Solution of the midterm exam

Question 1 (2+2+4):

1 0 A
a) Find the values of A for which the matrix [2 1 2+ A|isinvertible.
2 3 A2
1 0 A 1 0 A
[2 1 2+ A|isinvertibleifandonlyif|2 1 2 + A|#0.
2 3 A2 2 3 A2
10 A& |-2R,|1 0 A |_gp |10 A
0#(2 1 2+ A —2R,[0 1 2—2f %0 1 2-21 |=2+1r-6
2 3 A2 = 10 3 A2-2x 0 0 A2+2—-6
S00#2A2+A—6=(A—2)(A+ 3).Hence, \eR—{2,—3}.
a+b+c b a c b a
b) By using properties of the determinants, show that: [d + e + f e d[=[f e d|.
g+h+i h g i h g
a+b+c b al |a al |b b a c b a c b a
d+e+f e di=|d e dl+|e e d|+|f e d[=0+0+(f e d
g+h+i h g g h g h h g i h g i h g
2 —1 0]
c) LetA=|1 —2 1| Findadj(A)andA™
1 -1 0.
1 1 117 1 0 -1 S
adj(A)=C"=|0 0 1] =[1 0 —z.Det(A):(—1)|1 1|:(—1)(—1):1.
-1 -2 -3 1 1 -3 B

A'=1adj(A) = adj(4).

4|

Question 2 (2+4+3):

1 1 1 o
a)LetA=|1 0 3|and B =|B|. Show that the linear system AX = B has a unique solution for any
12 1 3 Y
fixed a, B,y € R.
1 1 1] =R, |1 1 1
Since|Al=|1 0 3| = |0 —1 2|=1#0, A" exists. So, the linear system has the unique
2 1 3 _§R13 0 -1 1

solution X= A™B = A™|B| for any fixed a, B, y € R.
Y

b) Solve the following system of linear equations by using the Cramer’s rule:
x—-y+z=0
x+ty+z=2

x+2y+4z=3.

1 -1 1 0 -1 1 1 0 1 1 -1 0
A=|1 1 1[=6,|Ax=[2 1 1|=6,|4)=[1 2 1|=6and|4A/|=[1 1 2|=0.
1 2 4 3 2 4 1 3 4 1 2 3
Hence,x:M=9=1,y=M=9=1andz=@=9=0.

[A] 6 [A] 6 |A] 6

¢) Use any of the elimination methods to show that the following system of linear equations is
inconsistent:



-x+2y-5z=3
x—3y+z=4
5x-13y +13z=38.

Since
-1 2 —5]3 1 -3 1141 1R, [1 -3 1 4 1_ 1 -3 1| 4
Ri2 Rz
[1 -3 1 4l—>[—1 2 —5(3 - 0o -1 —4 7l—>[0 1 4 —7]
5 —-13 1318 5 —13 13181 —5Ri31l0 2 8 1-12 0 2 8l1-12
or 1 -3 1| 4
23
— |10 1 4|-7
0 0 0l 2

The last row gives us the equation 0x + 0y + 0z = 2 which is impossible. Hence, the system is
inconsistent.

Question 3 (3+5+5):

a) Let {v1,v2,v3} be a linearly independent subset of vector space V. Show that the subset {w1,w2,w3}
is linearly independent in V, where wy = v + 2v3, w2 = v1 + v2 + v3 and wz = v2 + v3.
Let 0 = a1w1 + azw2 + azws = a1(171 + 2173) + az(‘lh + v+ 173) + l,l3(172 + 173)
= (a1 + az)v1 + (az + a3)172 + (2“1 +az+ a3)173.
By the linear independence of {v1,v2,v3}, weget a1 + a2 =0, a2z + a3 =0and 2a1 + az + a3 = 0.
Hence,

a1+az=0

a+az3=0

21+t az+az3=0

Since the determinant of the coefficient matrix is

110
0 1 1/=2(1-0)=2%#0
2 1 1

S0 a1 = a2 = a3 = 0 and {wi1,w2,w3} is linearly independent in V.

b) Show that F = {(x, y, z) € R’| y — z= 0, y + z = 0} is a vector subspace of Euclidean space R®.
Then find a basis and dimension of F.
(x,y,z2)EFoy—z=0andy+z=0=y=z=0< (x, y, z) = (x, 0,0) = x(1,0,0).
So, F = span({(1,0,0)}); which is a vector subspace of R3.
Hence, {(1,0,0)} is a basis of F (a nonzero vector, so it is linearly independent) and so dim(F) = 1.
Another way to prove that F is a vector subspace of R3: For every u=(uy,U,,Us),v=(V1,V,,V3)EF and KER,
we have:
1) Fisnot empty since (0,0,0) belongs to it (0—0=0 and 0+0=0).
2) U+ V= (Up+ VU + Vo,uz+V3). Now,
(U2 + V2) + (U3+V3) = (U2 + U3) + (V2+V3) =0+0=0,
(U2 +V2) — (U3+V3) = (Uz — U3) + (VZ—V3) =0+0=0,
Sou+VvEeF.
3)  ku = (kuyg,kuy,kus). Now,
kU2+ kU3 = k(U2 + U3) = k(O) = 0,
kUz_ kU3 = k(U2 - U3) = k(O) = O,
SokueF.
1), 2) & 3) = F is a vector subspace of R3.

c) Show that B := {t2 + 2, —t + 1, 2t — 1} is a basis of the real vector space P,(t) of all polynomials
in real variable t having degree < 2. Then find the coordinate vector of the polynomial £2 + 3t + 3 with
respect to the basis B.
Firstly, we know that {t2, t, 1} is another basis of P,(t).
If0=a(t2+2)+B(-t+1)+y(2t — 1) = at? + (2y — B)t + 2a + B -y, then
o =0
2y - =0
200+ -vy=0

and hence



1 0 0]0]_,..[L 0O 0]0],, [L O 0[0] [t O 0]0 1 0 0]0
12 3 2 32

0 -1 20]—>0—1 20—>[0 -1 20]—>Io1—20]—>0100]

2 1 -1lo o 1 -1lo o o 1ol lo o 1lo0 0 0 1lo

which gives us o = =y = 0. So, the set B is linearly independent in the vector space P2(t).
However, dim(P2(t)) =3. So, B is a basis of P(t).
Now, if t2+ 3t + 3 = a(t2 + 2)+B(—t + 1)+y(2t — 1) = at2 + (2y — B)t + 2a + B — v, then

1 0 01 5 [t O O0[1] [t O O[1] o[l 0 0|17, [1 0 01
12 23 2 32

0 -1 2 3—>[o -1 2 3]—>[o -1 23l—>[0 1 -2 —3]—>[0 1 osl

2 1 -13 0o 1 -1l1 0 o a4l loo 114 00 1l4

Soa=1,B=5andy=4.Hence [tz+3t+3]B=|5|
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