

h](t;l)ZI,
i (t;p*) = pl;(;o(gt)) ,
P*R(1)Pi(7)
) = R
)= 5P0<pr B3 0) (Ro(p0)Pa(0)Pa ) + 1Py (pr) Py (pr)Pe) + pPRo (1) P (1) Py (pr)
t; ’
w )P (0) (PR (P20 Pa(0)Pa(pt) + PRy (pr) Py (p1) Pa(t) + PR Py ()P (pr)

where p?> = g and

Py(t) =14 p+t,

R(p’t) o Po(p*t)
P(t)=1+ p3 +pt ,
” Ao 7RG
R(pt) | PRo(p’t)
Py (1) = p° + p? + pt .
“ A0 P R
We note that we can start with another seed solution #; = —1 so, we have another infinite

solution for qPElz) which was already generated in [44].
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Following the same method above, a Bicklund transformation for the n™ member of the qPu
hierarchy (Figure 3.2) is given by the system below

O(uo,u1,vo,v1,0,1,%2,%,%) =0,

O(Un—1,Un,Vn—1,Vn, Op—1.1,00-12,%1,%2) =0,
Q(un>u07vnaV0/d>ﬁ17B2a’}/17’}/2) = 0.

Taking 9, = 0, we obtain a linear system of v, vy,...,v,. We also want that this Backlund transfor-
mation is compatible with the shift map; thus d = q.

Let g; = vi+1/vi, and let the parameters be as given in (3.8). Then, we obtain a Bicklund trans-
formation of equation (1.8), which is

gih,- = N/D, (48)
where

1 IR TR AP b

N = —- —-
qA'Zn—Z -1 ];O bjAZJ—Zl—l J:;rl bj)LZJ_Zl_l qlln—z _1
- i1 - i—1 P
D 1 Tk S T k2 AP T b

— s=0""s
= qkznfz -1 E) bj)LijZiJrl JZZI bj12j72i+1 q)LGfz 1

and the following equation

A% (gbogiga .- gn-1+1)

= . (4.9)
& q8081---8n—1(98182 - .- 8&n—1+bo)

To obtain the form of qPﬂT ), we take H; = g»1g; to cancel out each g present in the above equation.

Thus, we obtain a Bicklund transformation 4; — H; of (1.8) where A2 — q% A2,
Proposition 4.2. Let h; be a solution of ng ) (equation (1.8)) with parameter A*. Then

H; = qﬁgi, where g, is given by equation (4.8), (i=0,1,2,....n)

)

2
is also a solution of qPﬁ’ , with parameter g1 A>.

Corollary 4.1. The Bicklund transformation ofqu(l4) takes hj— H; = q'/3g;, where i=0,1,2,3,4,
A2 — A2¢23 and

L4 (0224444 A2 oot o B3 o 0" 2%t o o B P4 2% I I3 12 o)
2 =

h2<q1/4 A4l ha+ 4 A b B ha+q' 4 A2t ha by ha+q'/2 A% hy 13 3 712)
(4.10)
where Hy = Hz(l‘),hz = hz(t) and izz =hy (q1/4t).
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Example 4.2. We generate the first three rational solutions of the ng ), Starting with A2 = 1, we

have

hz(l‘;l)ZI,
1/3P 2
s, _ p'PP(p
el ) =20,

o PP (P00 +0(p1) +P°Qp) + PP P() + p°Q(pY))

hy(t:p3) =
() P(p1) (1) + p0(pr) + pO0(p1) + PP(p*)P(1) + PPO(p*1))

where p* = g and
P(t)=1+p+p*+p’+t,
O(t) = P(t)P(pr).

4.2. Bdcklund transformation of the qPyyy hierarchy

We have the gPpyy hierarchy given by equation (1.11). We can apply the method given in Subsec-
tion 4.1 to the ¢gPyy hierarchy because Figure 3.3 is the same as Figure 3.2 with the square on the
right extended one step. Hence, we can deduce the Bécklund transformation of the gPyy hierarchy.

Proposition 4.3. Let h; be a solution of qPI(InI) (equation (1.11)) with parameter A*. Then
1
Hi:qmgh (i:071727"'7n)7

2
is also a solution of qPﬁ?, with parameter g1 A% where

gi= %%; i=1,....n—1, 4.11)
i i
n 27 b
and
Noo 4 (Y ISR | Mok | Tyl
(qAanz_l) j:]bj)’2j72n+1 ql quQL
g ISR holTiohs | maITigi2) | ho
DO_ Z ; + 3
(qkzn—z—l) ‘,-:1171/12]_2”3 g3 gboA3 boA
ST 7 v 1S A L) Y
1= a2 4 (b A2 T 22T A1 A2
j= J=i
_ i—1 _ i—1 _
D, — 1 Zl hi Tl g Z‘ WILZohs | mllisg by | holT—ohs
qlzn—z_lj:lbj/lzj—ziﬂ j:ibjlzj—2i+1 hoA3-2i A3-2i
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1 nlop T2l n2 n A [T 2
N, = J 570 s Aln—lh h nllg=0Q""s
2 (gA2n—2 1) <j_21 bjAZi=2n=1 + OE) s+7qb0 )
2T a2 « p A2l T py) 3 A3-2n
J:

This proposition provides us with the following Bécklund transformation for nglI)

hi v H;, and A% — g1 A2, (4.12)
Corollary 4.2. The Bdcklund transformation of qPEIZI) is given by

A2 p(bthi+b+qhoh)
Cho(bthi+A2bqg+qhohy)’
Hy = q(lz bth + 22 b+ hg h])

h (bth1+b+qho hl)
where Hy = Hy(t),H, = H;(t),ho = ho(t) and hy = hy(t). This system of two equations provide us
a solution of qPuy with A? — g*A>.

Hy
(4.13)

Example 4.3. We consider solutions of qP%IZI) which are given when A2 — ¢?A2. Starting with

A% =1, we have

ho(t;1) =1 and h(;1) =1,

ho(t;qz)quio((:)) and hl(t;qz)zqazolz;)rbt),

oy CRi(1)(br + Ra(1) +gR3(1)) 4y Ro()(bg’1 +¢*Ra(t) +R3(1))
ho(t:4) = S i T R T ek M M) = e o o+ R T aRa )
where

Ro(t)=bt+b+q and R(t)=bqg—+bt+q,
_ bgt*(1+b+br) q*t(1+b+bt)
a Ro(1) Ri(1)
In the next Corollary we give the explicit form of Backlund transformation for the fourth-order
of the gPr equation.

R> (l‘) and Rj (t) =

Corollary 4.3. The Bdcklund transformation of qPﬁ? is given by
_ A*bq'Pthyhzhs +AYbg? + A4 qh3hshahl + A2q" Pl + bhahah
27 gV ohy (A*bq 2 hahah® + A2bthyhahs + A2b + A2V 2h3hshoh? + hahs)
 q'3(A%bq" Pthohshs + A°bq" 2 + At q 2yl + A2bha o + h3hshah?)
hs (A*bg'Pthohshs + A%bg' /2 + A*qh3hshoh3 + A2q' 2 hahs 4 bhohoh3)

3

where Hy = Hy(t),Hs = H3(t),hy = hy(t),hs = h3(t) and ho = hy(t/p),hs = h3(t/p) with p* = q.
This system of two equations give us solutions Hy and H3 from solutions hy and h3 corresponding
1o A% — p*3A2.
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Example 4.4. Let us give a few solutions of qPﬁ‘I). For I =0,1,2, we have A2 =1, p*3 p®3, and
hz(l‘; 1) = h3(l‘; 1) = 1,

4 F()( t)

ot pd) = piFi(pt)

Fo(pt) ’

and h3(t; §):

and

hs(t;p3) =
F <pr>( 20(1) +bpMF (p1)Fi(1/p) + Q1(1))
where
Fo(t) =bp+bt+b+p*+p,
Fi(t)=1+b+p+bp+bt,
Qo(t) = Fo(t)(bpFi(t/p) + Fi(t)),
01(t) = Fo(pt)(bFi (1) + PFi (pt)).

5. Exact solution of the Lax pairs for g-discrete second and third Painlevé equations

Because the general solutions of discrete Painlevé equations are new transcendental functions, the
corresponding solutions of their associated linear problems are highly nontrivial. In this section,
we consider special g-rational solutions of the gPrr and gPry equations that exist for special values
of parameters and deduce the solutions of their respective linear problems. The results we obtain
are similar to those in [20, 31], where rational solutions of gPy; and ¢Pyyy and their associated linear
problem were studied. In the latter paper, the monodromy matrix A was shown to be a product of
diagonal matrices and we show that this is also true for the gPy; hierarchy as well as the hierarchies
of gPyr. The main results of this section are stated in Propositions 5.1 and 5.2.
We use the notation I';(1 — z) to denote the product
1 - 1

r,(1-2) = e :,Eo(l—qkz)’ (5.1)

to be consistent with the terminology used in [31]. Note that this convention differs from the defini-
tion of I';(z) in [11, Chapter 5].

The ¢Py hierarchy equation (1.8) is solved by (4.7), and this allows its linear system to be
diagonalized by a constant matrix. Hence, we can solve it in terms of g-Gamma functions.

Proposition 5.1. Suppose h; are solutions of the qPy hierarchy given by Proposition 4.1. When
B and 7 are as given in (1.6) and (1.7), respectively, there exists a solution ®(x,t) of Lax pair
(1.1a,1.1b) given by

co(—i)H DA, (1 —bjx)
i=0

1 —1
B(x.1) = ( ) . ,
i cli“("H)JrﬁHFq(l +bx)

J=0
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Inx

— 1
where L = g B = %, b=t by=gqnt (l=1,....n—1), b, = q and cy and c| are constants.

Proof. Substituting the special solution (4.7) (take A = —1) into the Lax pair (1.1a) and (1.1b),
where A is given in (1.3), and B is given in (1.6) gives

D(gx,t) = A P(x,1), (5.2)
T(@(x,1)) = B B(x,1), (53)

" (ib,_ix 1 ibox 1
A= " B )
]IJ) < -1 ibnjx> ’ (—1 ibox)

We denote the solution matrix of (5.2) and (5.3) as ®(x,t) = <‘£1> )
2

We now diagonalise both A and B with constant matrix P = (i _11> By taking ®(x,7) =

where

PW¥(x,1) we obtain
W(gx,t) =P AP ¥(x,1). (5.4)

where

(—i)”“f[(l — bx) 0
=0

PIAP = Y
0 in+1H(1 +b1x)
1=0
u(x,r) : . . (o (Co(t)u(x,t)
Let <v(x,t)> be the matrix solution of equation (5.4), i.e (%) =P <C1 ()v(x,1) where Cy(r)
and Cy(r) are constants, and
u(gx,t) = (—i)"! H(l —bix)u(x,t), (5.5a)
1=0
v(gx,t) =" T+ bx)v(x,1). (5.5b)
1=0

Equation (5.5a) is solved by writing

u(x,t) = (=) Twi(x,1) (5.6)
1=0
where u = ’ﬁlnqx and
ur(gx,t) = (1 —bix)u(x,1), for 1=0,1,...,n. (5.7)

These equations (5.7) can be solved in terms of g-Gamma function; therefore we get

u(x,t) = (—i)“<"+1>f[rq(1 — bix). (5.8)
=0
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Similarly, equation (5.5b) has a solution
n
v(x,t) = (DT, (1 +bp). (5.9)

Therefore

Colt)(—) T (1~ byv)
=0

&)
0 Cy ()i DT (1 +byx)

j=0
To find Cy(7) and C; (), we use the deformation problem
T (¥(x,t)) =P 'BP ¥(x,1), (5.10)

where

P 'BP = (_i(l ;bm i1 fbox)> '

This implies

T(u(x,1)) = —i(1 — box)u(x,1),
T(v(x,1)) = i(1+box)v(x,1).

ninz nint

Using (5.8) and (5.9), we obtain Cy(t) = co(—i) v and Cy (1) = c1i e, where ¢p and ¢ are constants.
Therefore, we get

co(=)H R, (1 = bjx)
R
¢ eyt DR, (14 bjx)
j=0
Inx nint

where,u:mandﬁzm. O

Remark 5.1. The simplest solution of the ¢gPy; hierarchy given by Proposition 4.1 also happens to
be a solution of the gPyp hierarchy under the condition b = 1. Since the gPy and gPyyp hierarchies
share the same spectral linear problem, it follows that the solution of the linear problem given in
Proposition 5.1 is also a solution of the corresponding linear problem for the gPyy hierarchy. The
difference is only on the values of parameters b; (i =0,1,...,n), in the case of gPyy the values take:
bo=by=t,by=by1 =qut (1=2,4,6,...n—2), and b, = q.
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Proposition 5.2. When B and 7 were given in (1.9) and (1.10), respectively, and the qPyy hierarchy
equation (1.11) is solved by (4.7), there exists a solution ®(x,t) of Lax pair (1.1a, 1.1b) given by

n—1

[ R (b [T (g1 b))
D(x,1) = (i _1’> | ven :

where [L = }2—2, = 311:1‘; and cy and ¢y are constants.

6. Conclusion

In this paper, we have presented two hierarchies of Painlevé equations, one of them is a gPy hierar-
chy which is found in [21] and another is a gPyy hierarchy which is new. Each of these hierarchies
was obtained by reduction of the multi-parametric lattice mKdV equation, by using the staircase
method. The explicit forms of these hierarchies are given in equations (1.8) and (1.11), with second
members of each hierarchy provided by equations (2.8) and (2.10).

In addition to explicit construction of these hierarchies, we provided some properties which are
deduced for the first time. One of these is a method to construct Bicklund transformations for every
member of the gPy; and ¢Pyyp hierarchies. We found so-called seed solutions for each member of
these hierarchies. We then used these transformations on seed solutions to find rational solutions of
second-order and fourth-order members of the gPy; and gPyyy hierarchies. From the seed solution for
the hierarchies, we also deduced the corresponding solutions of their Lax pair; see Propositions 5.1
and 5.2.

It is noteworthy that the spectral problem in each Lax pair in each hierarchy involves a 2 x
2 coefficient matrix, A from equation (1.1a), which satisfies the conditions of non-resonance in
Birkhoff’s theory of linear g-difference equations. To our knowledge, this is the first time such
linear problems have been constructed for g-Painlevé hierarchies.

There still remain open questions. In the PDE setting, members of a hierarchy are related by
recursion operators. However, such operators are not known in the difference equation setting. We
have also not touched upon continuum limits, although there is reason to believe that the hierarchies
we have provided have well known Painlevé hierarchies as continuum limits.

Finally, we note that the construction methods in this paper also lead to other hierarchies. These
will be the subject of future publications.

A. Derivation of the Lax pair (3.2)

Here we provide how we derive the Lax pair (3.2). Using the CAC property, we obtain a Lax pair
of equation (3.1)

TN — B gy
Li(wo,wi o, a0) = (" and Mi(wo,wa,Br. ) = | 7 S V)
wi 2 wo BZ

where k| and k; are spectral parameters. Using the gauge matrix

w0-(39)
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we have a new-looking matrix

__ouwo
L(W07W17 o, O‘z) = g_] (Wl)Ll (W())WlaalaaZ)g(WO) = < k;VI _Oéwl> ) (Az)
wo
_ﬁlWO kl
M(wo, w2, B, B2) = 4 (w2)Mi(wo, w2, B1, B2)% (wo) = o B |- (A3)
2 _TO

Now we replace k; and k; in (A.2) and (A.3) with l;' and %, respectively. For simplicity, we multiply
by x, which leads to the desired results in equations 3.2.
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