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Meshless reconstruction of the support of a source

B. Bin-Mohsin! and D. Lesnic?

{Department of Mathematics, College of Science, King Saud University, Riyadh, Saudi Arabia,
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*Department of Applied Mathematics, University of Leeds, UK, amt5ld@ maths.leeds.ac.uk
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REYWor®o-

Abstract. The meshless reconstruction of the support of a three-dimensional volumetric source from a single
pair of exterior boundary Cauchy data is investigated. The underlying potential satisfying the Laplace equation
is sought as a discretised single-layer boundary integral representation but with sources relocated outside the so-
lution domain, as in the method of fundamental solutions (MES). The unknown source domain is parametrised
by the radial coordinate, as a function of the spherical angles. The resulting least-squares functional estimating
the gap between the measured and the computed data is minimized using the 1sqnonlin toolbox routine in
Matlab, Numerical results are presented and discussed for both exact and noisy data.

Introduction

In this paper, the aim is to reconstruct numerically in a stable and accurate manner the support of a volu-
metric source by employing a combined meshless technique with nonlinear optimization which have recently
been developed by the authors, [1], in two-dimensions.

We consider the inverse problem of determining the support Q3 C € C R? of an unknown volumetric
source of unit intensity in the Laplace equation

Viu=x() ingQ, (1)

where x(§22) denotes the characteristic function of the domain Q0 and u is the potential. We assume that the
domains {2 and {2, are bounded with smooth boundaries and that {3y := 2\ is connected. By defining

_Jur infy,
w= { up in (g, @
equation (1) can be rewritten as the following transmission problem:
Vu; =0 in€y, (3)
Vi =1 inQy, (4)
duy  Oug
=y, —x— = ——— onodfd 5
ul 'U'ZA 8’” 871 n 2! ( )
where n denotes the outward unit normal to the boundary.
We also prescribe one pair of Cauchy boundary data on 8§2, namely,
a
uy = f, 51;—1 =g on on. (6)

We have the following uniqueness theorem in the class of star-shaped domains, [2].
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Theorem 1. The inverse problem (3)-(6) has at most one solution §2y in the class of star-shaped domains.

The next task is to reconstruct the source domain {25 numerically. Recently, the MFS has proved, [1,3],
easy to use in detecting cavities, rigid inclusions, as well as inhomogeneities in inverse geometric problems.
In this paper, we investigate yet another application of the MFS to reconstruct the source domain 23 from the
Cauchy data (6).

In the next section we describe the MFS, as well as the nonlinear minimization proposed for reconstructing
the star-shape support of the unknown source.

The method of fundamental solutions (MFS)

Prior to applying the MFS, we need to move the right-hand side inhomogeneity in (4) to the boundary
conditions (5) and (6). For this, we decompose

up = uf + =, (N

where the homogeneous part uft satisfies
Vil =0 inQ,. )
With the superposition (7), the transmission interface conditions (5) become

T
U1~UQ+T, 5 = et on 90. 9)
On applying the MFS we approximate the solutions u; and ug‘ of the Laplace equations (3) and (8) by finite
linear combinations of fundamental solutions of the form, [4],

N M
uavm(Z) = Z ZZG%G(%‘_: &), zefy, (10)
§=1i=1 j=1
N M N
whvm(z) =YY bi;G(z,E9), zey, (1
je=1 j=1

wk}gre a = (afj =T N j=T M s=12 and b = (b ;) =T N j=T} are unknow_x-x coefficients to be determined,
(€4)i=T-N j=T77,5=1,2 are source points located outside the annular domain 02,
(€37);=T j=T7 are source points located outside the domain {2, and G is the fundamental solution of the
three-dimensional Laplace equation given by,

1

G(z,§) = Wz =g

(12)

The source points (5 9, =T j=TH & 2 are placed on a (fixed) dilated pseudo-boundary Y of similar
shape as 2. The remaining source points (f )r‘W, =T M € 2 and (f"’) =T N j=TH & Y, are placed on
contraction and dilation (moving) pseudo- boundanes o0, and 55 31m11ar to 8522 at a distance § > 0 in the
inward and outward directions, respectively.

Without loss of generality, we may assume that the domain § is the unit sphere B{0;1). We also assume
that the unknown support {2 is star-shaped with respect to the origin, i.e.

80 = {r(9,¢)(cos(e) sin(6), sin(8) sin(@), cos(4))| 0 € [0,27), 6 € [o,«)}, (13)
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where 1 is a smooth function with values in (0, 1). In this setup of particular domains §2 and §2,, the collocation
and source points are uniformly distributed, as follows:

X} = (cos(a) sin(¢;), sin(6;) sin(¢;), cos(¢;)),

iij =r(0;, ¢; ( )sin(¢;) sm(t’)ﬁsin(%),ces(@)), i=1,N,j=1M, (14)
g6t = R cos(f)sin(de),sin(Bk) sin(de) cos(ds) ), €54 = (1 - §)XE,,
= (1+0)X2,, k=1,N¢=1M, (15)

where
; =2mi/N, i=1,N, ¢;=nj/M, j=1M,

Oy = 2nk/N, k=1,N, ¢p=nt/M, £=T1M,

rji=r(0s¢;)fori=1N, j=1,M,R>1andd € (0,1).

The unknown radii vector r = (?‘i»f)izf,ﬁ,j——-ifﬁ' characterising the star-shaped support (22, together with
the unknown MFS coefficients a and b, giving the approximations of the solutions u; and wg, are simulate-
neously determined by imposing the transmission conditions (9) and the Cauchy data (6) at the collocating
points (14) in a least-squares sense. This results into minimizing the following (regularized) least-squares
nonlinear objective function:

2 ’ 2|
T(a,b,r) := ||u1 — f + g—;—fg -l = b — 1EC
L2(30) L2(80)) L2(3013)
2
du; Ok z-n : ‘
il el + A {{lall? + [bI* + lirall® + lIrgl®} (16)
L2(300,)

where A > 0 is a regularization parameter to be prescribed. In (16), g¢ is a noisy perturbation of the exact data
g given by

g (X} = +p;pgX},), i=1N,j=0M, (17

where p represents the percentage of noise and p; ; is a pseudo-random noisy variable drawn from a uniform
distribution in [~1, 1] using the MATLAB ¥ command ~1+2+rand (1, NM), and

Ir? ZZ(T”W’;‘V“), Irsl® ZZ(T"JW;;’ 1)2~ (18)

i=2 j=1 i=1 j==2

The minimization of the functional (16) is performed using the Matlab toolbox routine 1sgnonlin which
does not require the user to provide the gradient and, in addition, it offers the option of imposing lower and
upper bounds on the vector of unknowns (a, b, r).

Numerical results and discussion

In all numerical experiments, the initial guess for the unknown vectors a and b are 0, and the initial
guess for £y is a sphere centred at the origin of radius 0.7. The Matlab toolbox routine 1sgnonlin was
run iteratively until a user-specified tolerance of XT'OL = 10~ was achieved, or until when a user-specified
maximum number of iterations M AXCAL = 1000 x 4M N was reached. We have also set the simple bounds
on the variable (a,b,r) as the box [—1010 1010]2NM (1010, 1010)NM  (0,1)NM_ The choices of the
‘egularization parameter A in (16) was based on trial and error.

We consider retrieving a sphere centred at the origin of radius Ry = 0.5. That is, we seek the star-shape
ipproximation (13) for the spherical radius function

r(6,¢) = Ro =05, 6¢€0,2r), ¢€[0,m) (19)
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We then take the analytical solutions of the equations (3)-(5) and (8) to be given by

2 3

uy(r, 0, ¢) = %)— - % (r,8,¢) € {Rg, 1) x [0,27) x [0, 7), (20
3 2

wafr6) = & - % (8, 6) € (Roy 1) x [0,27) x [0, 7), Q1
2

u‘;‘(né, @) = -%—0, (r.8,.¢) € (Rp, 1) x [0,27m) x [0,7). (22)

Based on (20), the input Cauchy data (6) are given by

R2 RB

ui(l,6,0) = f(8,¢) = —g‘? - TO 6€0,2m), ¢ €[0,7), (23)
3

%%(1,9,@) = (0, ¢) = % 6 €10,2r), ¢ € [0, ), (24)

and the transmission interface conditions (9) become

2
n ((0,9),0,6) = u(r(0,8),0,0) + “22 g p0.2m), g€ fo,m) )
9 Ou b,
L (r(6,6),0,9) = 52 (r(e,@,e,@)ﬂ(g(ﬁ), 6€0,2m), ¢ € [0,m). (26)

We solve numerically the inverse problem given by equations (3), (8), (23)-(26) to retrieve the triplet solution
(r(8,¢),u1(r,0,¢),ul(r, 8, ¢)) to compare with the analytical solutions given by equations (19), (20) and
(22). Also, once ug‘ has been obtained, equation (7) yields us.

Initially, we have performed several numerical runs with various values of the input MFS parameters and,
for illustrative purposes, we have decided to show results only for a typical set of values § = 0.5, R = 2 and
N =M = 10.

We consider first the case of exact data, i.e. p = 0 in equation (17). In Figure |, we present the numericaily
reconstructed domain for various numbers of iterations for no noise and no regularization, as well as the exact
sphere. From this figure, it can be seen that even if the input data is exact, as the number of iterations increases
the numerical solution becomes more inaccurate. This is to be expected because no regularization has been
imposed yet and the inverse problem under investigation is ill-posed. In order to restore stability regularization
should be employed with a positive regularization parameter A in (16).
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Figure 1: The reconstructed source for various numbers of iterations for no noise and no regularization.

=

Figure 2 shows the higher accuracy and stabilising effect that the regularization has on the retrieved shapes
for values of A between 103 and 10~ 1.

We also perturb by a large amount of p = 10% noise the flux g, as in (17), in order to investigate the
stability of the numerical solution. The numerically obtained results with various values of the regularization
parameter A after 200 iterations are shown in Figure 3. From this figure, we observe that overall A between
1073 and 10™2 yields accurate and stable results.

i i

:l Conclusions

In this paper, an inverse geometric problem which consists of reconstructing the unknown support of a vol-
umetric source in the three-dimensional Poisson equation from a single pair of exterior boundary Cauchy data
has been investigated using the MFS. The numerical results show satisfactory reconstructions for the unknown
support with reasonable stability against inverting noisy data.
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Figure 2; The reconstructed source after 200 iterations for no noise and with regularization.
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Figure 3: The reconstructed source after 200 iterations for p = 10% noise and with regularization.



