King Saud University: Mathematics Department M-254

Semester I (1st Midterm Exam) 1439-1440 H
Maximum Marks=25 Time Allowed: 90 Mins.
Questions : 5+5+5+5+05)
Q1: Find the first approximation of the point of intersection of the nonlinear equations

Q2:

Q3:

Q4:

Q5:

2> +y®> = 1and 32® + 1y*> = 1 using Newton’s method, starting with the initial

approximation (zo,y0)” = (1,1)7.

The equation 1 — 2 cos(x) + cos?(z) = 0 has the root o = 0. Develop the Modified
Newton’s formula for computing this root, then use it to find the second approximation
by using the initial approximation xg = 0.5.

Show that the x-value of the intersection point (z, %) of the graphs y = 2® + 2z — 1 and
y = sinx is lying in the interval [0.5,1]. Then use Secant method to find its second
approximation, when zo = 0.5 and z; = 0.55. Also, find the intersection point.

Convert the equation 2? — 3z + 2 = 0 to the fixed-point problem

1 +x2+2
T = cx
14+c 3 ’

with ¢ a constant. Find a value of ¢ to ensure rapid convergence of the following scheme

1 2 4+ 2
n L b) >07
1+c<cx + 3 ) n >

Tnt1 =

at a« = 1. Compute the second approximation, starting with xq = 0.5.

To find approximation of root of quadratic equation az? + bx + ¢ = 0 we use the
following iterative scheme

ba? + 2cx,

7 n > 0.
c—ax?

Tnt1 =

Show that this iterative scheme is atleast quadratic if ¢ # 0 and az? # ¢ at a root a.
Use this iterative scheme to find the second approximation of the positive root of the
equation 222 — 5z = 3, starting with xy = 2.5.



King Saud University: Mathematics Department M-254
Semester I (1st Midterm Exam Solution) 1439-1440 H
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Q1: Find the first approximation of the point of intersection of the nonlinear equations
2?+y®> = 1and 32® + 1y®> = 1 using Newton’s method, starting with the initial
. . T T
approximation (xg,y) = (1,1)".
Solution. We are given the nonlinear system
2 4yt =1
500 gy =1
and it gives the functions and the first partial derivatives as follows:

fl('l'?y) = $2+y2—1, flzzzxv fly:2y7

hlxy) = 322+ 3502 =1, fo, =322, fo,=v.

At the given initial approximation o = 1 and yy = 1, we get

_ ofh _ _ of _
fl(lvl) - 17 or _flm - 27 8y _fly - 27
8f1 af?
LAY = = 5o =fe =5 5 =k =1

The Jacobian matrix J and its inverse J~! at the given initial approximation can be
calculated as follows:

on o
Jor Oy 2 2 _

J = = and J_1:1< % 2).
of, o |\ 21 2N
or Oy

Substituting all these values in the formula, we get the first approximation as follows:

()= G 2 () - ()



Q2: The equation 1 — 2cos(z) + cos?(x) = 0 has the root a = 0. Develop the Modified
Newton’s formula for computing this root, then use it to find the second approximation
by using the initial approximation xg = 0.5.

Solution. Since a = 0 is a root of f(z), so

f(x) = 1-=2cos(x)+ cos®(z) = (1 —cos(x))?, f(0) = 0,
Ple) = 2sin(@)(1 - cos(x)), ro) = o,
f"(x) = 2sin®(z) — 2cos?(x) + 2 cos(w), f7©) = o0,
f"(x) = 4sin(2z) — 2sin(z), f70) = 0,
f@(z) = 8cos(2z) — 2cos(z), f@0) = 6#0,
the function has zero of multiplicity 4. Using modified Newton’s iterative formula,
we get
_ 2
e ) (o)
f(zn) 2sin(z,)(1 — cos(z,))
Thus

2(1 — cos(z,))
sin(x,,)

Tnyl = Tn — , n > 0.

Now evaluating this at the give approximation xy = 0.5, gives

2(1 — cos(xg))
sin(xg)

1 = Ty — = —00107,

and
2(1 — cos(zy))

: = 1.0209 x 1077,
sin(zy)

To = T1 —

are the required approximations.



Q3: Show that the x-value of the intersection point (z,y) of the graphs y = 23+ 2z — 1 and
y = sinx is lying in the interval [0.5,1]. Then use Secant method to find its second
approximation, when zy = 0.5 and
x1 = 0.55. Also, find the intersection point.

Solution. Since there is an intersection, so > +2x—1 = sinx or = 234+ 2r —sinx—1 =
0. Thus we have the nonlinear function of the form

f(z) =2° 422 —sinz — 1.

Note that
f(0.5) = —0.3544 and f(1.0) = 1.1585.

Since f(x) is continuous on [0.5,1.0] and f(0.5)f(1.0) < 0, so that a x-value or root of
f(z) = 0 lies in the interval [0.5,1.0].
Applying Secant iterative formula to find the approximation of this equation, we have

(rp — py1) (22 + 22, —sinz, — 1)

> 1.
(23 4 22, —sinx, — 1) — (22 _1 + 22,1 —sinx, 1 — 1) "

Tpy1 = Tp —

Finding the second approximation using the initial approximations xq = 0.5 and
x1 = 0.55, we get

(11 — xo) (23 + 221 — sinzy — 1)

=x; — = (.6606
2= (23 + 22y —sinzy — 1) — (23 + 229 — sinzg — 1) ’

and f(z2) = £(0.6606) = 0.0473, so
o= 2y (19 — 1) (23 + 279 — sinay — 1) 0,603,

23+ 2r9 —sinay — 1) — (23 + 221 —sinz; — 1
P 1

Thus x-value of the intersection point is x = 0.6603 and intersection point
is (0.6603,0.61).



Q4: Convert the equation 2% — 3z + 2 = 0 to the fixed-point problem

1 +a:2+2
T = cx
1+c¢ 3 ’

with ¢ a constant. Find a value of ¢ to ensure rapid convergence of the following scheme

:L‘i+2>

n >0,

1
Tl =10 (Cx" Ty

at @ = 1. Compute the second approximation, starting with xq = 0.5.

Solution. Given 22 — 3z + 2 = 0 and it can be written as for any c

2 +2 2 +2
3 or z(c+1)—xc= 3

r(c—c+1) =

or 2 g
x(c—i—l):czc—l—x; :

1 2+ 2
v = cz + = g(x),

From this we have

1+c¢ 3

and it gives the iterative scheme

1 x? +2
Tp+1 = 174-0 <an + 3 > = g(xn)7 n > 0.

For guaranteed the convergence will be rapid if
/ . 2
g(1)=0, gives c= ~3

2
Thus, ¢ = ¢'(1) = ~3 Now to find two iterates we have

1 g+ 2
= — =1.25
o 1+¢ (C:CO + 3 )
1 i +2
= — = 1.0625
T T+c (cxl + 3 ) ,
the required approximations at the value of ¢ = —3



Q5: To find approximation of root of quadratic equation az? + bz 4+ ¢ = 0 we use the
following iterative scheme

ba? + 2cxy,

5 n > 0.
c—ax?

Tnt+1 =

Show that this iterative scheme is atleast quadratic if ¢ # 0 and az? # ¢ at a root a.
Use this iterative scheme to find the second approximation of the positive root of the
equation 222 — 5z = 3, starting with zo = 2.5.

Solution. Since

therefore, we have
cx — ax® = ba? + 2cx,

or
ar® + bx? + cx = 0.

Thus
z(ax® + bxr +¢) = 0.

For x # 0, we have the quadratic equation, ax? + bx + ¢ = 0.
Since
(z) br? + 2cx
r)=—"797—#——,
g ¢ — ax?

and 2e(az® 1 b )
, _ zclar® +bx +cC
g(l’) - (C—CLLL’2>2

At root «, az? + bz + ¢ is identically zero and ¢'(a) = 0 if ¢ — aa® # 0.

Finding the first two approximations of the positive root of 222 — 5z = 3 using the
initial approximation xo = 2.5 and a = 2,b = —5,¢ = —3, we use the above iterative
scheme by taking n = 0,1 as follows

bak + 2
T, = LC;UO = 2.9839,
c—azrd
and be? 42
1y = ST ZEN 5 99999,
c— ard

are the possible two approximations.



