
Solution of the midterm exam 

 

Question 1 (2+2+4): 

 

a) Find the values of λ for which the matrix [
1 0 λ
2 1 2 + λ
2 3 λ2

] is invertible. 

[
1 0 λ
2 1 2 + λ
2 3 λ2

] is invertible if and only if |
1 0 λ
2 1 2 +  λ
2 3 λ2

| ≠ 0. 

 0 ≠ |
1 0 λ
2 1 2 +  λ
2 3 λ2

|
−2𝑅12
−2𝑅13
=

|
1 0 λ
0 1 2 −  λ
0 3 λ2 − 2λ

|
−3𝑅23
=

|
1 0 λ
0 1 2 −  λ
0 0 λ2 + λ − 6

| = λ2 + λ − 6. 

So 0 ≠ λ2 + λ − 6 = ( λ − 2)(λ + 3). Hence, λ∈ℝ−{2,−3}. 
 

b) By using properties of the determinants, show that: |
a +  b +  c b a
d +  e +  f e d
g +  h +  i h g

| = |
 c b a
f e d
 i h g

|. 

|
a +  b +  c b a
d +  e +  f e d
g +  h +  i h g

| = |
 a b a
d e d
 g h g

| + |
 b b a
e e d
h h g

| + |
 c b a
f e d
 i h g

| = 0 + 0 + |
 c b a
f e d
 i h g

| 

 

c) Let A= [
2 − 1 0
1 − 2 1
1 − 1 0

]. Find adj(A) and A-1
. 

adj(A) = C
T
 = [

1 1 1
0  0 1
−1 −2 −3

]

𝑇

= [
1 0 −1
1 0 −2
1  1 −3

]. Det(A) = (−1)|
2 −1
1 −1

| = (−1)(−1) = 1. 

A
-1

=
1

|𝐴|
𝑎𝑑𝑗(𝐴) = 𝑎𝑑𝑗(𝐴). 

 

 

 

Question 2 (2+4+3): 
 

a) Let 𝑨 = [
1 1 1
1 0 3
2 1 3

] and 𝑩 = [

α
β
γ
]. Show that the linear system AX = B has a unique solution for any 

fixed α, β, γ ∈ ℝ. 

Since |𝑨|= |
1 1 1
1 0 3
2 1 3

|
−𝑅12
=

−2𝑅13
|
1 1 1
0 −1 2
0 −1 1

| =1≠𝟎, 𝑨-1
 exists. So, the linear system has the unique 

solution X= 𝑨-1𝑩 = 𝑨-1[

α
β
γ
] for any fixed α, 𝜷, γ ∈ ℝ. 

 

b) Solve the following system of linear equations by using the Cramer’s rule: 

𝒙 − 𝒚 + 𝒛 = 𝟎 

𝒙 + 𝒚 + 𝒛 = 𝟐 

𝒙 + 𝟐𝒚 + 𝟒𝒛 = 𝟑. 

|𝑨|=|
1 −1 1
1 1 1
1 2 4

|=𝟔, |𝑨𝒙|=|
0 −1 1
2 1 1
3 2 4

|= 𝟔, |𝑨y|=|
1 0 1
1 2 1
1 3 4

|= 𝟔 and |𝑨z|=|
1 −1 0
1 1 2
1 2 3

|=𝟎.  

Hence, 𝒙 =
|A𝑥|

|A|
=
𝟔

𝟔
= 𝟏, 𝒚 =

|A𝑦|

|A|
=
𝟔

𝟔
= 𝟏 and 𝒛 =

|A𝑧|

|A|
=
𝟎

𝟔
= 𝟎. 

 
c) Use any of the elimination methods to show that the following system of linear equations is 

inconsistent: 



−𝒙 + 𝟐𝒚 − 𝟓𝒛 = 𝟑 

𝒙 − 𝟑𝒚 + 𝒛 = 𝟒 

𝟓𝒙 − 𝟏𝟑𝒚 + 𝟏𝟑𝒛 = 𝟖. 

Since 

[
−1 2 −5
1 −3 1
5 −13 13

|
3
4
8
]
𝑅12
→ [

1 −3 1
−1 2 −5
5 −13 13

|
4
3
8
]
1𝑅12
→

−5𝑅13

[
1 −3 1
0 −1 −4
0 2 8

|
4
7
−12

]
−𝑅2
→  [

1 −3 1
0 1 4
0 2 8

|
4
−7
−12

]

−2𝑅23
→   [

1 −3 1
0 1 4
0 0 0

|
4
−7
2
] 

The last row gives us the equation 0𝑥 + 0𝑦 + 0𝑧 = 2 which is impossible. Hence, the system is 

inconsistent. 

 

  

Question 3 (3+5+5): 
 

a) Let {𝒗𝟏,𝒗𝟐,𝒗𝟑} be a linearly independent subset of vector space V. Show that the subset {𝒘𝟏,𝒘𝟐,𝒘𝟑} 

is linearly independent in V, where 𝒘𝟏 = 𝒗𝟏 + 𝟐𝒗𝟑, 𝒘𝟐 = 𝒗𝟏 + 𝒗𝟐 + 𝒗𝟑 and 𝒘𝟑 = 𝒗𝟐 + 𝒗𝟑. 
Let 0 = 𝜶𝟏𝒘𝟏 + 𝜶𝟐𝒘𝟐 + 𝜶𝟑𝒘𝟑 = 𝜶𝟏(𝒗𝟏 + 𝟐𝒗𝟑) + 𝜶𝟐(𝒗𝟏 + 𝒗𝟐 + 𝒗𝟑) + 𝜶𝟑(𝒗𝟐 + 𝒗𝟑) 
= (𝜶𝟏 + 𝜶𝟐)𝒗𝟏 + (𝜶𝟐 + 𝜶𝟑)𝒗𝟐 + (𝟐𝜶𝟏 + 𝜶𝟐 + 𝜶𝟑)𝒗𝟑.   
By the linear independence of {𝒗𝟏,𝒗𝟐,𝒗𝟑}, we get 𝜶𝟏 + 𝜶𝟐 = 𝟎, 𝜶𝟐 + 𝜶𝟑 = 𝟎 and 𝟐𝜶𝟏 + 𝜶𝟐 + 𝜶𝟑 = 𝟎. 

Hence,  

𝜶𝟏 + 𝜶𝟐 = 𝟎 

𝜶𝟐 + 𝜶𝟑 = 𝟎 

𝟐𝜶𝟏 + 𝜶𝟐 + 𝜶𝟑 = 𝟎 

Since the determinant of the coefficient matrix is 

|
1 1 0
0 1 1
2 1 1

| = 2(1 − 0) = 2 ≠ 0 

So 𝜶𝟏 = 𝜶𝟐 = 𝜶𝟑 = 𝟎 and {𝒘𝟏,𝒘𝟐,𝒘𝟑} is linearly independent in V. 

 

b) Show that 𝑭 = {(𝒙, 𝒚, 𝒛) ∈ ℝ3
| 𝒚 − 𝒛 = 𝟎, 𝒚 + 𝒛 = 𝟎} is a vector subspace of Euclidean space ℝ3

. 

Then find a basis and dimension of 𝑭. 

(𝑥, 𝑦, 𝑧) ∈ 𝐹 ⟺ y − z = 0 and y + z = 0 ⟺ y = z = 0 ⟺ (𝑥, 𝑦, 𝑧) = (𝑥, 0,0) = 𝑥(1,0,0).  

So, 𝑭 = 𝒔𝒑𝒂𝒏({(1,0,0)}); which is a vector subspace of ℝ3.  

Hence, {(1,0,0)} is a basis of F (a nonzero vector, so it is linearly independent)  and so dim(𝐹) = 1.  

Another way to prove that F is a vector subspace of ℝ3: For every u=(u1,u2,u3),v=(v1,v2,v3)∈F and k∈ℝ, 

we have: 

1) F is not empty since (0,0,0) belongs to it (0−0=0 and 0+0=0). 

2) u + v = (u1 + v1,u2 + v2,u3 + v3). Now, 

(u2 + v2) + (u3 + v3) = (u2 + u3) + (v2 + v3) = 0 + 0 = 0,  

(u2 + v2) − (u3 + v3) = (u2 − u3) + (v2 − v3) = 0 + 0 = 0, 

So u + v ∈ F. 

3) ku = (ku1,ku2,ku3). Now,  

ku2+ ku3 = k(u2 + u3) = k(0) = 0, 

ku2− ku3 = k(u2 − u3) = k(0) = 0, 

So ku ∈ F. 

1), 2) & 3) ⇒ F is a vector subspace of ℝ3. 

 

c) Show that 𝑩 ≔ {𝒕𝟐 + 𝟐, −𝒕 + 𝟏, 𝟐𝒕 − 𝟏} is a basis of the real vector space 𝑷𝟐(𝒕) of all polynomials 

in real variable 𝒕 having degree ≤ 𝟐. Then find the coordinate vector of the polynomial 𝒕𝟐 + 𝟑𝒕 + 𝟑 with 

respect to the basis 𝑩. 

Firstly, we know that {𝒕𝟐, 𝒕, 𝟏} is another basis of 𝑷𝟐(𝒕).  
If 𝟎 = 𝛂(𝒕𝟐 + 𝟐)+𝛃(−𝒕 + 𝟏)+𝛄(𝟐𝒕 − 𝟏) = 𝛂𝒕𝟐 + (𝟐𝛄 − 𝛃)𝐭 + 𝟐𝛂 + 𝛃 – 𝛄, then 

𝛂 =0 

𝟐𝛄 – 𝛃=0 

𝟐𝛂 + 𝛃 – 𝛄=0 

and hence 



[
1 0 0
0 −1 2
2 1 −1

|
0
0
0
]
−2𝑅12
→   [

1 0 0
0 −1 2
0 1 −1

|
0
0
0
]
1𝑅23
→  [

1 0 0
0 −1 2
0 0 1

|
0
0
0
]
−𝑅2
→  [

1 0 0
0 1 −2
0 0 1

|
0
0
0
]
2𝑅32
→  [

1 0 0
0 1 0
0 0 1

|
0
0
0
] 

which gives us  𝛂 = 𝛃 = 𝛄 = 𝟎. So, the set 𝑩 is linearly independent in the vector space 𝑷𝟐(𝒕). 
However, 𝐝𝐢𝐦(𝑷𝟐(𝒕)) =𝟑. So, 𝑩 is a basis of 𝑷𝟐(𝒕).  
Now, if 𝒕𝟐 + 𝟑𝒕 + 𝟑 = 𝛂(𝒕𝟐 + 𝟐)+𝛃(−𝒕 + 𝟏)+𝛄(𝟐𝒕 − 𝟏) = 𝛂𝒕𝟐 + (𝟐𝛄 − 𝛃)𝐭 + 𝟐𝛂 + 𝛃 − 𝛄, then 

[
1 0 0
0 −1 2
2 1 −1

|
1
3
3
]
−2𝑅12
→   [

1 0 0
0 −1 2
0 1 −1

|
1
3
1
]
1𝑅23
→  [

1 0 0
0 −1 2
0 0 1

|
1
3
4
]
−𝑅2
→  [

1 0 0
0 1 −2
0 0 1

|
1
−3
4
]
2𝑅32
→  [

1 0 0
0 1 0
0 0 1

|
1
5
4
] 

So 𝛂 = 𝟏, 𝛃 = 𝟓 and 𝛄 = 𝟒. Hence, [𝒕𝟐 + 𝟑𝒕 + 𝟑 ]𝑩 = [
𝟏
𝟓
𝟒
]. 

 

 

 

 


