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0.2 The Correct Price for Futures and Forwards

A future contract can be seen as a standardized forward agreement. Futures are for instance
only offered with certain maturities and contract sizes, whereas forwards are more or less
customized. However, from a mathematical point of view, futures and forwards can be con-
sidered to be identical and therefore we will only concentrate on the first in our considerations

throughout this chapter. A future contract, or simply future, is the following agreement:

Two parties enter into a contract whereby one party agrees to give the other one
an underlying asset (for example the share of a a stock) at some agreed time T’

in the future in exchange for an amount K agreed on now.

Usually K is chosen such that no cash flow, i.e. no exchange of money is necessary at the
time of the agreement. Let us assume the underlying asset was a stock then we can introduce

the following notation :

So: Price of a share of the underlying stock at time 0 (present time).
St: Price of a share of the stock at maturity 7. This value is not known at time 0 and hence
considered to be a random variable.

St — K: Value of the future contract at time 7" seen from the point of view of the buyer.

The crucial problem and the repeating theme of these notes will be questions of the

following kind:

What is the value or fair price of such a future at time 07 How should K be

chosen so that no exchange of money is necessary at time 07

Game theoretical approach: pricing by expectation
One way to look at this problem, is to consider the future contract to be a game having
the following rule: at time 7" player 1 (long position) receives from player 2 (short position)

the amount of S — K in case this amount is positive. Otherwise he has to pay player 2
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the amount of K — Sp. What is a “fair price” V for player 1 to participate in this game?
Since the amount V is due at time 0 but the possible payoff occurs at time T" we also have
to consider the time value of money or simply interest. If r is the annual rate of return,
compounded continuously, the value of the cash outflow V' paid by player 1 at time 0 will
be worth e’” -V at time 7.

Game theoretically this game is said to be fair if the expected amount of exchanged money is 0.

Theorem 0.2.1 (Kolmogorov’s strong law of large numbers).
Suppose X1, X, X3, ... are i.i.d random variables, i.e. they are all independently sampled
from the same distribution, which has mean (= expectation) u. Let S, be the arithmetical

average of X1, Xo,..., X, i.e.
1 n

Then, with probability 1, S, tends to p as n gets larger, i.e. lim, .. S, =  a.s.

Thus, if the expected amount of exchanged money is 0, and if our two players play their
game over and over again, the average amount of money exchanged per game would converge
to 0.

Since the exchanged money has the value —Ve™ + Sy — K at time T, we need:

E(-V - e+ (Sr— K)) =0,

(1) V =e " (E(Sr) — K).

Here E(S7) denotes the expected value of the random variable Sr.

Conclusion: In order to participate in the game player 1 should pay player 2 the amount
of e (E(Sr) — K) at time 0, if this amount is positive. Otherwise player 2 should pay
player 1 the amount of e="7 (K —E(S7)). Moreover, in order to make an exchange of money

unnecessary at time 0, we have to choose K = E(Sr).
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This approach seems quite reasonable. Nevertheless, there are the following two objec-

tions. The second one is fatal.

1) V depends on E(St). Or, if we choose K so that V' = 0 then K depends on E(St).
But, usually E(S7) is not known to investors. Thus, the two players can only agree to
play the game if they agree on E(Sr), at least for player 1 E(S7) should seem to be
higher than for player 2.

2) Choosing K = E(Sr) can lead to arbitrage possibilities as the following example shows.

Example: Assume E(Sr) = Sy, and choose the “game theoretically correct” value K = 5.

Thus, no exchange of money is necessary at time 0. Now an investor could proceed as follows:

At time 0 she sells short n shares of the stock, and invests the received amount (namely
nSp) into riskless bonds. In order to cover her short position at the same time she enters

into a future contract in order to buy n shares of the stock for the price at Sy = E(Sr).

At time T her bond account is worth ne"”Sy. So she can buy the n shares of the stock
for n.Sy, close the short position and end up with a profit of nSy(e™ — 1). In other words,
although there was no initial investment necessary at time 0, this strategy will lead to a
guaranteed profit of nSy(e™ — 1). This example represents a typical arbitrage opportunity.
Pricing by arbitrage

The following principle is the basic axiom for valuation of financial products. Roughly it
says : “There is no free lunch”.

In order to formulate it precisely, we make the following assumption: Investors can buy
units of assets in any denomination, i.e. # units where 6 is any real number.

Suppose that an investor can take a position (choose a certain portfolio) which has no
net costs (the sum of the prices is less than or equal to zero). Secondly, it guarantees no

losses in the future but some chance of making a profit. In this (fortunate) situation we
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say that the investor has an “arbitrage opportunity”. The principle now states that in an
efficient market, there are no arbitrage opportunities.

This is the idealized version of the real world. In reality the statement has to be rela-
tivized. In an efficient market there are no arbitrage opportunities for a longer period of
time. If an arbitrage situation opens up, investors will immediately jump on that opportu-
nity and the market forces, namely supply and demand, will regulate the price in a way so
that this “loop whole” closes after a short time period. One might say there are no major

arbitrage opportunities because everybody is looking for them.

We now use this principle to find the correct value of K.

Proposition 0.2.2 . There is exactly one arbitrage free choice for the forward price
of a future. It is given by
K= GTTSO.

Proof. We will show that any other choice leads to arbitrage.
Case 1: K < e™TS,.

At time ¢t = 0: Sell short n units of the asset, lend the received amount of nSy at an interest
rate of r and enter into a contract to buy forward n units of the asset for the price of K.
At time ¢t = T: Buy n units, and close the short position. Net gain: ne"? Sy — nK > 0.
Case 2: K > Spe'”.

At time t = 0: Borrow the amount of n.Sy, buy n units of the asset, and enter into a contract
to sell n units for the price of K at time 7.

At time ¢t = T': Sell the n units and pay off the loan. Net gain: nK — nSpe’™ > 0. U

Note that the arbitrage free choice for the forward price K is exactly the value of a riskless
bank account at time 7" in which one invested at time 0 the amount of Sy. This observation

is a special case of a more general principle which we will encounter again and again:
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We want to price a claim which pays the amount of F'(S7), where St is the price of an
asset at some future time 7. In the case of a future we have F'(Sy) = Sp — K. We want
to find a fair price of this claim and to do that we proceed in the following way. We first
need to find a risk neutral probability Q for the random variable Sp. This is an “artificial
probability” distribution which might not (and usually does not) coincide with the “real
distribution” for the random variable Sp. This risk neutral probability distribution Q has
the property that under Q the expected value of Sy equals to Spe’?, i.e. the value of a bond
account in which one invested the amount Sy at time 0. Then we obtain a fair price of our
claim by evaluating e ""Eq(F(S7)), which represents the discounted expected value of the
payoff F(Sr) with respect to Q. This means that the formula (1) we obtained in the case
of F(Sr) = K — Sy using the game theoretic approach becomes correct if we use the risk

neutral probability distribution of the stock price instead of the real distribution.

In the case of futures the payoff function is linear in Sz, and it can easily be seen that
this implies that in this case Eq(F(Sr)) does not depend of which risk neutral probability
was chosen. For other claims, for example puts and calls, the computations are not that easy
and different riskneutral probabilities may lead to different prices. So was an arbitrage free
pricing of general (nonlinear) claims achieved by Black and Scholes in 1973 assuming that
the distribution of the underlying assets are lognormal (see Chapter 2). On the other hand

the pricing formula for futures in proposition 0.2.2 was known and used since centuries.

Let us finally discuss a question a reader might have who is the first time confronted with
the problem of pricing contingent claims. Such a reader might have the following objection
to the pricing formula of futures: How can it be that the price of a future does not depend

at all on the expected development of the price of the underlying asset?

We could for example imagine the following situation which seems to contradict at first
sight the result of Proposition 0.2.2. The world demand for cotton is more or less constant
while the supply depends heavily on the wheather conditions, in particular on the amount
of rain in spring. Since cotton is mainly grown in only two regions, the Indian Subcontinent

and in the southeast of the United States drought in one of these regions during spring time



0.2. THE CORRECT PRICE FOR FUTURES AND FORWARDS 13

can dramatically reduce the number of cotton balls harvested in the fall of that year, and
thus increase the price of cotton. Thus, assuming there was a drought in spring, it is safe to
assume a shortage in fall and an increase of prices. Given this scenario, why should a cotton
farmer enter into a contract to sell cotton in fall, if the exercise price is only based on the
price of cotton in spring and the interest rate, but does not incorporate the expected raise
of prices in fall? Wouldn’t it be much more profitable for the farmer to wait until fall and
sell then?

The answer is simple: Since there is an expected shortage in fall based on data which
are already known in spring to all parties involved the price of cotton went already up in
spring. In other words all expected developments of the price are already contained in the
present price. Of course the situation is not always so easily foreseeable as the effect of a
drought on the cotton price. More generally, present prices of assets mirror the expectations
of the investors, which might differ, and one could see the price as the result of a complicated

averaging procedure of the investors’ expectations.
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Chapter 1

Discrete Models

1.1 The Arrow-Debreu Model

In the following model, we only consider two times, Tj, the present time, and 77, some time
in the future. We consider N securities, S, 52,95, ..., Sy which are perfectly divisible and
which can be hold long or short. At time Tj an investor takes a position by choosing a vector
0 = (01,0,,...0y) € RY, where 6; represents the number of units of security S;. 0 is called
a portfolio. At Ty the price of a unit of S; is denoted by ¢, ¢ = (q1,...,qn) € RY is called

the price vector. The value of the portfolio § at time Ty is then given by:

N
0-q=01q1+ 020+ ...+Ongn = Z@‘q@‘-
i=1
The future bears some uncertainty, but we assume that only finitely many possible situ-
ations (with regard to the securities) can occur and we call these different situations states.
We assume there are M such states.
For a security S;, ¢ = 1,2,..., N, and a state j, with j = 1,2,..., M, D;; denotes the
occurring cash flow for one unit of security ¢ if state 57 occurs. By “occurring cash flow of
one unit of security 5;” we mean its price at time 77 and possible dividend payments. We

put

15
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Dy Dy ... Diu
Dy Dy ... D
p=|"" 7% 1 (N by M matrix),
_DN1 Dyoy ... DNM_

The pair (g, D) is referred to as the price-dividend pair.
Remark:
1) Fori=1,2,...,N
D,y = i-th row of D = (D 1), D@2y, - - - Diiany)
is the vector consisting of all possible cash flows for holding one unit of security .S;.

2) Forj=1,....M

Dy.jy = j-th column of D =

DNj

is the vector consisting of the cash flows for each security if state j occurs.

3) The transpose of D is defined by

(D Dy ... Dy
Dt — Dy Dy ... Dno
_DlM Doy ... DNM_
If € RY is a portfolio
(D, Dy pw| [o] [Dew-o]
Dy Dy ... Dwol| |6 Doy -0

Dtoe: . . . o . =
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Consider the j-th coordinate of this vector: D ;) -0 = Zf\il D;;0; represents the total cash
flow for the portfolio #, assuming state j occurs. Thus D? o § represents the vector of all

possible cash flows of the portfolio 6.

Now we can define what we mean by an arbitrage opportunity within this model as

follows.

Definition: A portfolio # € R" is called an arbitrage if one of the following two conditions
hold
Either: 6 - ¢ < 0and 6 - D(.; >0 forall j =1,2,..., M.
Or: 0-q=0 and
0-D.j >0forall j=1,...,M and
0 - D j, > 0 for at least one jo =1,..., M
In words, an arbitrage is a portfolio which either has a negative value at time T (investor
receives money at Tp) but represents no liability at time 77. Or it is a portfolio which has
the value zero at time Tj, represents no liability in the future, and, more over, has a positive
chance to create some positive cashflow.
Before we state the next observation we want to introduce the following notations. By

Rf we denote the closed positive cone in RM  i.e.
RY = {z = (z1,29,...231) € RM|z; > 0 fori =1,2,... M}.
The open positive cone in RM is denoted by Rﬂ\:ﬂr, ie.

RY, ={z = (z1,29,...201) € RM|z; > 0 fori=1,2,... M}.

Proposition 1.1.1 . A portfolio € RY is an arbitrage if and only if

-1 —q ... —gN

Dll D21 o .. DNl 0
_q .

Dy Dy ... Dyy|ob= e RY\ {0},
Dtod
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Principle of “no arbitrage”:

We say the price-dividend pair (¢, D) does not admit an arbitrage opportunity,
or equivalently is arbitrage-free, if no portfolio # € RY represents an arbitrage,

i.e. if for all § € R for which 6 - ¢ < 0 the following holds:
if - q <0 then 8- D¢ j,) <0 for at least one jo =1,2,..., M,
if0-q=0then0-D.; =0forallj=1,...,M or 8- Dy <0 for at least one

j0:1,2,...,M.

The following proposition is a useful consequence. It says that portfolios which generate
at time 77 the same cashflow, no matter which state occurs, must have at time Tj the same

price.

Proposition 1.1.2 . Assume that (¢, D) is arbitrage-free. Consider two portfolios 6
and 0 for which

oW Dy =0 Dy forallj=1,2,....M
Then it follows that 0 . ¢ = 63 . q.
Proof. Assume for example that #V . ¢ < #) . ¢. Then it is not hard to see that #() — g

is an arbitrage possibility. ([l

We now come to the first important result of the Arrow-Debreu model. The first time
reader might not yet see a connection between the theorem below and option pricing. This

connection will be discussed in the next section.

Theorem 1.1.3 . A dividend pair (q, D) does not admit an arbitrage if and only if there
is a vector ¢ € R such that ¢ = D o).

Before we can start with the proof of Theorem 1.1.3 we need the following result from

the theory of linear programming often called the Theorem of the Alternative. It can be
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deduced from the Theorem of Farkas. Both Theorems will be proved in Appendix A where

we also recall some basic notions and results of Linear Algebra.

Theorem 1.1.4 . For an m by n matrix A one and only one of the following statements

18 true.
1) There is an x € R}, for which A" oz = 0.
2) There is a y € R™ for which Aoy € R\ {0}.

Remark. Although a more detailed discussion of this Theorem will be given in Section A.2
we want to give a geometrical interpretation here.

Let L C R™ be a subspace and let L+ = {x € R™|x -y = 0 for all y € L} its orthogonal
complement. L can be seen as the range R(A) of some m by n matrix A, and in that case

L+ is the Nullspace N'(A?) of A? (see section A.1). Now Theorem 1.1.4 states as follows:

Either L contains a non zero vector whose coordinates are non negative, or its

orthogonal complement L+ contains a vector having only strictly positive entries.

In dimension two this fact can be easily visualized by the following picture.

Proof of Theorem 1.1.3. We first show “(1) < (2)”. Assume ¢ € R}, and ¢ = Do ¢.
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Let # € RY, we have to show that it is not an arbitrage. First we observe that

(L1) 6-q=0- (D)= (D'0) v

where the last equality can be seen as follows:
N M
= Z 0 - (Z Dijl/fj)
M
E: (E:Qﬂ>

Z = - (D).

We have to show:
D if ¢ - 0 < 0 then for at least one jo, D, - <0

@ if ¢- 0 = 0 then either D(; -0 =0forall j =1,..., M or Dy -0 < 0 for at least one
jo=1,..., M.

Note that by (1.1)

0-q=(D'0) 2)% (D) E:% ) - 0).

If -0 < 0 then at least one of the above summands must be negative, since all coordinates
of 1 are strictly positive we deduce that (Dy. ) - ) < 0 for at least one j, € {1,2,... M}.

If ¢- 0 = 0 then either all of above summands are zero or some of them are negative and
some of them are positive, and the claim follows as before.

Proof of “(1) =(2)”. Assume there is no arbitrage and define the matrix

-4 —q2 ... —gN —-q
Dy Dy Dy Dy
—q
A= |Diy Dy Dy | = D( 2) | —
Dt
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Now the condition that (g, D) is arbitrage free implies according to Proposition 1.1.1 that
A does not satisfy the second alternative in Theorem 1.1.4 (with m = M 4+ 1 and n = N)

and we conclude that there is a vector z € Rﬁfl so that

- Du ... Diu q1 T2
—q2 Dy ... Doy q2 x3
Alx = _ ' ' or=-—w | + Do ' =0.
_—QN Dny ... DMM_ _(JN_ _CEM+1_
Putting now
_ (T2 Trr+1
_<x1""’—x1 )

we conclude that v has strictly positive coordinates and that

X2

1 x
Doz/;:x—lDo .3 =q,

| TM+1 |
which finishes the proof. U

Definition: Assume the dividend pair (¢, D) does not admit an arbitrage, and thus there

is a1 € RY, for which ¢ = D o 4. Such a vector ¢ is called a state-price vector.
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1.2 The State-Price Vector

A. Risk neutral probabilities
Remark: Assume we have assigned to each state j a probability p;, i.e. p; > 0 for j =

M

1,2,...,M, with > p; = 1. For i = 1,..., M, the vector D(;.) can be seen as a random
j=1

variable on the set of all states:

D(i’.)l {1, .. ,M} > ] — D(z,j)

The expected value, or mean, of D(;.y with respect to the probability P = (p1,...,pun) is
then

M
Ep(Dii,y) = > D)
j=1

Assume now that the considered price-dividend pair (g, D) is arbitrage free. By Theo-

rem 1.1.3 there exists a state-price vector ¢ € Rﬂ‘rﬂ, ie.

(1.2) q=Doq

R M M ~
Define ¢; = ;/> ¢ > 0, for j = 1,..., M. Since it follows that > ¢, = 1, ¢ =
=1 j=1

({ﬁ\l, o ,@/D\M) can be seen as a probability on the set of all states. By (1.2) it follows that

(1.3) L - Dpy.
Z;w

We also assume that one of the securities, say Si, is a riskless bond which guarantees a
payment of $1 in all possible states, i.e. Dy jy =1 for j=1,2,... M.
On the one hand the price of the bond is

M
¢, = first coordinate of (D o)) = Dy -y = Zzﬁi.
i=1
On the other hand if R is the interest paid over the period [Tp,71] on that bond then

1+ R)=1, th = —.
Q1(+ ) 3 us qi 1—|—R



1.2. THE STATE-PRICE VECTOR

Thus, we conclude

1.4 o _
(1.4) 1+ R il ;W
Using (1.2) we rewrite ¢; for i > 2 as:

(1.5) ¢; = i-th coordinate of (D o))

M
=Y Dijty
j=1

J=1 =1
LI
“irr &P

23

Thus E@(D(z‘,~)) = (1 + R)q;. Conversely, assume that P = (p1,pa,...pm) € R is a

probability on the states, with the property that

Ep(Diy) = (1 + R)g;, foralli=1,2,... N.

If we let 1) = —=P we deduce as in (1.4) and (1.5) that Do = g, i.e. that 1 is a state-price

1+R

vector. This observation proves the following Theorem.

Theorem 1.2.1 . Let (¢, D) be a price-dividend pair and assume that security Sy is a
riskless bond whose interests over the time period between Ty and Ty are R.
Then ¢ € Rﬂ‘rﬂ 1S a state-price vector, i.e. Y has strictly positive components and satisfies

qg= Do, if and only if@ = ¢/Zgj\i1 Wy 18 a probability on the states which satisfies

1

¢ = ——=E;(Dg,y) foralli=1,2,. ..

1+R Y
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Note that 1.2.1 means that with respect to 1; the expected yield of each security is the

same, namely 1 + R. Therefore, we call such a probability risk neutral probability .

B. State prices seen as prices of derivatives

Assume that in addition to the given securities Si,..., Sy we introduce for each state

Jj=1,2,..., M the following security Sy,

$1 if state j occurs
SN+j pays
$0 if not,

thus Snyy; can be seen as a “bet on state j7. We call these securities “state contingent

securities”. The new dividend matrix will be

Dy Dy ... Dy
Dyr Doy ... Doy
~ D D ... D
(1.6) D N1 N2 NM
1 0 0
0 1 0
0 1

Question: What is a fair price for Sy, 7 =1,2... M?
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Proposition 1.2.2 . Assume the price-dividend pair (q, D) is arbitrage free.
Leti € {1,...,N} and consider the following two portfolios 0,0 jn RNTM

ith coordinate

6@ =(0,0,...... ,0,Di1, Dig, ..., Ding).
—————
Thus 81 consists of one unit of security S; and 0@ consists of Dy units of Sy11, Dio

units of Syio ete.

Then 0 and @) have the same arbitrage free price at Ty.

Proof. Note that

Dil Dzl
Diofg® = D and D' 0 §® = Dz
| Dinr | | Din |
Thus, assuming no arbitrage, they must have the same prices by Proposition 1.1.2. O
Now let us assume that qyi1,qni2, - - -, gnia are prices for the state contingent securities

SN+1y - Snu for which the augmented dividend pair (¢, D) with ¢ = (g1, .- qn, qN+15 -+ -y qN+M)
and D as defined in (1.6) is arbitrage free.

We first note that ¢y; must be strictly positive for j = 1,..., M (Sn4; represents no

liability at time 7} and might generate a positive cashflow).

Secondly, we deduce for i = 1,..., N, with 81 and 6® as defined in Proposition 1.2.2
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that

¢ = price of (AM) = price of (@)

M
= Z Dijqn+;
j=1
gN+1
= jth row of D o
qN+M

This implies that (gn+1,gn+2,-- -, gn+a) must be a state price vector for (¢, D).

Conversely, if (qnt1,qn+2,---,qn+m) IS a state price vector for (¢, D), then

q1
gN+1
ﬁ o _ qN 7
gN+1
gN+M
_qN+M_

which means (qyi1,qn+2,---,qn+am) IS a also a state price vector for (g, D).

We therefore proved the following result.
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Theorem 1.2.3 . Let (q, D) be an arbitrage free price-dividend pair.

Then a vector (qn+1,qN+2,---,qn+r) 1S a state price vector for (q, D), if and only if the

new dividend pair (¢, D) with

q~: (q17QZ7"'>qN7qN+17'"?qN+M>

and

Dy Dy D1y

Doy Do Do

Do Dn1 Dno Dy
1 0 0
0 1 0
0 1

18 arbitrage free.

In other words, state price vectors are fair prices for the state contingent securities.

In our model we can now think of a general derivative being a vector f = (f1,..., fu),

interpreting f; as the amount the investor receives if state j occurs.

For example in the case of a call on security 5;, ¢ = 1,..., N with exercise price K, we

have

fi=Di; — K)7,

(assuming no dividend was paid during the considered time period).

Since f can be thought of a portfolio containing f; units of the j-th state contingent
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derivative for each j = 1,... M the price of a our derivative f is given by

(1.7) price(f) = f -,

where 1 is a state-price vector.

Using Theorem 1.2.1 we can rewrite 1.7 as

(18) price(f) = 1 E4(f).

where ZZ is a risk neutral propbability on the states and we consider f to be a random variable
f:A{1,...,M} — R on the states.

Remark: Unless D is invertible the equation
q=Dovy
does not need to have a unique solution ¢ and the state prices are usually not determined by
the equation above, i.e. there could be several “fair prices” for the state contingent securities.
Definition. A price dividend pair (¢, D) is called a complete market /, if D is invertible.
Note that if (¢, D) is complete it follows that (g, D) is arbitrage free if and only if

D lq e Rﬂ

and in that case 1) = D~1q is the state price vector .

Let us recapitulate the main result we obtained in this and the previous section. The
following conclusion is a special version, of what is called in the literature ”the fundamental
theorem of asset pricing”:

Conclusion: We are given a price-dividend pair (¢, D). Then the following are equivalent.
1) (g, D) is arbitrage-free

2) There exists a state-price vector for (¢, D), i.e. a vector having strictly positive com-

ponents, satisfying ¢ = D o 1. 1 can be interpreted in the following two ways:
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2.1) Writing 15 =/ Z]]\il (0 15 is a riskneutral probability on the states, i.e. a

probability under which all securities have the same expected yield.

2.2) 1) can be seen as a fair price for the state-contingent securities, i.e. a price which
makes the augmented price-dividend pair ((g, ), lN?) arbitrage-free, where D is
the N + M by M matrix which one obtains by writing D above the identity

matrix.

Using above notations the price for any derivative f = (f1,... far) equals to:

L 5 ().

Price(f):f'lD:H—R "

This means that the price of a derivative is the discounted expected value of f, where

the expected value is taken with respect to the risk neutral probability 12
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1.3 The Up-Down and Log-Binomial Model

We discuss in this section the simplest of all models for the price of a stock. We will consider
only two securities : a riskless bond with interest rate R (over the investment horizon of one
time period) and a stock which can only move to two possible states. Despite its simplicity
and seeming to be rather unrealistic it leads eventually to the famous Black-Scholes formula
of option pricing, as shown by Cox, Ross and Rubinstein (see Section 1.5).

We are given a riskless zero-bond, it will repay the amount of $1 at the end of the time
period. If R denotes its interest paid over that period, the price of this bond at the beginning

of the time period must be

1

1.9 S
(1.9) NTI1VR

Secondly we are given a stock having the price ¢go = Sy. At the end of the time period the
value of the stock (plus possible dividend payments) can either be DSy or USy with D < U
(D for “down” and U for “up”).

Bond: ¢z — 1

USy
/
Stock: Sy N\,
DSy
Thus our price vector is ¢ = (14%5& SO) and our cash flow matrix is
1 1
D —
SoD  SoU

Since D # U (otherwise the stock would be a riskless bond), D is invertible and we arrive
to a unique state price vector 1) = (¥)p,1y). Solving the linear system

1 1 _1
o ¥p _ | +R

S()D S()U wU SO
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we get
1 U—-(1+R)
1.10 —
(1.10) ¥p 1+R U-D
by = 1 (1+R)—D
" 1+R U-D

Remark: In order for ¢ to have strictly positive coordinates we need that D <1+ R < U.

Within our model these inequalities are then equivalent to the absence of arbitrage.

From (1.10) we are able to compute the risk neutral probability Q = (Qp, Qu) and get

 U—(1+R)

(1.11) =" "p
_(1+R)-D

wsTuop

Consider now a security which pays f(SpD) in case “down” and f(SpU) if “up” occurs. Then

its fair price is

(1.12) price(f) = ¢p - f(SoD) + ¢u f(SoU)

1
— 1+—R[QDJ"’(SOD) + Qu f(SoU)]
Eqo(f)

1
T 1+RrR ¢

Example: If we consider a call option with exercise price K, we have

. (DSy — K)* if S= DS,
f(8)=(S-K)" =
(USy— K)* it S=US,.
(S being the value of the stock at the end of the time period.) Then the fair price of the call
1s
1

C= 1+R[QD(DSO —K)" +QuUS, — K)*].

Now we turn to a “multi-period” model. We assume the time period [0, 7] being divided
in n € N time intervals of length t = T'/n. We also assume that the securities can only be

traded at the times
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At each trading time ¢; the stock price can either change by the factor U or by the factor
D. Assuming the stock price at ¢t = 0 was Sy, at time t; it is either DSy or USj, at time ¢
it is D?Sy, DUS, or U2S,, more generally at time ¢; the stock price can be SJ(-i) = U'DI7iS,,
where i € {0,1,...,7} is indicating the number of up-movements.

This is best pictured by a tree diagram

Thus the possible states of the stock at time ¢; are given by (S(i))i:0,17.,,,j, where ¢ is the

j
number of “ups” (thus j — i = number of “downs”). We also assume that R is the interest
paid for $1 invested in the riskless bond over a time period of length %

Now we consider a security which pays f (Sff)) at time ¢, = T if the stock price is
S = SeUiDr,

For given j = 0,1,2,...,n and ¢ = 0,1,...,5 we want to find the fair value of that
security at time ¢; assuming the stock price is S J(l) Let us denote that value by f]@.

Eventually we want to find f{, the price of that security at time 0.

The value of our security at the end of the time period is of course given by its payoft:
(1.13) f = fSDy  i=0,1,...,n.

How do we find féi_)l fori =0,1,...,n — 17 If the state at time ¢,_; was S,(Ql, there are
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two possible states at time ¢,,, namely S = ST(QlD or SYTY = SﬁfllU , thus we are exactly

in the “up-down” model, discussed before (with Sy = 57(21). We therefore conclude that

=1 R 5Qof(S,1,D) + Quf(S,2,U)
- j Qb F(S) + Quf(SEH)
1

= [QDf +Qufi ).

More generally, if we assume that for 1 < j < n we know the values f ,1=0,1,...,7, we

derive the values for fj_1 using the “up-down”-model.
W _ 1 (i (i+1)
(1.14) fizi = H—R[prj +Quf;

Thus fJ can be obtained by first computing all f 2181 < mn—1, then all f o8 <n—2
etc., i.e. by “rolling back the tree”.

Using (1.14) and reversed induction we now can prove a formula for fj(z)

Theorem 1.3.1 .  Suppose a security pays f (Sﬁf)) at time t, if S occurs. Then its

arbitrage free price at time t;, 0 < j < n, assuming SJ(-i) occurs at time t;, is

n—j
1 = eI ( )@UQ” I
in particular if 7 = 0 we have
e I T
k=0
where (£) = st

Proof. For j =n we get f,(f) =f (Sff) ), the rest will follow from “reverse induction”. We

assume the formula to be true for some 0 < j < n, and will show it for j — 1.
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Thus, let 0 <7 < j — 1. From (1.14) we obtain
i 1 i i
% = 15l + Quf™)
+
n—j

Z( )%Q””f( (5+)

=0

+QUZ<” )QUQ” k(s l“*’”)]
k=0

1
~ (1 + Ryt

[Induction hypothesis]

. n—(j—1) n—(—1) =1\ n—(j—1)—k (i+k)
n—(j-1) Z k FCo f
k=0

G

n—(-1)

ps (n_(z‘i:?_l)QUQD - ’“f(S(”k’)]

(G-1)

for first sum set (";ijl)*l) =0
for second sum replace k by £+ 1

- R§n<m " (Z) K G- 1) ) ( ~G-n- 1)] 00 (s

k=0

() 1 ~ (n—=0-1 n G-V k £ i
= D kZ ( k )Q’é% UETRR(SE)

which is exactly the claim, once we convinced ourselves of (x):

For (x) note:

(n—(—1)—1) N (n—(—1)—1)
Hin—(G-1)—-1-k  k-Dn-G-1—1- (k1)
== =Dn—(—1)—k)+Fk

B El(n—(j—1)—k)!
I L ¥t O L A R VAR Y
_k:![n—(j—l)—k]!_( k )

0

(i+k)

n

)
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1.4 Path Dependent Options and Hedging in the Log-
Binomial Model

In the previous section we computed the value of an European style option assuming the
price of the underlying stock follows a simple path. From one trading time to the next it
either changes by the factor U or by the factor D. Now we want to discuss this model
further, in particular we want to interpret the pricing formula obtained in Theorem 1.3.1
in a more probabilistic way and extend it to more general options. Secondly, we want to
discuss the “Hedging Problem”: Given an option, is it possible to find a trading strategy (to
be defined later) which replicates the option?

We will need some notions and results from probability theory, notions like o-algebras,
random variables, measurability of random variables, expected values and conditional ex-
pected values. In this section we will need these notions only for finite probability spaces. To
keep this exposition as compact as possible we moved the introduction of these concepts to
Appendix B.1. There we discuss binomial and log-binomial processes in detail and introduce
the necessary probabilistic concepts by means of these processes.

As before we are given a bond whose value at the last trading time is $ 1. If R are the
interests this bond pays for the period between two consecutive trading times, the bond has

at time ¢ = 0,1, ..., n the value
1

The possible outcomes are all sequences of length n whose entries are either U or D.

Q={U,D}" ={(w,wa,...wy)|w; =U orw; = D, fori=1,2...n}.
The i-th change of the stock price, i = 1,2...n, is the random variable
X, Q—=R, wr w;, and

H:Q—-R, ww#{j<iw; =U}

T,:Q—R, ww— #{j<ilw; =D}
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the number of “up”- respectively “down”-moves up to time 7. The stock price at time i is
then given by
S; = So [ [ Xi = SoU™ D™
j=1
For i = 0,1,...,n we let F; be the set of all events which are realized by the time .

More precisely, it is the o-algebra consisting of all possible unions of events of the form
Aw) = {(wr, .. wp)|wr = v1...w; = v}, with v = (vy,...,15) € {H, T} (see B.1). We
observed in B.1 that a random variable X on () is F;-measurable if and only if for w € 2
the value X (w) only depends on the first i outcomes wy,...,w;. We write in this case also
X(wy,ws, ... w;).

We make a very weak assumption on the probability P on {2 which measures the likelihood
of the different possible outcomes. We only assume that for each w € Q P({w}) > 0, i.e. all
outcomes of {2 must be possible.

As we already observed in Section 1.3 the “real” probability P is actually irrelevant for
the pricing of options. More important is the risk neutral probability Q. Following (1.11) in
Section 1.3 we define Q to be the probability on €2 for which X7, X, ... are independent and

U-(1+R) (1+R)—D
U-D U-D

This determines Q since we conclude Q({w}) = QN {Xi = wi}) = [, Q{X; = wi})

for each w € Q.

(1.15) QX; =D)=Qp= and Q(X; =U) =Qu =

Recall that the conditional expectation of a random variable X with respect to the o-
algebra F;, is the unique existing random variable Y = Eq(X|F;), which is F;-measurable
and has the property that for all A € F; it follows that Eg(14Y) = Eg(14X). In our case

we can represent Eqg(X|F;) as (see B.1)

EQ(lA(wl,.“wi)X)

1.16 Eo(X|F;) = L Awr,...w;
(1.16) o(X|F) Yool R TET

(w1,.-.w;)€{U,D}*

This means that for w €

Eq(X|F)(w) = Eo(X|F)(wi, - - - ,wi) =
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The next Proposition explains why Q is called risk neutral.

Proposition 1.4.1 . The discounted stock process

1 ,
(m&.Z—O,l,...,n)

Note that 1.4.1 means that under the probability Q the stock price changes in average
at the same rate as the price of the bond.
Proof. Since for 0 <¢ < j <n we have S; = 5; Hf;:iﬂ X, and since S; is F;-measurable

while ch:z 41 X} is independent of F; it follows that

Eo(S;|F:) = SiBo( [ X&l7:) (By B.16 (2))
k=i+1

= S;Eq( H X;) (By B.1.7 (4))

=5 | Eo(xy)
k=i+1
= Si{UQu + DQp)™
= S;(1+ R)’™" (By (1.15)).

This implies the claim. U
A general derivative will now be simply a map F':  — R. We interpret F(wy,...w,) to
be the pay off (or the liability) at the time n assuming (wy,...w,) happened. Note that an
European style derivative is of the form f(S,(-)). Since the value S,(w) only depends on how

many U’s and how many D’s are contained in w but not in which order they appear f(S,(-))
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has the same property. For a general option F' this is not necessarily true. Therefore these
more general options are often also called path dependent.

Nevertheless, the problem for finding arbitrage free prices for these kind of derivatives
can be done like in case of European style derivatives. For i € {0,1,...n} we want to know
the value of the derivative at time i. We denote that value by Fj. F; should (only) depend
on the present and the past, thus F; = Fj(wy, . ..w;).

At the time n it follows of course F, (w1, ...,w,) = F(wy,...,w,). Pricing now the deriva-
tive at time n — 1 brings us back to the simple up-down model. Assuming wy,...w,_; hap-
pened up to time n — 1 the two possible future values of the derivative are F'(wy,...w,_1,U)
and F(wy,...w,—1, D). Using now the formula (1.12) of Section 1.3 with Sy = Sp—1(wy .« wp—1),
f(USy) = F(wy,...wu_1,U) and f(DSy) = F(wy,...wn_1, D) we obtain

(1.17) Fooa(wi, oy W)
1
= T RlQpF @1 wn, D)+ QuF (@, war, U)]
1
- 1+ REQ(F|fn71)<W1, .. ~Wn71)

For the last equality note that by (1.16)

EQ(F’.’anl)(wl, c. wnfl)

 Eo(Flagy,wn )

N Q(A(w1, .- wn-1))
~ Q(A(w1, - w1, D)) F(wy, .- wy1, D) + Q(A(wy, - w1, U)) Fwy, . .o wn—1,U)

- Q(A(wl, .. .wn,l))
=QpF(wi,...wh1,D) 4+ QuF(wi,...wy1,U)

More generally using the same argument we can prove the following recursive formula

for Fj,1=1,...n.

1

"1+ R
1
= H—REQ(E’EA)(WM .- -wifl)

(118) Fi_l(wl,...,...wi_l) [QDFi(wl,...wi_l,D)+QUFi(w1,...wi_1,U)
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Using (1.18) we can prove by reversed induction the following pricing formula (see Exer-

cise.....).

Theorem 1.4.2 .  For a general derivative F : ) — R in the log-binomial model the

arbitrage free value at time i € {0,1,...} is given by

1
F; = WE@(HE)-

In particular

Fo = Eg(F).

Remark. For the case of an European style option f(.5,) it is easy to regain the formula
obtained in Theorem 1.3.1 from the result in 1.4.2. Indeed, using the fact that for j €
{0,...,n}

P(H, = j) = <n) Q% (Binomial formula)

we obtain

n

Eo(f(S)) = 3" P(H, = ) f(Syl7 D" ) = (?)f(SonD"‘j)Q?} ni,

J=0 J
which after dividing both sides by (1+ R)™ leads to the pricing formula obtained in Theorem

1.3.1. A similar computation can be done for the times i =1,2,...n — 1.

We now turn to the question whether or not and how an investor can replicate a given
derivative F' in the log-binomial model using bonds and stocks. First we have to determine
exactly what an allowable investment strategy is.

Defintion. An investment strategyis a sequence (09, 0, ... 0(™) so that fori =0,1,2,...n
60 = (Gg), Qg)) with Qg) and Héi) being F;-measurable mappings on €2 into R.

Interpretation. At each trading time 7 the investor can choose a portfolio consisting out
of 95;') units of the bonds and ef;') units of the stock. This choice can only depend on present

and past events since the investor can of course not “look into the future”. This means
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mathematically that Qg) and Gg) have to be F;-measurable and, thus, can only depend on

Wiy .., Wy.
first move second move nth move
of stock of stock of stock
........... | =/ | 7/ |
0(0) (1) g(n—1)

Note that the value of a strategy (#,0M, . .. ™) at time i, i.e. the value of the

portfolio at time ¢, is given by

' ) Q(i)
1.19 Vi(09) = 5,09 "B
( ) ( ) S + (1 + R)n—z

We call a strategy (0,00 ... ™) self financing if at all times 4 = 1,2,...n the value of

the portfolio A%~ is equal to the value of 8@, for i =1,...,n, i.e.

(1.20) 005+ 08 g + s
' ST (4R T (T R

This means that the investor neither consums part of his portfolio, nor does he add capital

to it.
Theorem 1.4.3 .  The log-normal model is complete. This means the following.
For any derivative F there is a self financing strategy (0)7, so that

1
Eo(FF;), fori=1,2,...,n.

Vi) = F = ——
( ) <1+R)n—z Q

Moreover, if wy,...w; € {U,D}, and if i =0,1...,n—1, then Gg) and Qg) are given by:

UE+1(W1, .. w“D) - DE+1(C¢)1, .. wZ,U)

(1.21) 0D (wy, ... w;) = (1+ R)" )~ D

E+1(w1, cee Wy, U) — Fi+1<w1, .. wl,D)
Si(wl, .. wl)(U — D)

(1.22) 0(i)g(wr, .. .w;) =

Remark. Before we start the proof of Theorem 1.4.3 we first want to explain how one ob-

tains that (1.21) and (1.22) are the only possible choices. Indeed, for i = 0,1...4, and given
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past outcomes (wy, ..., w;) we need to choose ) = (Qg), QS)) so that no matter whether the
next move of the stock is D or U, the portfolio 8% will have the value F; ;. This leads to

the following two equations
Vi1 (09 (w1, ... ,wi1, D) = 9g)SiD +

and

. : 0
V;+1<9(1))(w1, e, Wi, U) = Gg)SlU + % = E+1<w1, ey Wy, U)

Solving now these two equations leads to (1.21) and (1.22).
Proof of Theorem 1.4.3. We first will observe that the value of #) as given in (1.21) and
(1.22) equals to F;.

Let (wy,...,w;) € {U,D}" (if i = 0, then (wy,...,w;) = 0). In the following computa-
tion we suppress the dependance in (wy,...,w;) and write for example F; ;(U) instead of

E+1(w17 ey Wi, U)

' ] e(i)
V(0 =o0g, + B
( ) S + (1+R)”71
_FnU@) = Fn@D) 1 UFun(D) - DE(U)
U-D 1+ R U—-D
1 1+R—-D U-(1+R
E+NU%—————-+F%ﬂD%——i———2

T 1+ R U—D U—D

1
= 1—i-—R [Fii1(U)Qu + Fia (D)Qp) [By (1.15)]

—F  [By (L13)],

which proves our first claim.

Secondly, we have to show that ()"~ is self financing. For that we have to show that

for i = 0,1...n — 1 the value of 8 is F,,; after the i + 1st move of the stock no matter
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whether the ¢ + 1st move is D or U. Indeed, if it is D then we obtain

) ) e(i)
- () _ p@) ) B
Vi1 (0)(D) = 05" S:D + (1+ R)»—G+D)
_ pFnU) = Fua(D) | URi(D) = DF(U)
U—-D U—-D
= Fi1 (D).

If the 7 + 1st move is U we proceed in a similar way. U
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1.5 The Approach of Cox, Ross and Rubinstein to the
Log-Normal Model

1.6 The Factors
1.7 Introduction to the Theory of Bonds

1.8 Numerical Considerations
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Chapter 2

Introduction to Stochastic Calculus,

the Brownian Motion

The theory of stochastic processes, and in particular Stochastic Calculus, turned out to
become one of the most important tools of modern theory of security pricing. Black and
Scholes. Therefore we will give in this chapter an introduction to this theory.

The reader who is at this point not interested in a rather detailed exposition of Stochastic
Calculus might only want to go through the first section of this chapter. In this first section
we will introduce the Brownian Motion, and develop in a rather heuristic approach the key
result, the formula of Ito.

The following sections present a more rigerous and selfcontained exposition of the basics
on stochastic processes. After proving some important properties of the Browninian Motion
in Section (2.2) we will define stochastic integrals with respect to the Brownian Motion (Sec-
tion 2.3). Finally we will present in Section (2.4) the “Fundamental Theorem of Stochastic
Integration”, the Theorem of Ito.

For the reader whose background in probability theory got a little rusty we included a
presentation of the basics in Appendix B.2. We also wrote a more detailed introduction to
the notion of conditional expectations in B.3 and presented several notions of convergence

for random variables in Appendix B.4.

45
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2.1 Introduction of the Brownian Motion

We introduce a model for describing stock prices using stochastic processes indexed over a
continous time interval.

Let S;,t > 0, be the price of a certain stock (or any other financial security) at time t.
We think of S; as being a random variable defined on some probability space (2, F,P). We
want to write the change AS; from S; to Siia¢, with At > 0 being small, in the following
way:

AS, _ Siiar— 5,
Sy Sy

(2.1) = At -y + “white noise”

where g is the “drift” and the term “white noise” causes the typical “wiggling” of the stock
price. We will develop this concept more rigorously later. Let us first explain the “white
noise” by an analogy.

Consider a very small oil drop (about ﬁmm radius) in a gas or a liquid. Observing
it under a microscope, one would notice that it seems to move randomly on zig-zag shaped
paths, even if no force is acting and if the flow of the medium is zero. The reason of that
movement is caused by the molecules of the medium kicking and banging against the oil
drop from all sides.

Over a long period of time, the oil drop gets approximately on average the same momen-
tum in each direction. Nevertheless, in a short period of time there could be more momentum
in a single direction.

The stock price is exposed to similar forces. On one hand its movement depends on
deterministic forces, like general perception of the market, expectations of profit etc. (com-
parable to the flow of the medium in which the oil drop is situated). On the other hand it
might simply happen that during a short period of time there are more buyers than sellers
or vice versa, pushing the stock price up or down respectively.

Going back to the oil drop, let us develop a model for its random movement. Let X; be

the, say, z-coordinate of the oil drop at time ¢.

In the time interval [t,t¢ + At] the drop gets kicked by say m molecules, each of them
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causing a small displacement denoted by d;, 1 =1,...,n.

Then the total displacement after At in x — direction is

i=1

dy,ds, ..., d, can be seen as independent random variables with expectation E(d;) = 0, and
variance Var(d;) = o?. Since we assume the d;’s to be independant the variance of the total
diplacement is Ao? = i o2,
i=1

Since n is very big and the d;’s have mean zero and are independent the distribution of
AX; is approximately normal distributed with mean zero and variance > o? (Central Limit
Theorem B.2.16 in Appendix B.2). Assuming homogeneity in time, Ac? should be propor-
tional to At. Thus, it follows that

n
E o? = Ato?,
i=1

for some positive number o2

Secondly, the displacement AX, during the period [s,t], caused by collisions of the oil
drop with the gas molecules during that period, is independent from the movement prior to
time s.

We can therefore conclude the following two properties of X;:

1) For any s < t, the difference X; — X is normal distributed with mean being zero, and

variance being proporitional to ¢ — s, i.e. X; — X is N(0,0%(t — s)) distributed.
2) For any s < t, the difference X; — X is independent to X,., r < s.

This two properties together with continuity in ¢ characterizes the stochastic process
known as Brownian Motion, named after the Scottish botanist Robert Brown, who studied
the movements of pollen grains.

We will now switch to a more rigerous introduction of stochastic processes and the Brow-

nian Motion.
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We consider a probability space (€2, F,P), which we assume to be fixed throughout this
section. First we introduce the notion of stochastic processes.
Definition. A stochastic process over a continuous time is a family of random variables

(Xy), Xi: Q — R, indexed over t € [0,00) or t € [0,7T], for which the map
Q% [0,00) 3 (w,t) — Xi(w)

is measurable with respect to the product o-algebra F ® BRSF. This is the smallest o algebra
on ) x R which contains all sets of the form A x B with A € F and B € BRJ. If (Xi)i>0 is

a stochastic process and we fix w € {2, the map
Xoyw) @ t— Xy(w)

is called a path of (X3).

(X¢)t>0 is called a continuous stochastic process if almost all paths are continuous, i.e. if
P{w € Q: t+— X;(w) is continuous)} = 1.

We call a stochastic process integrable, respectively square integrable, if for all ¢ > 0,
Ep(|X:|) < oo, respectively Ep(X?) < oco.

Definition. A filtration of the probability space (2, F,P) is a family of o- algebras (F)i>0
for which

FsCF CF,ifs<t.

In this case we call (Q, F, (F;),P) a filtered probability space. A stochastic process (X;) is
called adapted to a filtration (F;)¢>o if X; is Fy-measurable for each ¢t > 0.

In the sections 1.3, 1.4 and B.1 we considered processes indexed over finitely many times
which had furthermore the property that they only could assume finitely many possible
values. We are now in a more general situation. X; can now assume infinitely many possible
values and secondly the time is now an element of a whole interval. This more general
situation will cause several technical problems we have to overcome. Nevertheless, the more
general situation has the same interpretations.

At time ¢, the stock price will be assumed to be a random variable Xy, where (X;)

is a stochastic process defined on (2, F,P). We will assume that (X;) is adapted to some
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filtration(F;)¢>o and for time ¢, the o-algebra F;, stands for the set of events for which we
know whether or not they occured by the time ¢,.

Also Ep(X;|Fy), for s < t, will be intepreted as the “expected value of X;, given all the
facts known up to time s”. Since X; might and will assume infinitely many values we will
not be able to compute Ep(X;|F;) in an intuitve way, as we did in Section B.1. We have to
use the definition of conditional expectations as given in B.3. Ep(X;|F;) is defined to be the
(up to almost sure equality) uniquely existing Fs-measurable random variable Y so that for
all A € F; it follows that Ep(14Y) = Ep(14X,).

There are stochastic processes which are of special interest: the ones which “stay stable
in average”, the ones which “increase in average”, and the ones which “decrease in average”.

Definition. An adapted and integrable stochastic process (X;) on (€2, F, (F;),P) is called a

1) Martingale (relative to (F)) if Ep(X¢|Fs) = X a.s., for all s < t.
2) Super-martingale (relative to (F;)) if Ep(X|Fs) < X, a.s., for all s < t.

3) Sub-martingale (relative to (F)) if Ep(X¢|Fs) > X, a.s. for all s < t.

Inspired by the analysis of the movement of the oil drop at the beginning of this section
we now can give a precise definition of a Brownian Motion.
Definition. A stochastic process (B;);>o on an probability space (€2, F,P) adapted to a
filtration (F;):>o is called a Brownian motion (relatively to (F;)) if it has the following four

properties.

2) By — B is N(0,t — s) distributed for any choice of 0 < s < ¢. For the definition of the

normal distribution see Appendix B.2.

3) B, — By is independent of F; for any choice of 0 < s < ¢ . Recall that this means that

for any measurable A C R and any F € F;.

P(FN{B, — B, € A}) = P(F)P({B, — B, € A}) = P(F

1 o
)—/e_%f—s)das.
2n(t —s) Ja
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4) The paths of B; are continuous.

We could for example take F; to be the o-algebra generated by all By, 0 < s < t. But we
might want to assume that F; depends also on other events, (i.e. results of other random
variables.

Taking now a Brownian motion as a model for the stock price will not be very realistic,
simply because of the fact that B, can assume negative values. The widely used model for
stocks is therefore an “exponential version of the Brownian motion”.

Defintion. Assume that B; is a Brownian motion on the filtered probability space
(Q,F,(F),P). Let e R, v>0,and Sy >0
The process S; defined by:

(22) St —_ Soeut7%y2t+l/3t’

is called a log-binomial process or geometrical Brownian motion, with drift being p and
volatility being v.
Remark. It seems at first sight unnatural to separate the the term pt from the term %VQt
instead of simply gather it to a term at. The reason for this separation is the fact that the
process Spe~ 2V VB g g martingale as we will see in the next section. Therefore the factor
el determines by how fast the process increases in average.

Secondly we will see in Section 2.4 that the process S; as defined above satisfies the

following “stochastic differential equation”

dSt = ,uStdt -+ I/StdBt,

meaning that the infinitesimal percental change of Sy, or dS—Stt, at time ¢ has a deterministic
part proportional to to dt, namely udt, and a random part which is proportional to the
infinitesimal changes of By, namely vdB,;. This will be explained in more detail during the
next sections.

The log-normal model for stock prices can now be similar derived as our analysis of the

movement of the oil drop. The action of the participants of the stock market have a similar
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effect on the stock price as the molecules have on the oil drop. But instead of assuming that
this actions cause additive changes, we assume that they cause multiplicative changes.

Remark: There are some serious problems assuming log-normality of a stock price S;.

1) The number of investors (about 1000 during a day for the stock of a large company)

is much smaller than the number of molecules hitting an oil drop (about 10'°).

2) The molecules acting on the oil drop have comparable momenta, which implies that

2

above mentioned variances o; are comparable. The difference between the financial

power of the different investors is much higher.

3) The impulses of the molecules hitting an oil drop can be assumed to be independent.
It is not that clear, and only a rough approximation to assume that investors make

their decisions independently.

Because of (1), (2) and (3) the use of the Central Limit Theorem is much more problematic
in the case of a stock than in the case of the oil drop.

A very serious flaw of the log-normal model is also the fact that it assumes that stock
prices move continuously. It is clear that for example a bold statement of the president of
the Federal Bank can cause quite abrupt moves of the stock prices.

Therefore the log-normal model can and should only be used as a rough approximation
to the real situation. History shows that in “calm times” it works quite well, but can become
false in crash situations.

We now turn to the following central question concerning approximation of general func-
tions by linear functions: assume f(z) is a differentiable function. We are fixing a value a
and want to estimate the difference f(z) — f(a). A basic result in Calculus provides as that

f(z) — f(a) can be written as

(2.3) f(x) = f(a)+ f'(a)(x — a) + o(x — a),

o(z—a) —0.

where the rest term o(x —a) has a smaller order than |z — a| meaning that lim,_., el

this means that x — f(a)+ f'(a)(x —a) is the best linear approzimation of f(x) at a. Better
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approximation includes the second derivative of f:

(2.4) f(@) = fla) + f'(a)(z — a) + f"(a)(z — a) + o((z — a)*),

ol(@=a) _ o

where lim,_,, o =

Now we want to replace the variable z by the random variable B;. Given ¢t > 0 and

At > 0 we could write as in (2.3)
(2.5) f(Biyat) = f(By) + f'(B:) AB; + o(ABy),

where AB; = By as — B;. We are interested in an approximation in which the rest term has
a smaller order that A;. Since AB; is a random variable whose variance is A, it follows that
E(JAB|) is of the order /A, (see Exercise....). We therefore have to pass to the quadratic

approximation which leads to
1
(26) f(Bt+At) = f(Bt> + f,(Bt>ABt + §f”(Bt)AQBt + O(AQBt).

An important property of the Brownian Motion (see Section 2.2) states now that the ran-
dom variable A?B; is assymptotically deterministic meaning that lima, A2B;/A; = 1 almost

surely. Therefore we deduce the following approximation formula:

(2.7) F(Berad) = F(B) + F(BIAB, + L (BN} + o(AB,).
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Usually Equation 2.7 is written as an equation using the notations of differentials:

1
(2.8) df(B,) = f(B)dB; + o f"(By)dt

If f(x,t) is a function in two variables, is once differentiable in ¢ and twice differentiable in

x, a similar approach leads to the following differential equation.

of of
ot ox

102f

(2.9) A (1. By) = S

(t, By)dt + == (t, B;)dB; + === (t, B;)dt,

meaning that small changes of ¢ cause that f(¢, B;) changes approximately proportional to
the change of ¢ (with factor g—{(t, By) + %%(t, By)) and proportional to the change of B,
. 0
(with the factor %(t, By)).
This differential formula can also be rewritten as integral formula similar as one can write

a) — f(b) as the integral of f’ from a to b.
fla) = f( g

(2.10) f(T,Br) — £(0,0) = /OT %(t,Bt)dt + /OT %(t,Bt)dBt —1—/0 ;gé(t By)dt.
Here the first and the third integral are interpreted as the random variables which assign to
each w € Q the integral of the functions ¢ +— g—{(t, Bi(w)) and t — %3;; (t, B;(w)) respectively.
The second integral is a stochastic integral and its introduction will need further explanation
in the following sections.

1/2
Applying formula (2.9) to the lognormal process S; = Spett™ 2Bt we derive that

nu? V2 v? V2 1 V2
(2.11) dS; = (pu — T)Soe“t’Tt”Btdt + 5506‘“5’7””&61& + §u26“t’7t+”3tdt
= ,uStdt + VStdBt,
This formula explains now the heuristically introduced formula 2.1 for processes describing

the value of a stock.

Using the chainrule we deduce for a function f(¢,x) that

(2.12) df (t,S;) = aaf (t, Sy)dt + gf (t, St)[pstdt—l- vS;dBy) + 11/25322];(75 Sy)dt
of of 262 of >’f
[ S (6.S) + WS (1,5) + S1ASI S (8 S))|dt + 55 (L, S B
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2.2 Some Properties of the Brownian Motion

In this section we will present and prove some properties of the Brownian Motion. We
assume throughout this section that (B;) is a Brownian Motion on the filtered probability
space (Q, F, (F;),P). Since in this section the considered probablity will always be P we will
denote the expected value with respect to P by E instead of Ep.

Proposition 2.2.1 . (By) is a square integrable process and:
1) If s <'t, then E(B;|Fs) = Bs, i.e. By is a martingale,
2) if s <t, then BE((B; — By)?) =t —s

3) E(B;B;) = min(s,t).

Proof. The fact that B, is normal distributed implies that (B;) is square integrable.

If s < t it follows that
E(B|Fs) = E(Bs + By — Bs|Fs) = Bs + E(By — Bs|F)

Since By — B, has mean zero and is independent to Fy it follows from Proposition B.3.3 (3)
in Appendix B.3 that
E(B, — B,|F,) = E(B, — B,) = 0,

which implies the first claim.
The second claim simply follows from the fact that B, — B, has mean zero and variance
(t—s).
Using similar arguments as for the proof of claim (1) we derive for s < t that
E(B;B;) = E(BZ + (B, — B,)B,) = E(B2) + E((B; — B,)B;) = s + E(B; — B,) E(B,) = s.
N

——
0 0

which implies the third claim. 0]
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The next Proposition will be necessary to analyse the “quadratic variation” of the paths

of the Brownian motion.

Proposition 2.2.2 . For s <t it follows that

E([(B: — By)* — (t — s)|*) = 2(t — 5)*.

Proof. B;— B,is N(0,t — s) distributed whose density is given by

1

V27 (t —s)

p(l') _ 6—z2/2(t—s).

Letting g(x) = (22— (t—s))?. and h = t—s, we deduce from Proposition B.2.9 in Appendix B.2

and from basic integration techniques that

E([(B, — B — (t - 5)) = / g(2)p(z)dz

—00

17 :
(22 — h)%e " /M dx
V2rh /

1
vV2rh

/(334 — 22%h + h)e "y

1 70 4 _—x2/2h 2
zre T ¥y — he.
vV 21h

since

1
\V2mh

o 1 o0
/ 22e 2 dy — b and / e~ /2hy — 1.
2mh

We continue above computation by
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—x /th h2
x .fe Xr —
\/27r /

3x2he’x2/2hdx — K2

1
 Vorh
= 3h* — h? = 20" = 2(t — s)?,
which finishes the proof. U

Proposition 2.2.3 .

1) The process (B — t)¢>0 is a martingale.

2) The log-normal process (e”Bt_%”Qt)tzg is a martingale.

Proof. We will only prove the second claim and leave the first part to the reader.

For s < t it follows from the independance of B; — B, to F, that

E<euBt7%y2t|fS> _ E(eyBsf—u e V(Bt Bs)ffz/ (t— S)|f)

_ eI/BS—%l/ s ]E(eu(Bt—Bs)—§V (t—s))

We are left to show that E(e”(B=B:)=3v(=9)) = 1 Put h = ¢ — s and note that

LT e
E(el/(Bt—Bs)—%V2h> _ VT3V he—m /2hd27
\/27Th

1 _a?2avhi 2 1 (a— uh)2

xr = e da: = 1
\/ 27Th V2mh

r—v 2
where the last equality follows from the fact that ﬁe_( 5 is the density of the normal

distribution with mean vh and variance h.

This implies the claim. U
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We finally want to treat an extremely important property of the Brownian motion,i.e. of
the “quadratic variation”of its paths.

We need the following notation.

Definition: Given an interval [s,¢] and a function f: [s,t] — R. For a partition
P={to,t1,...,t,}, with s =ty <t; <--- <t, =t we put
av(f, P,[s.]) = Y (f(t:) = f(tia)*.
i=1

Define also ||P|| = max |t; — t;_1| we say [ is of finite quadratic variation on [s, ] if
i=1,..., n

qv(f;[s,t]) = lim qv(f, P, [s,1])

1Pil—0
exists.

By “limpj—oqv(f, P, [s,t]) = a” we mean the following: For any ¢ > 0 there is a § > 0 so
that whenever P is a partition of [s, ¢] for which ||P|| < ¢ then |qv(f, P, [s,t]) — a|] < e.

Proposition 2.2.4 . If f: [s,t] — R is differentiable, with sup |f'(x)] = C < oo then
s<x<t
qv(f,[s,1]) = 0.

Proof. Let P = {to,t1,...,t,} be a partition of [s, ]

> = il = D tog? L L0

— ti —tica

=t~ tiaPIF )P

[Mean Value Theorem , ¢ € [t;_1,t;] appropriately chosen]

n

< C? Z(tz —tiq)?

=1

—_—

=t—s

= C*(t — s)||P|| — 0, if |P|| — O. O
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For an w € Q we will now study the quadratic variation of the paths By(w) : [s,t] — R.
Formally Ay q(w) = qv(B(y(w), [s,t]) is, if it happens to exist, an F;-measurable random
variable. A very astonishing fact now says that A, is actually deterministic for almost all
w € . In fact it is true that Ay, =t — s a.s.. Thus, although the paths of B; are “very
random”, their quadratic variations are completely deterministic. Actually, assuming we
could observe and measure the quadratic variation of a realization of a path of a Brownian
Motion (which causes technical problems), we could use this path as a watch: when the
quadratic variation reaches ¢, the time is ¢.

Since the proof of this fact needs some technical tools which go beyond the scope of this
book, we will prove a slightly weaker version, which will be good enough for our purposes.

For that we consider a partition of [s,t], P = (to,t1,...,tn), to = s < t1 < ... < t, <,
and let A p(w) = qv(B()(w), P, [s,t]). Then we let || P|| tend to zero and prove that the
random variable Ay, 4 p(+) converges in Ly to ¢t — s, i.e. (see section B.4 for more detail) we

will show that

lim ]E((A[S’t]’p — (t — S))2) =0.

[ P[|—0

Remark : For better understanding we prefer to state arguments on the quadratic variation

in sequential form. Note that for a process X; saying that
—0

is equivalent to saying that for any sequence (P,) of partitions of [s, t|, P, = (t(()n), tg"), o t,(;i)),
with lim,, ¢ || P,|| = 0 , it follows that
kn
—_— 2 —
E Z;(thn) Xm)?=Y| | =0
Note also that for ||P,|| — 0 the number k,, has to increase to infinity. In order to avoid too

many indices we will always assume that k,, = n.
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Theorem 2.2.5 . Let P, = (tén), tﬁ”% e ,t%")) be a sequence of partition of the interval
[s,t] with lim,, . || Py|| = 0. Then

n

Z(Bt(_n) — Bt(_n) )2 —t—s1in Ls.
i—1 (3 1—1
Proof. Note that
" 2
—_— 2 J— —
B | 2B = Ben)* -« S)]
n 2
=E | DB — Byw)* = (1 = £1)]
i=1

— Z E (KBtg") — Btﬁ’_ﬂ)Z — (- tgﬁ)l)][(Bt;m — Bt§-’i>1)2 _ (én) _ t;@l)]> .
i,j=1

,j=1

If i # 5 we deduce that

]E([(Btgn) — Btif)l)Q _ (t(n) tl(ﬁ)l)]KBti.”) — Bti@l)Q . (tg»") - t(n) )

i j—1

o= (7~ 7)) = 0.

—1

= E((Bm — Byw )* = (1" = t{"))) - E((B,w — B
7 i—1 J

7 - tE-
[Independence and Proposition 2.2.1 |

If « = j it follows from Proposition 2.2.2 that

E([(Bw — By )* = (" = ;7)) = 2(t" — ;"))*.

Thus
n 2 n
B DoBe = By = (7~ | | =23 -4y
=1 =
=2 S |tl('n) - tz@1| : Z |t£n) - tz@1|
=1

= 2|, - (t — s) — 0. O
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We finally note that the cubic variation vanishes for almost all paths of the Brownian

Motion. The proof is similar to the proof of Theorem 2.2.5 and is therefore left to the reader.

Proposition 2.2.6 .  Let P, = (t[()"),tgn), . ,t%”)) be a sequence of partition of the
interval [s,t] with lim, . || P,|| = 0. Then

n
E |Bt(n,) - Bt(n,)1’3 — 0 in Lg.
=1
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2.3 Stochastic Integrals with Respect to the Brownian
Motion

We have to deal with the following problem. Let (X;) be an adapted process on the filtered
space (2, F,(F;),P) describing the price of a stock. An investor buys and sells during a
certain time period [s,t] shares of this stock. How do we compute the gains and losses of

the investor?

First, we have to define what an investment strategy is. Throughout this section we are
given a filtered probability space (€2, F, (F;),P), and as in the previous section we denote
expected values with respect to P by E(-).

Defintion. An elementary process is a process (Hy):>o of the following form.

There are times tg,t1,...,t,, with 0 < t; < ... < t, = t, and random variables

ho, b1, ... hy,—1 so that h; is F;,-measurable and for ¢t > 0

n—1
Ht = Z hil[ti,t¢+1)(t)7
=0

ie. forw € Q and i € {0,1,2,...n — 1} chosen such that ¢; < u < t;44, it follows that
H,(w) = hij(w).

The interpretation of this definition is obvious. At the times tg,t1,...,t,_1 the investor
changes his or her portfolio and holds during the time period [t;, t;—1) h; units of the stock.
The condition that h; has to be F;,-measurable is forced by the fact that the decision on

how many shares to hold at time ¢; can only be based on the history prior to ¢;.

Now, assuming that H, = Y7~ hili, +.,1)(w) is an elementary process, we want to com-
pute the gain, respectively losses, this strategy generates during a time period [s,¢]. The
gains occuring during the time period [0,¢;] are ho(X;, — Xy,), the gains during the time

period [t,t5] are hi(Xy, — Xy,), etc.

More generally, the gains occuring during a time period [s, t] can be computed as follows.
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1) If there is an ¢ € {0,1,...n — 1} so that t; < s <t < t;4; the gains are
hi( X — X).

2) If there are ¢ < j in {0,1,...n} so that t; < s < ;41 <t; <t < t;4q (let £ = 00)

then the occuring gains during [s, t] are:

j—1
hi(Xti_,_l - Xs) + Z hf(Xte-H - th) + hj(Xt - th)'

f=it+1
These two formulae can be combined using the notation p V ¢ = max{p,q} and p A g =

min{p, ¢} to the formula 1
D hilXvane — Xivane):
This is exactly the formula v:;l(i)ch was introduced in Stochastic Calculus as the stochastic
integral of H with respect to X.
Defintion. Let (X;) be an adapted process on the filtered space (Q, F, (F;),P) and H() =

Z?:_ol hilj, 4, ) (-) be an elementary adapted process. Then we define for s < t the stochastic

integral of H with respect to x over the interval [s,t] to be
t n—1
(2.13) / H,dX, = Z Pi( Xty 1vs)ne — X(tavs)at)-
s i=0
We observe the following two properties of stochastic integrals.
Proposition 2.3.1 . Let (X;) be an adapted process on the filtered space (0, F, (F), P).
1) If s<t, a,f €R, and H and G are two elementary adapted processes then
t t t
/ aH, + G ,dX, = a/ H,dX, + ﬁ/ G.dX,.
Moreover, this equality holds true for Fs-measurable random variables «, 3.

2) If s <r <t and H is an elementary adapted process then

t r t
/Huqu:/ Huqu—i—/ H,dX,.
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The proof of 2.3.1 is simple and we leave it to the reader. The following observation says

that the family fot H,dX, is also a stochastic process.

Proposition 2.3.2 . Let (X;) be an adapted process on the filtered space (0, F, (F;),P)
and H; be an elementary adapted process.

Then (f(f HdX)i>0 is an adapted process.

Proof. From Equation (2.13) it is clear that fg H.dX, is F,-measurable. We are left to

show that the mapping

0.0 x 23 (1) = ( [ t HaX.)

is B0y ® F-measurable.

To see this we first observe that we can assume that H is of the form H; = hly, ;,) with
h being F;,-measurable, since every elementary process is a finite sums of these even simpler
processes. Secondly we note that in this case

;

t
/Hsts= h(X,— Xy,) ifty <t <ty
0

WXy, — X)) ifty <t

\

= 1[t1,t2} (t>h<Xt - th) + 1(t2,00) (t)h(Xt2 - Xt1)7

and note that the map [0,00) 3 (t,w) — (fot H,dX,)(w) can be written as product of sums

of Bjy,c0) ® F-measurable maps. O

For the rest of this section we will restrict our attention to stochastic integrals with
respect to a Brownian Motion (B;) and extend the notion f: H,dB, to a more general class

of adapted processes H. Rather than thinking of a stochastic process being a family of



64 CHAPTER 2. STOCHASTIC CALCULUS, BROWNIAN MOTION

random variables defined (€2, F,P) indexed by t we will think of a process being a map
defined on the set [0, 00) x 2.

For a subset A of [0,00) x 2 and ¢ > 0 we call

(2.14) A ={weQ|t,w) € A}

the t-cut of A.

Proposition 2.3.3 . Let Bjg ) ®F be the product o-algebra of Bjy ) and F as defined
in Proposition B.2.1 and in the examples mentioned thereafter in Appendiz B.2. The set
of all A € Bjg o) ®F which have the property that for allt > 0 the t-cut of A is an element
of Fi forms a sub-o-algebra of Bjg ) @ €.

We will call this o-algebra the set of all progressively measurable sets on (2, F, (F;),P)
and denote it by P.

Proof. We only need to note that for A C [0,00) x ©Q and ¢t > 0 it follows that ([0, 00) X
Q\ A) = Q\ A and that for a sequence (A™) of subsets of [0,00) x it follows that

UA"). = U A7 m
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Proposition 2.3.4 .

1) All elementary adapted processes on (S, F, (Fi),P) are progressively measurable.

2) All continuous adapted processes on (Q, F,(F;),P) are progressively measurable.

Proof. To proof (1) we only need to consider a process H of the form H, = hlj)(u)
with 0 < s < t < oo and h being F,-measurable. For a measurable set B C R and a

v € [0,00) it follows now that

7

{wlh(w) € B} ifs<wv<t

{(u,w)|Hy(w) € B}, = 1 0 fvo<sort<vand 0€ B

1] ifv<sort<wvand0¢ B
\

which implies that {(u,w)|H,(w) € B}, € F, in all cases.
To show (2) we approximate a continuous adapted process H by elementary ones. For

n € N define

n2"

Hqsn) = Z Hz‘an].[7;2*",(1'—‘,-1)27")(11“)'

i=0

It follows that for all w € Q and u > 0 lim, .o HY” (w) = Hy,(w). Since the pointwise limit
of measurable maps is still measurable the claim follows. 0
Remark. The reader might ask whether or not every adapted process is progressively
measurable. this is in general not true, but under some technical conditions on the filtered
space (2, F, (F;),P) there is for every adapted process H a version H (meaning that for all
t>0: H = ﬁt almost surely) which is progressively measurable. But we do not want to
elaborate on that question and note that 2.3.4 provides a big enough class of progressively
measurable process.

We will fix a time 7" > 0 and consider only processes indexed over the time [0, 7).
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Definition. We denote by H»([0,7]) the set of all progressively measurable processes
(Hy)o<t<r on the filtered space (€2, F, (Fi)o<t<r, P) for which the paths are square integrable

on [0, T almost surely, i.e. for almost all w €

T
/ Hy(w)?dt < oo,
0

and for which

E(/OT HEdt) < .

For H € H»(]0,T) we put

T
I, =22 ( [ 7o),
0

The set of all elementary processes H; = Z?;ll hily, .
which lie in H»([0, 7)) are denoted by Hs ([0, T7).
Note that H € Hy.([0,7]) if and only if the h;’s are square integrable.

Wlth02t1<t1<tn:T,

it1))

Remark. Let A7) be the uniform distribution on the interval [0, T]. Consider the product
probability P ® Aj 7 on the set 2 ® [0, 7] furnished with the product c-algebra F @ By 1
(see Proposition B.2.4 in Appendix B.2). For a measurable f: Q® [0,7] — R it follows
that

1 Gl = BXY ep(f2(w: 1)

Alo,7]
— ]E(l/Q)(% /T fQ(w,t)dt) = %E(l/z) (/T fQ(w,t)dt).
0 0

Now we restrict the probablity A7) @ P to the sub algebra of progressively measurable sets.
Denote this restriction by A @ P|p.

Thus, we observe that H,([0,7]) is equal to the space La(P ® Ajo11lp), and ||H||n, =
VT Hy()l, H € Ha([0,T)). Therefore || - |13, is a norm on Hy([0,7]) (see Theorem B.4.5
Appendix B.4) and the notion of convergence in Hy([0,7]) will refer to that norm.

We are now in the position to state our key observation.
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Theorem 2.3.5 (The basic Isometry).

The map

T
B : Ho ([0, T]) — La(P), HH/ H,dB,
0

18 welldefined, meaning that fOT HdB, is an element of Ly(P), the space of square integrable

maps on (2, F,P) and @ is an isometry on Ha ([0, T]) into Ly(P), meaning that

T T
||/ H,dB,||1, :E1/2<(/ thBt)2>: |H |y, for all H € Ha.([0,T]).
0 0

Secondly, for 0 < s <t <T the map

t
B Mo (0.T) = La(B), Hoo [ HodB,

1S a contraction, i.e.

t
I [ HudBully < | Hla. for all H € Ho,(0.7)),

Proof. For H;

E((/OTthBt)Q

which implies the claim.

=3 hilp ), With 0 =, <ty < ...

t, = T we note that

n—1

)5S im0

n—

— E( hi (B,gl.Jrl — By,) )

7=

o

[Since E<hihj(Bti+1 - Bti)<Btj+1 - Btj)) -

E(hi(Bi., — Bo)WE((By,,, — By,)|F.,)) = 0if i < j]
= §E<h?)<tz+l ti)
_ E(nzl W2(ts — b )) - E(/T szt)
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Theorem 2.3.6 (Density).
The set Ha ([0, T)) is dense in Ha([0,T)), i-e. for every H € Hy([0,T]) there is a sequence
H™ C Hy.([0,T]) so that

iy [~ Oy, =0,

The proof of Theorem2.3.6 is somewhat technical and we will not present it. Secondly
it will actually be enough to think of the space Hs([0,7]) being the set of all progres-
sively measurable processes H for which there is a sequence (H™ in H,.([0,7]) so that
lim, oo ||[H — H™ ||, = 0. We will prove later (see Proposition 2.3.8) that all continuous,

bounded and adapted processes are in that set.

Using Theorems 2.3.5 and 2.3.6 we are in the position to define f; H,dB, for all H €
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Theorem 2.3.7  (Stochastic integrals with repect to (By) in Ha([0,T])).
Given 0 < s <t <T the map

t
By Mo (0T) = La(®), oo [ H,dB,
can be extended in a unique way to a map, still denoted by P, 4,
(D[s,t] - H € HQ([O,T]) — LQ(P),

so0 that @,y is still a contraction on Hy([0,T7).
We denote

t
/ HudBu = (I)[s,t](H)a fO?" H e HQ([OaT])v

and call it also the stochastic integral of H with respect to (B,) on [s,].

Moreover, this extension has the following properties,

1) If s <t, H and G are in Hy([0,T]), and a and [ are Fs-measurable random variables
so that aH 15 q(u) and G114 (u) are still in Hy([0,T1), then

t t t
/ aH, + 3G,dB, = a / H,dB, + 3 / G,dB,.

2) If s<r <t and H € Hy([0,T]) then

t r t
/HudBu:/ HudBu+/ H,dB,.

8 For H € Hy([0,T]) the process

t
< / HudBu)
0 t€[0,T

18 a martingale.

Proof. Let H € Hy([0,7]). By Theorem 2.3.6 we can choose a sequence H™ C H, ([0, T])
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with lim,, o | — H™ ||, = 0. By Theorem 2.3.5 this implies that the sequence [ H{"dB,
is a Cauchy sequence in Ly(PP), and thus by completness of the space Ls(IP) convergent to
some element y €Ly(P) (see Appendix B.4). We first note that y does not depend on the
choice of the sequence H™ C H, ([0, 7]) as long as it converges to H with respect to || - ||,
Indeed, if H™ C Hy([0,T]), with lim, e ||[H — H™||5, = 0, then it follows that

lim,, s ||[H™ — H™ |3, = 0. Thus it follows from Theorem 2.3.5 that

Jim g (™ = @y (H ™)l = 0

which implies that lim, . ||y — @[S,t](f[(n)) e, = 0.
Letting for H € H»([0,T)),

Ds)(H) = Lo = lim @y (H™),

we now deduce that @, is a welldefined map on H,([0,77]) into Ly (P).

In order to show that ®,, is a contraction as well as to show the claims (1) and (2)
we let H,G € Hy([0,T]), and choose (H™),(G™) C Hy.([0,T]) converging to H and G
respectively. We note that

|1Ppsg () = @y (G| = lim [[@1s9(H™) = g (G™)]|,
< lim [[H®™ — G™ ||, [by Theorem 2.3.5 (2)]
= H = Gllns,
which shows that @, is a contraction. Secondly, applying Proposition 2.2.1 (1), we get for
two Fs-measurable maps «, § satisfying the requirements of the statement of the Theorem
(I)[S’t](OéH + 6G) =Ly — lim (I)[S?t](OéH(n) + 6G(n))

=Ly — lim a®,4(H™) + B0y, 4(G™) = a®, (H) + P 4(G),

n—oo

which implies (1). For s < r <t we deduce from Proposition 2.2.1 (2) that

Opg(H) = Lo— lim ®p, q(H™) = Ly— lim @ ,q(H™)+ lim &y, q(H™) = O,y (H)+Pp, 4 (H),

n—oo n—oo
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which implies (2).
In order to proof that @, is unique we assume that EIS[&ﬂ is also a contractive extension

and deduce that for H € Hy([0,7]) and (H™) C H, ([0, T]) converging to H that

Pl g(H) =Ly — lim &, (H™) = Lo — lim $yy(H™) = by (H).

Finally we show that (f(f H,dB,)o<t<r is martingale. If H € H,.([0,7]) this can be
easily seen (see Exercise....). In the general case we choose H™ C H, ([0, T]) converging to

H and deduce from Proposition B.4.8 in Appendix B.4 for 0 < s <t < T that that
E(®pp(H|F,) = Ly — lim E(Poq(H"™|F,) = Ly — lim (2o(H™) = Sp0.q(H),

which proves (3) and finishes the proof of the Theorem. O
To get a better feeling for stochastic integrals we want to write the stochastic integral
of a continuous and bounded process with respect the Brownian Motion in a more concrete

way.

Proposition 2.3.8 . Let (Hy)cor) be a continuous and adapted stochastic process on
(Q, F, (Fs)ozs<r, P). Also assume that sup,ep 7y |Hi| < ¢ < 0o almost surely.

Forn € N let P = (tg“),t§”>,...,t§”) be a partition of [0,T], with |[P™]| — 0, for
n — oo, and define H™ by

=St g0

Then H™ converges in Hy([0,T]) to H and, consequently it follows from Theorem 2.3.7
that

t n—1
/HudBu:LQ—hm H"dB, —L2—hmZHt e - B

n—oo [, n—00 (t; 11 Vs)NL) (tl(-n)\/s)/\t)'

Proof. For fixed w € {2 we deduce from the defintion of Riemann integrals that

lim [ (H,(w)— H"(w))?dt = 0.

n—oo 0
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Thus the sequence of random variables ( fOT(Hu - H&"))Zdt) is almost sureley converging

to zero. Since [ H, — H{M)2at < T'c? the Majorized Convergence Theorem B.2.11 applies
0

and we deduce the claim. O

We will need one more extension of the stochastic integral.

Defintion. H¥([0,77) is the space of all progressively measurable processes (Hy);cpo,1] for

which.
]P’({w €N /THi(w)dt < oo}) = 1.

Convergence in HY ([0, 7)) will be defined as follows. A sequence H™ c H¥(]0,T]) is said
to converge to H € HY([0,T]) if the sequence fOT(Ht — H™)2dt converges in probability to
0.

Remark. Note that HY (][0, 7]) contains all continuous processes.

The following Lemma plays a key role for extending the stochastic integral to processes

in HY([0,T7]).

Lemma 2.3.9 . Let (Hy)icpon be a process in Ho([0,7]), 0 < s <t < T, ande,0 > 0.

({] [ mam| 2 f)<p({| | o= )+ 5

Then

Proof. First assume that H € H, ([0, 7).
Define H by

- H,(w) ifu>sand ['H(w)do<é
Hy(w) =

0 otherwise
Note that [ H2du < 6. For w € Q it follows that ecither H,(w) = H,(w) for all u € [s, ]
or that fst Hﬁdu > 0. In the first case it follows from the definition of stochastic integrals for

elementary processes that [ H,(w)du = [ H,(w)du.
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We therefore conclude that

j)

<

[/ )| ] 25}
iE((/O H,dB,)°) +IP’<{‘/O Hdu| > 5})

[Inequality of Tschebyscheff (see Proposition B.4.1 in Appendix B.4)]

_ éE(/OTﬁgdu) m({]/OTHSdu( > 6})

[By Theorem 2.3.5]

< Sen({] [ ma =)
0

This proves the claim for elementary processes. In order to generalize it to an arbitrary

H € Hy([0,T]) we first choose a sequence H™ C H, ([0, T]) converging to H with respect

to || - ||z, and note that then
lim P 8})2 }), and
lim P( ‘/ (H)du| = 0} )= )/ HQdu‘><5 O

Corollary 2.3.10 .  Assume that H™ C Hy([0,T)) is a Cauchy sequence with respect
to the convergence defined in HY ([0,T]), i.e. for all € > 0 there is an n € N so that for

all k,m >n .
IP({/ (H® — HIY2dy > 8}) <e.
0

Then for all 0 < s < t < T the sequence f: Hq(fl)dBu with respect of convergence in

probability in the space Lo(P), the space of all measurable functions on Q.

Proof. Assume that H™ is a Cauchy sequence in Hy ([0, 7)) with respect to the convergence
defined in H € HY([0,T]). Fix € > 0 and choose § = €3/2. We can find n € N so that for
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allm,k>n

P({/t(Hu(k) ~ H™)2dy > 5}) < /2,

and deduce from Lemma 2.3.9 that

P({/t(ﬂg’@ — H{M)dB, > ¢}) < P({/t(HfL’“) — H{)du > 5} ) + &% —c.

This shows that fst H. I(L")dBu is a Cauchy sequence with respect to the convergence in probabil-
ity. Since Ly(PP) is complete with respect to convergence in probability (see Proposition B.4.3

in Appendix B.4) the claim follows. O

Now we are in the position to extend stochastic integration to the space HY ([0, 7]) using

similar arguments as in the proof of Theorem 2.3.7.
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Theorem 2.3.11 (Stochastic integrals with respect to (B;) on HY([0,T])). Given 0 <
s <t <T the map

t
By Ha(0.)  Lo(®), H [ Hodb,
can be extended in a unique way to a map, still denoted by P, 4,
Cpory 2 H € Hy ([0, T]) — Lo(P),

so that @y is continuous with respect to the convergence defined on Hy([0,T]) and the
convergence in probability on Lo(P) Here Ly(P) denotes the measurable maps defined on
(Q, mathcal F') with convergence in probabilty.
We denote

/t HydBu = @y, (H), for H € H2(0,T)),

and call it also the stochastic integral of H with respect to (B,) on s, t].

Moreover this extension has the following properties,

1) If s <t, a, B are Fs-measurable, and H and G are in HY ([0, T]) then
¢ ¢ t
/ oH, + 3G,dB, = a / H,dB, + 3 / G.dB,.

2) If s<r<tand H € HY([0,T]) then

t T t
/HudBu:/ HudBu+/ H,dB,.

Proof. We first show that H»([0,77]) is dense in HY ([0, T]) with respect to the convergence
defined in HY([0,T]). For H € HY([0,T]) define H" = max(n, H) (€ H2([0,T])). Then for
fixed w € Q and u € [0,T] H (w) converges to H,(w). Keeping w still fixed we deduce

from the Majorized Convergence theorem applied to the uniform distribution on [0, 7] that

JH(H,(w) - H" (w))2du converges to 0. Thus [H(H, - H{)2du converges in probability to
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If H € HY([0,T]) we can find a sequence H™ in Hy([0,7]) which converges to H, in
particular it is a Cauchy sequence with respect to the convergence defined in Hy'([0,77]). For
s < t it follows now from Corollary 2.3.10 that f; 208 dB, converges in probability to some
element y in Lo(PP).

From now on the proof is similar to the proof of Theorem 2.3.7, and we will therefore
only sketch the remaining part. The norm || - ||, used in the proof of Theorem 2.3.7 has to
be replaced by the metric d(f, g) = E(min{(|f — g¢|,1}) which characterizes convergence in
probability in the space Lo(PP).

We first will have to note that above limit y does not depend on the chosen approximating
sequence H™ and therefore we can put f; HdB, =y.

The continuity of ®(;4 on Hy'([0,77]) follows from the continuity of @, on Hy([0,T]) as
shown in Corollary 2.3.10, and claim (1) and (2) follow as in the proof of Theorem 2.3.7. O
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2.4 Stochastic Calculus, the Ito Formula

In this section we want to develop some basic principles of “Stochastic Calculus”. More pre-

cisely we want to formulate a version of the Fundamental Theorem of Calculus for stochastic

processes.

Let us first recall the Fundamental Theorem of Calculus and its proof.

Theorem 2.4.1 (The Fundamental Theorem of Calculus).

Assume f: [0,T] — R is continuously differentiable.

Then f(T /f’

Proof. Let P = {tg,t,...,t,} be a partition of [0,7], (0 =ty < t1,...,t, =T). Then

= Z At f'(t])
=1
[with ¢} € [t;_1,t;] chosen by the Mean Value Theorem].

From the definition of Riemann integrals we deduce on the other hand that

n

T
/g(t)dt = ||1131||H10 At;g(t7) [with ¢} € [t;—1, ;] arbitrary].
) =1

Thus, we get

T
F(T) - £(0) = ul;”rgozm 7 0/ 7
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We are given now a function g: R — R, and a Brownian motion on (€2, F, (Fs)o<s<co; P)

and want to write
Q(BT) - Q(Bo)

as a stochastic integral. But in this case we encounter some differences to the deterministic
case.

Note that ¢g(B;) is a random variable on Q i.e. g(B;): Q3 w +— g(By(w)). Assuming g
being twice differentiable and bounded we obtain for a partition P = {to,t1,...,t,} of [0,T]

from Taylor’s expansion that

mBﬂ—gm>=§ijm—a@aﬂ>

- 1
= Zg%BtFl)(Bti - Bti&) + Z ig,l(fi)(Bti - Bt¢71)27
=1

i=1
with & being an appropriately chosen random variable assuming its values between By, |
and By,. If we let |P|| — 0 then ) ¢'(By,_,)(B:, — B:,_,) converges by Proposition 2.3.8 in

=1
L2 to

T
/ g,<Bt)dBt
0

NE

(t: — ti1)29"(tf))

The problem is now the following: contrary to the deterministic case (i.e.
i=1

n

Z(Btz - Bti—1)2g”(Bt1:)

i=1
does in general not converge in Ly to zero. Indeed, by Theorem 2.2.5 it follows that

> (B,—B,,—T in L

i=1

Thus, we will have supplementary terms in the stochastic version of the Fundamental
Theorem of Calculus.

In order to simplify as much as possible the following analysis, let us assume for the

moment that g: R — R is three times continuously differentiable and has a bounded first,
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second and third derivative, say

sup max{|g'(z)], |g"(x)], |g" ()|} = ¢ < cc.

z€eR
This will make the derivations easier and more transparent. Later we will state more general
results.

Using Taylor’s expansion up to the third term we can write
(2.15) 9(Br) = g(0) = > g(B) - 9(Bi, )
i=1

- Z g/(Bti—l>[Bti - Bti—l] (I)

i=1

1
+ 5 ZZI g,/(Bti—l)[Bti - Bti—1]2 (II)

P @B - B )
=1

where P = {tg,t1,...,t,} is a partition of [0, 7] and the §;’s are appropriately chosen random

variables between B, | and B,,.

We consider a sequence of partitions of [0,7] (P™),cn, P™ = (té"’,ﬂ”% )Y, with
|P™]| — 0, and analyse what happens to the terms I, IT, and III if n tends to oo.
First we note that by Proposition 2.2.6 in Section 2.2 it follows that

216)  E((C 1" @180 =By [)°) <CE((C 1By =B 1)) =0, it n—ce.

This means that the third term (III) in (2.15) vanishes.

Secondly, it follows from Proposition 2.3.8 of Section 2.3 that

n T
(2.17) Ly — lim > 9 (Byw )[Byw) = Bym ] = / ¢ (B)dB,,
Z:1 11— 1 11— 0

The following Lemma will handle the term (II) in (2.15). It can be seen as a generalization

of Theorem 2.2.5 in Section 2.2.
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Lemma 2.4.2 . Let f : R — R be continuous and bounded.
Then

n—1 T
Ly — lim, ; F(B)(Byw, = Byw)* = /0 f(By)dt.

Note that the left side of the equation has to be understood pointwise in the Riemann

sense: for w € Q (fOT f(By)dt)(w) is the integral of the continuous function [0,7] 3 ¢
f(Bi(w)) -

Proof of Lemma 2.4.2. Assume |f(x)| < ¢, whenever x € R, for some ¢ > 0. For € N

define the following two random variables.
n—1
n) __ 2
Y( ) — Zof<Btz(n))<Btz('i)l — Btgn)) and
n—1
20 =3 f(Bw)(tih — 1)
i=0
Since for i < j we deduce that

E(J(B)[(Byy, = By = (i = I (Byo) (B, = Byw)” = (152 = 1))

J+1

it follows that

n—1
n n)\ 2 n n 2
E((Y( ) —2z™) ) = E((Z F(B)[(By, = Byn)* = (t — ")) )
1=0
n—1
- E(Z PBenl(Byw, = Bym)® = (1) - tgm)]Q)
=0
n—1

S CQE< [(Bt(n)

- it+1
=0

— Byw)? = (5 — "))

— 0, as shown in the proof of Theorem 2.2.5.
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Secondly, we note that by the definition of Riemann integrals, it follows that for each
w € Q ZM(w) converges to fOTf(Bt(w))dt. Since |Z™(w)| < T for all w € Q we deduce
from the Theorem of Majorized Convergence that Z™ converges in Ly to fOT f(Bi(w))dt.

Thus by the triangle inequality
T T
|y ™ —/ F(Bydt||p, < |[Y™ — Z2M)||, +[|2™ —/ f(B)dt|r, — 0, forn — co. O
0 0

Using now the equations (2.16) and (2.17) as well as the result of Lemma 2.4.2 we deduce
from equation (2.16) that

N —

T
/g"(Bs)ds
0

for functions g: R — R being 3 times continuously differentiable with bounded third and

9(Br) —g(0) = /g’(Bs)st -

second derivatives.
Using now the more general stochastic integral as defined in Theorem 2.3.11 for elements
of HY([0,T]) we deduce with a little more work but essentially the same ideas the following

formula.

Theorem 2.4.3 (Special Ito-formula).
Assume g(-,-) : [0,00) x R — R is (t,x) — g(t,z) is once continuously differentiable in t
and twice continuously differentiable in x then

t t t

[y dg 1 [ 9%
g(t,Bt)—g(O,Bo)—/as(s,Bs)dS—l—/ax(S,Bs)st—i—2/ax2(8,Bs)d$

0 0 0

Remark. Ito’s formula allows us to find f(f g(Bs)dB;s as follows.
Assume ¢ is continuously differentiable, and let G be an antiderivative of g. Then the

formula of Ito implies that

G(B,) — G(0) = /Otg(Bs)dBS +%/Ot J(B,)ds.
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Thus

AE@@M%:G@Q—Q@—%AEM@%.

We now want to generalize the notion of stochastic integrals. Instead of integrating with
respect to only the Brownian Motion we introduce integration with respect to “diffusion
processes”, a class of processes we will use to model stock prices.

Definition. Let (X;), and (Y;) be two processes so that their restriction to [0,7] is in

HY ([0, T]) for any T > 0. Recall that this means that they are progressively measurable and

P({ [ <o) =2 ({ [ vimu< o)) =1

Let Zy be Fy-measurable.

The process Z; with
t t
(2.18) Zy = 2y —|—/ Xudu—l—/ Y.dB,.
0 0

is called a diffusion process.

We also write instead of (2.18)

Remark. Formally the definition of Equation (2.19) is given by Equation (2.18). Nev-
ertheless (2.19) has a more intuitive interpretation: Changes of Z; over small time periods
consist on the one hand of the deterministic “drift term” X;dt and on the other hand of the
random “diffusion term” Y,dB,.

As already mentioned, diffusion processes will be our model for stock prices. Therefore
we will have to define stochastic integration with respect to these processes.
Definition. A progressively measurable process (H;) is called weakly square integrable with

respect to a diffusion process (Z;), were Z; is given by
t t

7y = Zo+ / X, du + / Y,dB,
0 0

if for all T" > 0 it follows that
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P({ [ (i< o)) =({ [ (i< o) =1

Note that this means that for all 7" > 0 the processes (H,X,) and (H,Y,) are elements of
Hy(0,T7]).
Therefore we can define the stochastic integral of (H,) with respect to (Z,) on the interval

[s,t] by
t t t
(2.20) / H,dZ, = / H, X, du + / H,Y,dB,

Theorem 2.3.11 of Section 2.3 can be easily extended.

Proposition 2.4.4 . Given a diffusion process dZy = X,dt + Y;dB;,

1) If s < t, a, are Fs-measurable, and H and G are weakly square integrable with

respect to Z; then
t t t
/ aH, + G,dZ, = 04/ H,dZ, + B/ G.dZ,.

2) If s <r <t and H is square integrable with respect to Z; then

t r t
/HudZu:/ HudZu+/ H,dZ,.

Remark. On one hand we defined in Equation (2.13) of Section 2.3 the stochastic integral
of an elemantary adapted process with respect to a general adapted process. We have to
verify that in the case of H being an elemntary process and Z being a diffusion process
the definition in (2.13) coincides with the definition given in Equation (2.20). Secondly, the
definition of Equation (2.13) was derived from our intuition on how gains and losses should
be defined for a strategy H and we have to make sure that Equation (2.20) still coincides

with that intuition.



84 CHAPTER 2. STOCHASTIC CALCULUS, BROWNIAN MOTION

Thus let H, = Z;:Ol hili, 4, be an elementary adapted process being square integrable
with respect to Z. We observe that

t t t
/HudZt:/ HuXudu+/ H,Y,dB,

[in the sense of Equation (2.20)]

n—1 (ti+1\/8)/\t (t¢+1VS)/\t
- Z / h X, du + / h;Y,dB,
(t (

=0/ (tivs)nt t;Vs)AL
n—1 (ti+1VS)/\t (tiJerS)/\t

= Z hi / Xydu + h; / Y,dB,
: (t;Vs)AL (t:Vs)At

= Z h 1+1VS)/\2§ - Z(tiVS)/\t)

/HdZt

[in the sense of Equation (2.13)]

Now we can state the Ito Formula for diffusion processes.

Theorem 2.4.5 (General Ito formula).
Assume Zy is a diffusion process dZ; = X; dt +Y; dBy, (Xi¢)i>0, and g: [0,00) x R —

R (t,x) — g(t,z) is continuously differentiable in t and twice continuously differen-

/i

tiable in x then

T T
9(T, Zr) — (0, Zy) = /g (t, Zy)d / (t, Zy)dZ; + (t, Z,)Y? ds
0

[\DI»—t
Q’\
lQ

with
T ¢

T
B
/6—9 (t, Z,)dZ, = / (t, Z) X, dt+/a—i(t,Zt)Y; dB,.

0

Remark: Here is an informal way to remember the laws of stochastic calculus:
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Now using the second Taylor expansion in differential form for dZ; = X, dt +Y; dB,

0 0
d(g(t, Z;)) = &g(t’ Zy)dt + %g(t, Z)dZ,
~—
:%g(t,Zt)Xtdt—i-a%g(t,Zt)YtdBt
102 0?
———q(t, Z,)d’t
T eI 20t 559

-

t, Z,)dt dZ,

=0 =0
1 02
+ §$g(t, Zt)dQZt .

-

2
3 259t 2) Y2 dt

85
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Law: precise meaning:

dt)? =0 lim 1 — ¢y =o0

( ) [| P || —0 ;( 7 % 1)
s=ti <t < ctM=t T

dt dB, =0 im S I — 1] By — By | =0
s=tiM <t <tV =t =1

(dBt)2 =dt ||Ili\r\n . Z(Bt(_n) — Bt(-i>1)2 =1—s.

s=tiM <t <tV =t =1

After this rather abstract and technical introduction of the basics of stochastic processes
we are in the position to introduce a model for the stock price (S;). We are given a probability
space (2, F,P) and a filtration (F3)s>o.

(St)t>0 is then a stochastic process satisfying a “stochastic differential equation” of the

following form
dSi(w) = p(t, w, Sp(w))St(w)dt + v(t,w, Si(w))St(w)dBy.

Or, in integral form is equation can be written as:

t t

Si(w) — S = /u(s,w,Ss(w))Ss(w)ds+/V(s,w,Ss(w))Ss(w)st.

0 0

where (u(t, -, Si(+))i>o0 (the drift) and (v(t, -, Si(+))i>0 (volatility) are adapted piecewise con-
tinuous processes whenever (5:(-));>o has these properties.

Note, that we haven’t given an “explicit model” for the stock price yet. Since “S;”
appears on both sides of the equation, it is only an “implicit” description. The following
theorem on stochastic differential equations gives conditions which insure the uniqueness and

existence of a solution:
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Theorem 2.4.6 .  Assume (u(t,-, Xi(+)))i=0 and v(t, -, (Xi())s0 are (Fi)i>o0 adapted
piecewise continuous, locally square integrable, whenever (X;);>o has these properties. Also

assume the following “Lipschitz condition” in the third argument, i.e. AK > 0 so that for

allt >0, w e

lzp(t, w, x) — yu(t,w, y)| < K|z —y|

\Hfl/(t,w,x) - yy(taway>’ < K|l‘ - y|
Then the stochastic differential equation
dXt = M(t, ° Xt)Xt dt + V(t, ) Xt)Xt dBt

has a unique solution (X¢)i>o

t t

ie. Xp — Xo= /,u(s, o X)X ds + /V(S, -, X)X dBs

0 0

Example: Let us assume the drift 4 and the volatility v being constant. What is the
solution of the following SDE 7

(*) dSt = ,USt dt + VSt dBt

We apply Ito’s formula to g(t,z) = Inx

11 2
dIn(S;) = % - 55_,?”253 dt = %Stt - %dt

Thus by solving for ds—stt and integrating we derive that

t

ds, 2
/ 5 zln(St)—ln(SO)—i—%t.

0

On the other hand () implies that

t
dsS.
/ Sst :/,Lt+VBt
0
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which implies that
2

In(S;) — In(Sp) + %t = ut + vB,

or

2
S = Sy - e P,



Chapter 3

The Black-Scholes Model

3.1 The Black-Scholes Equation

In this section we want to solve the following problem:

Consider a general derivative, which pays F'(St) at time T, if the price of the underlying
asset (we call it stock) at time T is Sp. We assume that the price of the stock satisfies
the models we described in the previous sections. What is an arbitrage free value of the
derivative at previous times ¢, 0 <t < T'7?7

Let us first precisely state our assumptions.

We denote the stock price at time ¢,0 <t < T, by S;, Sy being a constant and we assume

S; satisfies the following stochastic differential equation
(Al) dSt = ,utSt dt + VtSt dBt,

in integral form this means:

t t

(A1) S — Sp = /puSudu +/1/u5u dB,,.

0 0

(B4)s>0 is a Brownian motion, with respect to a filtration (F;);>0, and u; and v are stochastic

processes, adapted to (F;), and possibly depending on ¢ as well as on Sy, i.e.
e = p(S, t) and vy = v(S, t).

89
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We assume (A1) respectively (A1) have a unique solution. Conditions for the existence of
unique solutions were given in Theorem 2.4.6
Secondly there is a riskless bond with fixed interest rate r which is continuously com-

pounded. If 3; denotes the value of the bond at, time 0 <t < T, it follows that
(A2) dB, = rp; dt, or B, = [oe™.

Finally, we are given a derivative which pays F(Sr) at time 7. For the moment we only
assume that F': R — R is measurable. A further growth condition on F will be introduced
later. We want to find an arbitrage free price of this derivative at any time 0 <t < T.

We have to make the following further assumptions :

(A3) For each time 0 < ¢ < T there exists a unique arbitrage-free price for the derivative,

which we denote by V;. Furthermore, V; can be written as
Vi = f(Si1)
(i.e. V; depends only on ¢ and the stock price S; at time t) and
f:]0,00) x[0,7) — R

is twice continuously differentiable in the first and once continuously differentiable in

the second variable.

We will use the following notation for derivatives often used in physics :

Fru) = 2 faw)
£ ) = )
) = 5 f(,)

Finally, we have to clarify the possibilities of an investor. An investor can purchase any real
number of bonds and units of the underlying stock. His portfolio at time ¢ is a pair (ay, b;),
where a; denotes the number of shares of a stock and b; denotes the number of bonds he
owns at time t. The process of pairs (a, b;)o<i<r is called a strategy. Since decisions on

investments can not depend on future events we have to assume that
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(A4) (a¢)o<i<r and (by)o<i<r are processes on (£, F,P) which are adapted to the filtration
(Ft)o<e<r-

Secondly we assume (in order to be able to apply stochastic calculus)

(A5) (at)o<t<r is wekly square integrable with respect to S; (as introduced in Section 2.4

and (b;)o<t<r is integrable with respect to db; (in the usuual sense).

Therefore the integrals

t t

/audSu, and/budﬁu, 0<s<t<T,

S S

exist and represent the gains/losses during the timeperiod [s, ], caused generated by the

holdings in stocks and bonds respectively.

Definition: A strategy (at, b)o<i<r is called self-financing if the value of the portfolio at
any time t equals to the value of the portfolio at time 0 augmented by gains or decreased by

losses up to time t. In a formula that means

t t

(1) (gtst + btﬁz) - (GOSO + bOﬁO) - /au dSu + /bu dﬁu
Valu‘cf at t vah:er at 0 9 0 P
gair??loss

or in differential form
(2) d(atSt + btﬁt) = Ay dSt + bt dﬁt

[.e. whenever the investor increases his position in stocks he will decrease his position in
bonds by exactly the same value and vice versa. Now, we are in the position to formulate

our last assumption

(A6) There is a self-financing strategy (ay, by )o<i<T, satisfying (A4) and (A5) which replicates

the derivative, i.e. at any time 0 <t < T
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V; = Value of portfolio (a, b;)

= ayS; + b5y

Remark: Up to this point, the reader might not see the justification of the above introduced
assumptions. Why for instance, should it be possible to replicate the derivative? Why
should a replicating strategy satisfy the conditions in (A5)? Why should the value V; of the
derivative at time ¢ only depend on ¢ and S; but not on S, for some other time u < t? Why
should this dependence be differentiable? At this time, we cannot give a satisfying answer to
these questions yet. But, under the assumption that the stock price (5;) satisfies (A1), that
the bond price satifies (A2), and that the function F' satisfyes a certain growth condition,
we will find a function f(S,t) satisfying (A3) and a replicating and self financing strategy
(at,by). From the existence of such a strategy it follows that V; = f(S;,t) = a.Sy + b5 is

the only arbitragefree price of our derivative.

After this set-up we are ready for the computations. First we use Ito’s formula for

dV, = df (S, 1).

(3.1) dVi=df(S,,1)
= (S0, 1)S) + F(S1, )t + o f(Si1)(dS)?
= f/(St,t)I/(St,t)St dBt—f-[f/(St,t)/,L(St,t)St + f(St,t) + %f”<5t,t)1/(5t, t)ZStQ]dt

[by (A1), note (dS;)* = v*(S;, t)S? dt].
On the other hand it follows from (A6) that

(3.2) Vi — Vo = S + b8y — (aoSo + bofo)

t t

=/audsu+/budﬁu

0 0

[using (A1)].
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In differential form,
(33) d‘/t = d¢ dSt + btdﬂt
= at,u(St, t)St dt -+ CLtV<St, t)St dBt -+ btrﬁt dt

= atl/(St, t)St dBt + [&t/L(St, t)St + Tbtﬁt]dt.

Comparing Equation 3.1 with Equation 3.3, we observe that these equation are satisfied if

we demand that
(3.4) (S, t)v (S, )S; = aw (S, t)S, [the “dB;-term” of (3.1) and (3.2) respectively]

and

/ ; 1 " 2@Q2
Y ) ) t — )
(35) f (St, t)M(St, t)St + f(St, t) + 2f (St t)V(St t) S at,u(St t)St + btrﬁt
[the “dt-term” of of (3.1) and (3.2) respectively].

Equation 3.4 cancels to

(3.6) a = f'(Si,1).

This is the hedging equation. Once f is known f'(S;,t) is the number of shares of the stock
the investor has to buy in order to replicate the derivative. Solving equation (A6) for b; we
obtain

1 1 ,
(3.7) by = E[f(St,t) — a,Sy] = E[f(St,t) — f(St, 1) S

Inserting (3.6) and (3.7) into (3.5) we derive that

F(Sut) + %f”(St,t)u(St,t)QSf —rF(Sut) — (S )5S,
or
(3.8) %y(st, 0252 (S0, 1) + 1S (Sur ) + F(Sut) — 1 f(Su,t) = 0.

Thus, in order to find the function F'(¢, S) satisfying (3.8) we will have to solve the following
initial value problem (BSE) (the Black-Scholes Equation).
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(BSE) Find f: [0,00) x [0,T] — R satisfying the partial differential equation:
1 .
75, t)2S%f"(S,t) +rSf(S,t) + f(S,t) = rf(S,t) =0,

assuming for ¢ = T the values f(S,T) = F(S).

Conclusion. We reduced the problem of finding the arbitrage free value of a derivative to the
problem of solving the (deterministic) initial value problem (BSE). Secondly, we deduce that
once we found f(-,-), we can hedge (replicate) the derivative by the following self-financing

strategy:
a = f/(Sit), and bt_ﬁi[f(St,t)—f’(St,t)St].

t
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3.2 Solution of the Black-Scholes Equation

In this section we want to solve the initial value problem (BSE) obtained in the previous

section. We will assume that the volatility v is constant.

(BSE) %VQSQf”(S, B+ rSF(S, ) + f(S,t) —rf(S,8) =0, 0<t<T, 0<S
with £(S,T) = F(S).

We will proceed in the following way. Substituting the variables appropriately we will trans-

form (BSE) into the well known Heat Equation (HE).

(HE) R'(z,7) = h(x,7)
h(z,0) = ho(x).

Then we will present the methods to solve the Heat equation. Finally, reversing all the

substitutions will lead us to a solution of (BSE). We first make the following a change of

variables:
(3.9) S =85(x)=¢€" (orx=In(9))
t =t(r) :T_12/_72_ (orT:%VQ(T—t)).

Note that the second equation in 3.9 means that we “inverted time”.

We let

(3.10) o, 7) = F(S(@), 1)) = ( T —) ,
and note that the initial conditions becomes

(3.11) 9(x,0) = f(S(x),T) = F(e").
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Computing the relevant derivatives of g(x,t) we obtain

g'(z,7) = f'(S,1)S,
g”(iB, T) = f,(Sv t)S + f”(Sv t)SQa

quad[Note that 05 _ S]
Ox

. m) =~ (e 1)

The partial differential equation written in terms of z, 7 and g(x, 7) becomes

2 V2 2

?g”(l‘77—) - Eg,<w77—) + ’I"g/(ZE,T) - ?g(l',T) - ’f‘g([L‘,T) =0

or after multiplication by V%

g+ (5 =) o or) = Zoglor) = i),
Putting k& = 3—2 we obtain
(3.12) g (v, 7)+ (k—1)¢'(z,7) — kg(z,7) = g(x, 7).
Secondly we let
(3.13) g(x,7) = e*™ P h(z, )

and try to find the right choice for o and (3 in order to obtain (HE).

The relevant derivatives of g(z,7) can be written as follows

g (x,7) = e P ah(z,7) + W (x,7)]
g"(x,7) = e Ph(x, 7) + 2ah (x,7) + B (2,7T)]
§(2,7) = e Bz, ) + bz, 7))

The partial differential equation (3.12) becomes (after cancelling the factor e***#7 on both

sides)

?h(x,7) + 2ah’(z,7) + B (z,7) + (k — Vah(z,7) + (k — VB (2, 7) — kh(x,T)
= ﬁh(.’lﬁ, T) + h(l’, T)
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Bz, 1)+ (20 +k — D (2, 7) 4+ (&® + (k — D)oo — k — B)h(z,7) = h(z,T).

Now we can choose «, 3 so that the factors of A’ and h vanish, i.e.

k—1
3.14 a=——— and
2

B=a’+(k—1a—k= (%) —(kf—l)2—k3=—i(k‘+1)2,

We now arrived to the Heat Equation

(3.15) h'(x,7) = h(x,T)
with the initial function
(3.16) h(z,0) = ho(x) = e *g(x,0) = e **F(e")

This is the “one dimensional heat-equation” (in one variable x).

Interpretation: Insulated wire has at time 0 the temperature distribution Ty(z)

One wants to know the temperature distribution 7'(x,t) at some time ¢ > 0. From laws in

physics one can deduce that T'(z,t) has to satisfy
T"(x,t) = ¢T'(x, 1),

where c is called the conductivity of the wire.

Proposition 3.2.1 . h(z,t) = ﬁe‘ﬁ/‘”, i.e. the density of N(0,2t) is a solution of
W'z, t) = h(z,t).
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Proof. Simply compute the derivatives

h(x,t) = 2\}% Z—; — %] e~ w /A
B (z,t) = 2\}% —2%] e/
h'(x,t) = 2\}% I—; — 2%] e/
and realize that b’ (x,t) = h(x,t). O

Proposition 3.2.2 .

a) If h(x,t) is a solution of the equation h" = h and ¢ € R then ils translation by c,

i.e. the function (x,t) — h(x — ¢, t) is also a solution.

b) If hy(x,t), ho(z,t), ..., hy(z,t) are solutions of h" = h and if oa,qs,...,an € R,

n
then > a;hi(x,t) is also a solution.
i=1

In particular _ a;h(z — ¢;,t) is solution if h(x,t) is one.

i=1
Proposition 3.2.3 . Let hg: R — R be continuous and assume that
2 _M
clho(c)|-e” 7 de< oo forallt>0.
(z=c)?

Then ﬁ,‘[ ho(c) - e~ 3 de is solution of b = h.

Proof. Define

o0

1 (arfc)2

h(z,t) = /ho(c)Q\/Fte_udc.

—0o0
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The integrability condition on A allows us to interchange % as well as a% and 38722 and

[ ...dc with taking the integral with respect to ¢ (see Exercis.....). This means together
with Proposition 3.2.1 that

R
RS2 BT ¢

17 (x—c)* 1] _ o2
_ h L (z—c) /4td d
2\/7t / o(¢) [ Ap2 Qt] ‘ can

" 1 * 2 @)
h (x,t) = 2—\/Et @ho(C)e & dc

17 —o? 1 :
/ ho(c) [u — —] e~ @ Mde for t>0and z €R,

N a2 2
Proposition 3.2.4 . Assume hg: R — R is continuous and assume that
1

(arfc)2
|ho(c)|le” % de < oo forall t>0
2¢/ 7t /

oo

N2
then 11_1)1(1) ﬁ {O ho(c)e™ 3 ~de = ho(x) for all x € R.

Proof. Let ¢ > 0 and = € R. Using the continuity of hy we find § > 0 so that for all z € R

with |Z — 2| < 4 it follows that |ho(z) — ho(Z)| < £. We write

T | )
ho(c e~ (= /4 g
/ O( )2\/E




100 CHAPTER 3. THE BLACK-SCHOLES MODEL

Now, whenever n > 62, it follows that ——e~"/* | 0, whenever ¢ | 0. Thus
2v/7t

00 z—9

1 2 1 2

—(z—c)* /4t —(z—c)* /4t

(3.17) / Iho(e)] 5 7=e de—0 and / ho(e)] 5 7=e de—,

44§

by monotone convergence. In particular (replace hg(c) by the constant 1) it follows that

0o z—0
i 2\}%6*(””*6)2/4%0 P 0and [ ﬁe*(“cy/‘“dc = 0. Thus we conclude that

z+0

1 (z—c)?

lim su ho(c)e™ % dec — ho(z

t—»Op 2\t / 0( ) 0< )
x—0

z+d z+0

. 1 _ (1'7(;)2 1 / (1,'7(:)2
= lim su ho(c)e™ % dec — ho(z)e™ % dc
t—>0p 24/t / 0( ) 24/ 1t O( )
z—0 z—0

_@=o? | :
e % is a density]

1
We are using that
[ & 24/ 7t
T+
<timsup so— [ Jho(e) = ha(a)le” " d
im su c) — ho(z)le t dc
= aym S °
z—0

i )
+ lim su / ho(x)|e @4 g
t—0 P 2\/% | 0( )|

T+

t—0 2\/%

z—48
1
+ lim sup / |\ho(z)]|e =94 dc

<e.

Since € > 0 arbitrary claim follows. 0

Conclusion

The solution of the heat equation

h"(x,t) = h(x,t) withh(z,0) = ho(z)

18

1 T _(@=0)?
h(x,t)zQ\/ﬁ_t/ho(c)e a—dc,
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Assuming the integrability condition

2\/_/|ho |ce dc<oo for all ¢ < oo.

Remark: Given two functions f, ¢ the function z — j? f(2)g(x — 2)dz is called the convo-
lution of f and g denoted by f * g. -

Using convolutions one can write the solution to the heat equation as

h(z,t) = hg * pay(x) where pg = ﬁe‘fé (density of N(0,2t)). For t =0 “hy * py” has

to be interpreted as hy (which is justified by Proposition 3.2.4).

We now turn to the computation of f(s,t) by tracing back our substitutions
1
150 = (1), 2T -0)) oy (3.0

_ eoln(s) 38Tt (ln(S), %VQ(T B t)) by (3.13)]
[(6)]
aln(S) . 56r2(T ) (6—In(s)?

ce 2210 d¢  [Proposition (3.2.4)]

=€

_ (6-In(5))2
66) . e 2v(T—t) dé_

aln(S)e%ﬂzﬁ(T— )

t 1 -
V2mA(T —t) . /e P

=€

2

F Sen an— QVQ?T—t) d77

. )

\/27w2 —t) /
[Substitute n = £ — In(.9)]

In+av(T—1)]2

_ eéﬁy%T—t) . e%a2u2(T t) de

/FSe"
w/27ru2 — 1)

[Quadratic completion)]

e—r(T t)

L2 22
r(T— t -5 (T_t)+z)6_md2’

/FS e’
\/27TV2 — 1)
2r — 1?2

2
Substitute = z — ar*(T —t) = z + 57 V(T —t) =2+ <r - %) (T — t)]




102 CHAPTER 3. THE BLACK-SCHOLES MODEL

Now we deduce from the choice of a and § (3.14) that 3+ o? = 2(—(k+ 1)* + (k — 1)?) =

—k = —2 and obtain

v2

—r(T—1) i 2

e F(Ster(T—t)e—é(T—t) . ez)eimdz
2mv?(T — t)

(3.18) Vi=f(Sut) =

We can represent V; as an expected value involving the Browinan Motion. For that note

that
1 22

PR g
22T — t)

is the density of the distribution of v(By — B;). Thus we deduce that

(3.19) Vi = f(Si,t) = e "TOR(F(Sper T D=5 T-0+v(Br=Bu)y),

in particular for ¢ = 0 we obtain

v2 e’ r V2 22
(3.20) Vo= e "TE(F(Spee 2 tBr))y = [ F(Spe™e 27 - e*)e 22T dx.
V22T
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3.3 Discussion and Application of the Black-Scholes
Formula

Let us first observe that as in the case of futures (Section 0.2) and as in the case of the log-

binomial model (Section 1.3)we arrived to the follwoing conclusion. The value of a derivative

in the Black Scholes Model can be interpreted as the discounted expected value of the pay-off

function with respect to a risk neutral distribution. Indeed, the value of a derivative, paying

F(Sr) at time T, is at time 0 worth

(3.21) Vo =e "TE(F(e'7Sy - e~ 2" THBrY).

We define S, = e”Soe’%”Q””Bt, 0 <t < T. This is the log-normal process with the same

volatility v as S; but with the drift r, the drift of a riskless bond. Since the process M; =

1

Spe~2”°¥Bt i a martingale (see Proposition 2.2.3), we deduce that for 0 <t <u < T

E(S,|F) = "5,

Thus the expected yield of S, equals to the yield of the riskless bond. We call therefore (5’;)

the riskneutral version of (S;). Using S, the value of a derivative can now be writeen as

(3.22) Vo = e "TE(F(S7)).

Using Equation 3.20 of Section 3.2 we can compute the value of a European call (F(S) =

(S — K)T) and a European put (F(S) = (K — S)") (Exercise....).
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Proposition 3.3.1 . For a European call and put, with expiration date T' and exercise

price K, the value at time 0 <t < T is
C(S,t) = SN(d) — Ke " T"ON(d — v/T —t)

and
P(S,t) = Ke """ ON(—d +vVT —t) — SN(—d) respectively,

where

d
1 2
N(d) = N / e~ 2dx, and

. log(S/K) + (r + 3v2) (T — t)
B vyT —t ‘

Proposition 3.3.2  (Asymptotic behavior of C(S,t))).

a) If S < K (call is “out of money”), thus log(S/K) < 0 and d < 0, and we deduce
C(S,t) = 0.

b) If S > K (call is “in the money”) then log(S/K) > 0, d > 0 and N(d) = 1. In
that case we deduce C(S,t) ~ S — Ke "=t which is the value of a future with the

same expiration date and exercise price.

We now turn to four important functions associated with a derivative paying F'(S) if at

time T the stock price is S.

First note that the value of a derivative
Vi = f(Si,t) = efr(Tft)E(F(Ster(Tft)efé(Tft)+zx(BTth)))

does not only depend on ¢t and S; but also on the interest rate r and the volatility v and
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we can think of f being a function of £, S, but also of the interstrate r and the volatility v,

f(Sy,t,r,v) = f(Si,t). 1) The “delta” of F:

0
AF(Sa t) = %f(svtarv V)

2) the “gamma’” of F:

I'p(S,t) = aa—;f(S,t,r, V)
3) the “theta” of F

Op(S,t) = —%f(S,t,r, V)
4) the “vega” of F":

vp(S,t) = %f(S,t,r, V)
5) the “tho” of F:

pr(S,t) = %f(S,t,r, V).

We already encountered Ap during the derivation of the Black-Scholes formula:
a; = Ap(S,t) is the number of shares of a stock, an investor has to hold at time ¢, together
with b, = (V; — a;.S;) /3 bonds, if he wants to replicate the derivative.

Any two of the considered three securities (bond, stock, derivative) form a complete
market, which means as in the discrete case that we can replicate any of these three securities
by the two others. If he wants to replicate the bond for example, one needs to hold bK: units

a5t ynits of the stock (solve V; = a;S; + b3, for 3;). These strategies

of the derivative and — »

are called “A-hedging”. They have one big problem: they demand a continuous, practically
impossible, adaptation of the portfolio. Thus, one has to approximate the A-hedging by only
finitely many portfolios. There is a trade off between increased number of transactions, which
on one hand increases the accuracy, but also increases on the other hand the transaction
costs. The function I'r represents the curvature of f as a function on S and can be used for
refined hedging strategies.

Finally pr and vg represent the dependence of f on r and v. Usually the interest rate

r and the volatility v are only known up to errors Ar and Avr. The interest rate could for
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example change before the exercise date and also the volatility can only be estimated from

past data. Thus pr and vr can be used to estimate the possible error of f
f(S;t,r+ Arjv+ Av) — f(S,t,r,v) = ppAr + vpAv.
We finally want to compute the “A of a call”

0
Acall(S7 t) = %C(Sa t)'

Proposition 3.3.3 .

Aca”(s, t) - N(d)
[lOg(S/K)-‘r(T-‘r%VQ)(T—t)]/V\/T—t

1 2
= —— 2 g,
\/% e X
Proof.
2C(S t) = 3[SN(d) — Ke"TON(d — vVT —t)]
s 7 S
= N(d) + SN/(d)%d — Ke"TON"(d — vVT — t)%(d — /T —1t)
= N(d) + g—g [SN'(d) — Ke "™ IN'(d — vV/T —t)].

In order to verify the formula we will show that the term in above brackets vanishes. Note

that N'(d) = #e*dw?

Dividing |[...... | by

2 2
o L v/ T—t— % (T—t)

1 —v 7t2
N(d—vVvT —t)= 5 e

S
5
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we get:

[. ) ]/N’(d — T — t) — Sefdm/TftJré(Tft) . Kefr(Tft)
_ G 08(S/K)~(r+ 32 (T—0)+5-(T—t) _ fgo—r(T~1)
log(S/K) + (r + 22)(T — 1)
vV —t
= Ke "0 — Km0 <.

recall that d =

107
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3.4 Black-Scholes Formula for Dividend Paying Assets

A. Continuous dividends

Let us first consider the simplest payment structure. Suppose that in a time dt the stock
pays out a dividend DyS;dt, with Dy being a constant. Using the arbitrage argument the
price must fall by the amount of the dividend payment, S; satisfies the following modified

stochastic differential equation:
dSt = ([Lt — Do)St dt + VtSt dBt

One might expect that since p; does not effect the option price, and that since S, satisfies the
same equation with u; — Dy instead of u; we will arrive to the same option-price. This is not

the case. Indeed our replicating portfolio (ay, b;)o<i<r satisfies now the following equation

t t t

Vi—VWy= /anSS—1—/bsrﬁsds+/DOSSaSeT(t_S)ds
0

0 0

W—/ S -~ / N ~ J/
gain/loss gain/loss gains from
from from reinvested dividends
stock bonds

or, in differential form,
d‘/; = Q¢ dSt + bt dﬁt + DOStat dt

This looks like Equation 3.3 of Section 3.1 containing the additional term DgS;a; dt.
Using now exactly the same arguments as in Section 3.1 we arrive to the following partial

differential equation

1 )
§y252f”—|— (r—Do)Sf' + f—rf=0,

and using the same techniques as in Section 3.2 we derive the value of a derivative:

—(r—Do)(T—t) F 2

e F(Ste(r—Do)(T—t)e—é(T—t) e?)e TN

B 2mv?(T — t)ioo

(3.23) Ve = f(Si:1)

and for ¢t = 0:

o
¢—(r=Do)T 2 2

- V2m2T

(3.24) Vo = f(S0,0) F(SierPOT = 5T . o2\~ 577
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B. Discrete dividend payments

Suppose now that during the life time of an option there is one dividend payment at time
0 <ty <T whichisd- St; where St; is the price of the underlying asset just before time ¢,.

If we denote by Std+ the price of the underlying asset right after the payment we conclude
St; =5 + dStg,

otherwise there would be an arbitrage possibility.
Now let f(S;,t) be the value of the option at time . Since the owner of an option does

not receive a dividend we must have
f(St;7t;) - f(St,';?t:lr)a

otherwise there would be again a arbitrage possibility.

So we have for any S

F(S,t7) =lim £(S,t) = f(S(1 — d), t]) = lim f(S(1 — d), ¢).

ttq tlta
In other words, since the path

t— f<5t7t)

is almost surely continuous, the function in two variables
(5,1) — f(S,1)

cannot be continuous at t = t,.
We can find the solution in two steps, each time using the methods of solutions presented

in the Sections 3.1 and 3.2
(D For ty <t < T we find f(S5,t) as explained in Sections 3.1 and 3.2.

(@ Then we define a new options whose exercise date is t; and whose payoff function is

F(S) = f(S(1— d),t,).
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For this derivative we find the value f (S,t), 0 <t <ty
Finally we put for 0 <t <T

S.t) if
.t - F(S,t) ift <ty
F(S, 1) ift >t

Note that

(3.25) lim f(S,t) = F(S) = f(S(1 —d), tg) = lim f(S(1 — d), t).

tty tlty
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Chapter 5

Martingale Method, Stopping Times

and American Options

We start in this chapter with a more general and abstract approach to evaluate claims. A
general claim will be simply a function f : 2 — R and f(w) represents the payoff if w € Q
happens. A Valuation assigns to each such claim a number, its value at time 0. We will
specify some reaonable conditions on valuations and will conclude that evaluating claims is
equivalent to find equivalent probabilities which turn the price processes of the underlying
assets into risk neutral processes. This generalizes observations we already made in the

log-binomial and the log-normal case.

In the following sections we concerned with pricing American style options. Thes options
allow the holder to choose the exercise date within a specified exercise period. In order to
define mathematically allowable exercise strategies we need the concept of stopping times.
Stopping times will be introduced and discussed in section 5.2. In the sections 5.3 and 5.4

we finally develope a pricing theory for American style options.

113
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5.1 Martingales and Option Pricing

In this section we want to present a general approach to determine arbitrage free values of

options. We will deduce the following principle:

The problem of finding arbitrage free values of options is equivalent to the prob-
lem of finding an equivalent probability which turns the discounted prices of the

underlying assets into martingales.

The notions of equivalent probabilities and discounted price processes will be introduced later.
In order to formulate and prove this principle we will loosely follow ideas first developped
by Harrison and Kreps [HK], Harrison and Pliska [HP] and Kreps [K]. Inspired by Black’s
and Schole’s formula for options for log-normal processes they formulated a pricing theory
for contingent claims within a more general frame.

We consider several stochastic adapted processes (S\)o<icr, (S ocrers - - - (S™)ocrer
on a filtered probability space (2, FP, (F;)o<t<r). We assume that F = Fp. We think of
these processes being the prices of n underlying assets. As usual F; represents the o-algebra
of all events whose outcome is known by the time t. Since F represents the presence we
assume that for all A € F either P(A) = 0 (A did not happen) or P(A) (A happened).

In order to simplify computations we will first introduce a “change of currency”. We
denote by r > 0 the, continuously compounded, interest rate of a riskless bond during the
time period [0,7]. Our new currency is a “riskless bond which pays one Euro at the end
of the considered time period”. We will represent prices using the correct number of these
zero bonds. Only at the very end of our discourse we will translate our results back into the

usual currency. The “new prices” of our underlying assets are now given by
(5.1) S\ = rT-0gl.

A general claim or option is now simply a function f: € — R, which we assume to
be Fr-measurable and bounded. Later we will pass to unbounded claims. Note that for

example the pay-off of a call within the Black Scholes model is unbounded from above, since
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a log-normal random variable is unbounded. We think of f(w), w € 2, being the pay-off (or

liability) at time 7', if w occurs.

Remark. If f is F;-measurable for some ¢ < T, then the gain/loss caused by f will be
already determined at time ¢ and we might distinguish between “the option which pays f(w)
at time ¢’ and “the option which pays f(w) at some other time ¢ > #”. But in our new
bond-currency this distinction is unnecessary since the interest rate (in terms of bonds) is

Zero.

Defintion. For ¢t € [0, T] the vectorspace of all bounded F; measurable functions f : Q@ — R

is denoted by
Loo (2, F).

A waluation at time 0 is defined to be a map
Vo @ Loo (2, Fr) — R.

The interpretation is as follows: Vy(f) is the value assigned to the security f at time 0.
We want to enumerate some reasonable properties a valuations should have. As we will

see, these properties are dictated by the fact that we want to avoid arbitrage possibilities.
(V1) Linearity
If fi, fo € Loo(Q2, Fr), a1,a9 € R, and 0 <t < T then
Volarfi + aafa) = arVo(f1) + aaVo( f2)-
(V2) Positivity
If fe Lo(Q,Fr)and 0<t¢<T, then
(a) f>0as. = Vy(f) >0.
(b) f>0as.and P({f >0}) > 0= Vy(f) > 0.

An element A € Fr with P(A) = 0 has the property that x4 > 0 a.s. and y4 < 0 a.s.
Thus condition (V1) implies that

(5.2) Volxa) =0 <= P(A) =0
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Remark. Let us derive for example (V1) from basic arbitrage arguments:

Assume that for some choice of oy, s fi, fo € Loo(Q2, Fr)

Volarfi + aafa) # arVo(fi,t) + a2Vo(fo, t).
Then an investor could proceede in the following way:.

— Case 1: Vo(aifi + aafe) < anVo(fi,t) + aaVo(fast).

Go short «; times the option f; and as times the option f; and buy one unit of

(arfi + asfs).

— Case 2: %(Oélfl + Oézfg) > Oél‘/o(fl, t) + Oég%(fg,t).

Go short one unit of (a; f; + asfs) and buy «y times the option (f;) and ay times the

option (fs).

In both cases the riskless gain is [Vp(aq f1 + aafe) — anVo(f1,t) + aaVo(fo, t)]-

The next condition simply says that a zero bond is allways worth a zero bond.
(V3) Normalization V(1) = 1.

Finally we need a condition which cannot be deduced completely from a simple arbitrage

argument.

(V4) Monotone Continuity
Assume f1, fo,... are in Lo (Q, Fr) and f1 < fo < f3 < ---. Furthermore assume that

f = lim f, =sup f, is also bounded. Then
n—oo neN

sup Vo(fn) = Vo(f)-

neN

Remark.
Assume f1, fo,... are in Loo(Q, Fr) and f; < fo < f3 < .-+ and f = lim,_, f, exists

a.s. and is an element of L (€2, ;).
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Already (V2) implies that sup,cy Vo(fn) < Vo(f). Indeed, since f > f,, for all n, it
follows that Vo(fn) < Vo(f), and thus sup,,cy Vo(fn) < Vo(f)

Let us discuss what it would mean if this inequality were strict and A = Vi(f) —
sup,en Vo(fn) > 0.

In that case an investor could take an arbitrarily small £ > 0 (much smaller than A) and
choose N € N so large that Ep(f — fy) < . The strategy of selling at ¢ = 0 one unit of
f and buying one unit of fy would lead to a fixed gain of at least A at time t = 0 and a

liability of f — fx at time 7" whose expected value is smaller than e.

In other words he or she could make a fixed gain at time 0, namely at least V(f,t) —
sup,en V (fn,t) with a risk of having a loss at time 7" whose expected value he or she can
choose to be as small as he or she wants it to be. Following Kreps [K] this condition (V4) is

referred to as “No Free Lunch”.
We will now show that a valuation at time 0 is given by an equivalent probability Q.

Definition. A probability Q on (2, Fr) is called equivalent to P if for any set A € Fr

P(A) =0 < Q(A) = 0.

We say that P and Q are equivalent if P is absolutely continuous to Q and Q is absolute

continuous to P, i.e. if for any A € F

P(A) =0 < Q(A) = 0.

In that case we can apply the Theorem of Radon-Nikodym (Theorem B.3.1 in Ap-
pendix B.3) and deduce that there is a [P integrable g : Q@ — R so that

Q(A) = Ep(gxa), forallAe F.
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Proposition 5.1.1 .  There is a one to one correspondance between all valuations at
0 satisfying (V1)-(V4) and all probabilities Q on Fr which are equivalent to P. This

correspondance s given by

Q(A) = Vo(xa), A€ Fr,

if Vo is a valuation at 0 satisfying (V1)-(V4), and by

Volf) =Eq(f), [ € Loo(€2, Fr),

if Q is a probability equivalent to P.

Proof of Proposition 5.1.1. For A € F we put

Q(A) = Vo(4)
and have first to show that Q is a probability on F which is P-equivalent.
By (V2) and the following remark it follows that Q(¢) = Vo(xs) = 0, (V3) implies that
Q(2) = V(1) =1, and by (V2),0 < Q(A) < 1, forall A e F. If A1, Ay, As,... € F are
disjoint it follows

@ (U An) - %(XUnENAn)

neN

= sup Vo(xuya,) [by (V4)]
NeN

= sup > Volxa,) by (V2)

NeN =1
N [e'¢)
=sup »_ Q(A,) = > Q(A,).
NeN n=1 n=1

The fact that Q is P-equivalent follows again from (V1) and the observation 5.2.
Conversely if Q is a probabilty equivalent to P, we put Vi (f) = Eq(f), for f € Lo (2, Fr),
and deduce (V1) from the linearity of expected values, (V2) from the monotonicity of ex-

pected values and the assumption that Q is equivalent, (V3) from the fact that Q(2) = 1,
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and fianlly we deduce (V4) from the Monoton Convergence Theorem (Theorem B.2.10 in
Appendix B.2). O

Until now, we did not use the (discounted) stock prices (S\t(i))ogtg:r- We have to formulate
a condition which states that the valuation at 0 of an option is consistent with the stock prices.
Therefore we want to consider for ¢ € [0,7] the random variable §t(l) as an option, namely
the claim which pays §t(l) Since :S'\t(l) might not be bounded (like in the log-normal case for
example) we will first extend Vj to a larger class of functions.

Let f: Q — R be measurable, and bounded from below almost surely which means that
there is a ¢ € R so that f > ¢ almost surely. If V{ is a valuation at 0 satisfying (V1)-(V4)

we put

W(f)=  sup  Vilg).

9€Leo (Q,77),9<f

Remark.

This supremum could be +oo. Secondly, we note that Vo(f) = lim, .. Vo(max(f,n))
(Exercise....). And thirdly we note that one can deduce from condition (V4) that Vo =V on
the space Loo (€, Fr) (Execise....), i.e. Vy is an extension of Vj onto the set of all measurable
functions whith are bounded from below. Therefore we will continue to denote ‘N/O simply by
Vo.

Since V) is determined by an equivalent probability Q it follows that

W(f)=  sup  Eq(g) = lim Eg(max(f,n)) = Eq(f)-

geLO@(Qva)7gSf oo

We will now assume that our discounted stock prices (§f@) are bounded from below

(usually by 0) and consider the following condition on Vj.
(VB TO0<u<t<T,i=1,2...nand A € F, it follows that VO(XAgt(i)) = VO(XAS\S)).

Remark. Let us give an argument why the absence of (V5) would lead to arbitrage pos-
sibilities. Assume for example Vj(x qu(f)) < Vol(x Agt(i)). An investor would buy one unit of

Xqu(j) and sell one unit of XAé\t(i) at time 0 and have a gain of %(XAgt(i)) — %(XAé’\qsi)). In the
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future he can avoid any loss by proceeding as follows. If at time t A does not happens the
option he bought becomes worthless, but also his liability towards the buyer of the option
he sold vanishes. If A happens he recieves at time u the amount of 53) which he can use to

buy one unit of the ¢ — th stock, and cover therefore his liability at time ¢.

Theorem 5.1.2 . There is a one to one correspondance between all valuations at 0
satisfying (V1)-(V5) and the set of all equivalent probabilities Q under which the discounted
stock prices are martingales.

This correspondance is the same as in Proposition 5.1.1.

A probability Q which is equivalent to P and turns the discounted stock prices into
martingales will be called a equivalent martingale probability for the processes (@(Z)),

1=1,2,...n.

Remark. Note that we did not assume that the stock prices (§t(z)) are integrable with
respect to P. This is not necessary. But they turn out to be integrable with respect to any
equivalent martingale probability.

Proof of Theorem 5.1.2. Assume V} satisfies (V1)-(V5) and let Q be the corresponding
probability given by Proposition 5.1.1. First we have to show that (gt(z)) is integrable with
respect to Q. Indeed choose —c, ¢ > 0, to be a lower bound of (§t(l)) and note that

Eo(|S]) < ¢+ Eq(S7)

=c+ lim E@(min(gt(i) ,n)) [Monoton Convergence]

n—oo

=c+ lim Vo(min(gf), n))

= ¢+ Vo(S™)
=c+ Séi) < 0o [Apply (V5) to u =0, and A = Q]

For u < t and A € F, it follows now from (V5) that

Eq(xaSt") = Vo(xaSi”) = Vo(xaSP) = Eq(xaSy).
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Since §1(f) is F,-measurable this implies by the definition of conditional expectations that
E@(S\éi”fu) = S almost surely. O

We now want to describe valuations for other times ¢ and define a valuation process to
be a map

Vi Loo(Q,F) x [0,T] — Lao(% Fr), (f, 1) — Vi(f),

so that for ¢t € [0, 7] the function V;(f) is Fr-measurable. Vi(f) has to interpreted as the
value of the claim f given all information up to time t. For ¢t = 0 V,(f) has to be a constant
almost surely and will therefore be identified with this constant.

The following condition can easily be deduced from an arbitrage argument (see Exer-

cise...)
(V6) For t € [0,T] and f € Loo(92, Fr) it follows that

Vo(xaVi(f)) = Vo(xaf).

L.e. at time 0 a claim which pays f if A € F; occured must have the same value as a claim
which pays V;(f) if A occured.

Similar as in Theorem 5.1.2 we can prove the following statement.

Theorem 5.1.3 . Assume V : Loo(Q, Fr) X [0,T] — Loo(Q, Fr) is a valuation process
which satisfies (V6) and for which Vy satisfies (V1)-(V5).
Let Q be the corresponding equivalent martingale measure. Then it follows for f €
Loo(Q, Fr) and t € [0,T]:

Vi(f) = Eo(f1F1)-

We finally want to translate our formula for pricing options back to the case where our
currency are Euros and not bonds. We consider an option which pays at time ¢ < T the
amount g(w) in Euros, where g is F;-measurable. Since our currency consists of Euros,
the time of the pay-off becomes relevant. In terms of bonds this amount equals to f(w) =

"™ g(w) bonds. If W(g,t,s) is the value of this option at time s < ¢ measured in Euros,
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its value measured in bonds is denoted by V' (f, s) = V(f,t,s). Now let Q be the P-equivalent
probability measure associated to V', turning :9;(1) = eT(T_t)St(i) into a martingale.

Then it follows

(5.3) Wig,t,s)=e "IV (f,s)
= ¢ TTVEg(fIF)

— efr(Tfs)EQ<er(T7t)g’fS) _ efr(tfs)EQ(g’Fs»

For evaluating American options it will turn out that we are in particular interested in

derivatives of the form

9=14G(5)

with A € F; and with pay-off taking place at time . In that case
(5.4) W (f,t,s) = e "CIEG(1AG(S,)|F,) = e "By (14G(e " T9 )| Fy).
Remark. Theorems 5.1.2 and 5.1.3 leave the following two questions unanswered:

1) Given the stock prices, is it always possible to find a valuation satisfying (V1)-(V5),

or equivalently is there always an equivalent martingale measure?

The answer to this question depends on the model we are considering. Within the
discrete model we showed that the existence of an equivalent martingale probability
is equivalent to the absence of arbitrage (this is how Theorem 1.1.3. can be inter-
preted). We actually computed the (unique) equivalent martingale probability for the
Binomial model. Also, it can be shown that our results on option pricing in the Black
Scholes model can be interpreted as a result on existence and uniqueness of equivalent
martingale measures. In the literature we find more results connecting the absence of

arbitrage to the existance of equivalent martingale measures. Here are some examples:

a) For finitely many trading times: Dalang, Morton, and Willinger (1989) [DMW]

b) For continuous trading times and continuous and bounded price processes: Del-

baen (1992) [D1]
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c¢) For continuous trading time and bounded price processes with right continuous

paths having left limits: Delbaen and Schachermayer [DS2].

d) For continuous trading time and unbounded price proccesses with right continuous

paths having left limits: Delbaen and Schachermayer [DS3] .

The second question which comes in mind is the following:

2) Are the equivalent martingale probabilities unique? Equivalently: are arbitrage-free
option prices unique?
Unfortunately, only in few cases they are unique, the most important examples are the

log-binomial and the Black Scholes model. This is the reason why, despite all its flaws,
the Black-Scholes model is still the best and the most often used model.

There are several attempts to force uniqueness of Q by requiring some functionals ®(Q)
to be minimal. These functionals for example measure the “distance between P and

Q7. Here is an example of such a result.

Theorem 5.1.4 .  Assume (:9;(3)) , 7 € J s a family of processes for which there is
an equivalent martingale measure such that the density f of Q with respect to P is square
P-integrable. Assume also that % (which is the density of P with respect of Q) is square
Q-integrable.

Then there is a unique martingale measure for which

1
Q) = [[fllaeey + 15l 2@

18 minimal.

Other results of these type can for example be found in Delbaen and Schachermayer (1996)
[DS4]. and in Schweizer [Sch]. But there is one main problem in all of these approaches: As
much as it they might make sense mathematically, there is no compelling economic reason

why the “right option price” should be given by minimizing a certain functional ®.
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5.2 Stopping Times

Let (St)o<t<r be a stochastic process on a filtered space (2, F,P, (F;)o<t<r) describing the
price of a stock during the time period [0, 7). An American style option contingent to that
stock is a security which guarantees a payment of F'(S;) whenever the holder chooses to
exercise his or her option during the time period [0,7]. Thus, studying American options
we are facing the additional problem that the holder has more freedom in exercising his
or her option. We first will have to study the possible or admissible rules the holder can
apply to determine when to exercise the option. In probability theory such admissible rules
are referred to as stopping times, they can be seen as strategies “for stopping or starting
certain processes”. Before we present the mathematical rigorous definition let us consider

some examples. Stopping times can be used for
1) determining when to sell or buy a stock.
2) when to quit playing a certain game.
3) when, playing Black Jack, to tell the dealer that one does not want more cards.

4) when to exercise an American option.

Examples. Consider the following strategies. Which of them should be called admissible?
1) Sell a stock once it got over 100 Euros.
2) At Black Jack: stop buying cards once one has at least 16 points.
3) At Black Jack: stop buying if the next card would get you over 21.
4) Play roulette until you made a gain of at least 1000 Euros or you lost all your money.
5) Sell a stock at the day its value is maximal over a given period [0, 7.

There is a crucial difference between the strategies (1), (2), and (4), on one hand and (3),

and (5) on the other hand: For (1), (2) and (4) the decision to stop at a certain time ¢
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depends only on events happening before or at time ¢. On the other hand in (3), and (5),
the decision of stopping at a certain time depends on future events: in (3) the decision to
stop depends on the value of the next card, and in (5) the decision to sell a stock at a time
t depends on whether or not all future values (S, )i<u<r are smaller or equal to S;.

Conclusion: A stopping time should be seen as a map 7: Q — [0,00) or 7: Q — [0, 7] (if
the considered time period is finite) for which the event {7 = ¢}, or {7 < t} only depends
on events happened at time t or before. Thus, the events {7 < t}, {7 = t} must be F;

measurable. This leads us to the following precise definition.

Definition. Given a filtered probability space (Q, F, P, (F;)icr) where I is an index set like
I =10,00), I =[0,T], or I is discrete like I = {0,t,t9,...,t,} or I ={0,t1,ta,13,...}.

A stopping time is then a map:

7: Q—1,

or, if I is an unbounded indexset, 7 can assume the value oo

7: Q— TU{c0},

having the property that the set {w € Q | 7 <t} € Fyforallt € I. Amap 7: Q — I,

respectively 7: € — I U{oo}, with countable range, say {7(w): w € Q} = {to,t1,t2,...} is

a stopping time if and only if

{r=t}eF for i=12 ...

It is often much easier, but enough for our purposes, to consider only stopping times with

countable ranges.
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Proposition 5.2.1 .
a) Constant random variables T =t are stopping times.
b) If 7,0 are stopping times then max(7,0) and min(r, o) are stopping times.

c¢) Suppose I =[0,00) or I = Ny. If T is stopping time and t € I, then T+t is stopping

time.

But: 7 —t not necessarily stopping time.

Proof of Proposition 5.2.1. We will only show (b) for max(7, ¢) and leave the rest as an

exercise. For ¢t € I note that
{max(r,0) <t} ={r <t} U{o <t} e F.

O

The following Proposition exhibits some important examples of stopping times. They
can be formulated in financial terms as follows: Telling your broker to sell a stock at the
time it surpasses a certain value is an admissible strategy. We first need some technical

conditions on the filtration and the stochastic processes.

If the index set [ is continuous, i.e. of the form I = [0,7] or I = [0, 00) we will say that a
stochastic process (S;);e; on the filtered space (2, F, P, (F;)ier) satisfies the usual conditions
if

1) Fo consists of all sets A for which P(A) = 0 or P(A) = 1. This means that an Fo-
measurable random variable is almost surely a constant and conversely each random

variable which is almost surely a constant is Fy-measurable.

2) For t, 7 = ) Fu.

u>t
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3) The paths of (S;) are right continuous having limits to the left, i.e. for w € Q

}Ll;nt S.(w) exists and 1;{2 Su(w) = Si(w).

If I is discrete above assumptions (2) and (3) are meaningless, and in that case we mean

by the usual conditions only above condition (1).

Proposition 5.2.2 . Assume that for the stochastic process on (2, F, P, (Fi)ier) the

usual conditions are satisfied. Let a € R and define for w € €):
a) 7(w) = inf{t € I|Sy(w) > a}
b) o(w) = inf{t € I|S;(w) > a}

(with inf () = sup I or oo depending whether or not I is bounded)

Then T and o are stopping times.

Proof. We assume I = [0,00). The other cases can be handled similarly.

For t € I we deduce from the right continuity that

{r<ty=Jfwe | Suw)>da}

u<t

N U e | 8@ za-JU{wen | S() >a)

neN  u<t
u rational

Note that the first union is uncountable. Thus although all the sets of the form

{weQ | Suw) > a}, u<t, liein F; we cannot yet deduce that the union of these
uncountable many sets is in F;. But using the fact that the paths of S; are right continuous

we can reduce it to a countable union of elements of F;.

The proof of part (b) is left as an exercise. O
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Defintion. If (S;):es is an adapted process and 7 a stopping time on (2, F, P, (F;)ier) we

call the process (Siar)ier With

S () = Si(w) if t < 7(w)
ST(w) (’LU) ift > T(’w)

the process (S;) stopped by T and S. : @ — R, with S;(w) = Sr()(w) is called terminal
element .
As we observed before “events happening before a fixed time ¢’ are elements of F;. We

now want to define what it means for an event to happen before a stopping time 7.

Proposition 5.2.3 .  Let 7: Q — I be a stopping time on (0, F,P, (Fi)icr). Then the
set of all elements A of F which have the property that

An{r <t} e F

form a o-algebra, it is called the o-algebra of events before 7 and is denoted by F..

Proof. We verify the properties of o-algebras:
1) ¢ € F,since pN{r <t} € Fforalltel.
2) If A e F,, then
NA)N{r <t} =0n{r <tN\NAN{r <t} e F
for all t € I, then Q\A € F;.

3) If Al,AQ,... € fq—, then

Uan{r<tp={J@Ain{r<ther

i€EN i€EN e,

for allt € I. Thus | A; € F.. O
ieN
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Proposition 5.2.4 . Assume (S;)ie; is an adapted process and T a stopping time on
(Q, F,P, (Fi)ier) satisfying the usual conditions (if I = [0,00) or I =[0,T]). Let T be a
stopping time and assume T < 00 a.S.

Then S, is F, measurable.

Proof. @ We assume [ = [0,00). In the case that I = [0,7] the proof is the same, if
I = {ty,1s,...} the proof is simpler.
Given a € R we have to show that {S; < a} € F,. This means that for given ¢ € [0, c0)

we have to show that

(S, <aln{r<t}eF.

For let n € N P, = (¢, ¢, .. t{") be a partition of [0,#] (0 =¢t{" <™ < ... <¢{ =)

for which lim,,_,« || P,|| = 0. Using the fact that S; is right continuous we note that

(S, <aln{r<t}

B [{T:t}m{5t<a}] UﬂU[{tz('ﬁ)1<T§t§n)}ﬂ U {Sq<aand7'<q}].

neN =1 qE[tl(Tptl(-n))
q rational

Thus we wrote the set {S; < a} N {7 <t} as countable unions and intersections of sets

in F;, from which we deduce the claim. O

Proposition 5.2.5 .
Suppose o and T are stopping times on (0, F, P, (Fy)ier)-

a) If o < 7 then F, C F;.

b) If Ae F, then An{oc <7} e F,.
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Proof. a) Suppose that A € F,, then
An{o<t}eF all tel.
This implies for all ¢

An{r <t} =An{o <t}n{r <t} e F.
—_———— ——

eF: eF:

b) Suppose that A € F,, then for t € [
(5.5) An{o<tin{r <t} =(An{o <t})n{r <t} N{min(o,t) < min(r,t)}.

By Proposition 5.2.1 follows that min(c,¢) and min(7,t) are also stopping times, and from
part (a) follows that Frin(es) C Fmin(ryy C Fi Therefore each of the three sets on the right
side of (5.5) lies in F;. Since t € I was arbitrary it follows, that AN{oc < 7} € F,. O

We now come to our key result in this section. Roughly it says the following: If (S})es

is a martingale, a submartingale or a supermartingale, i.e. for s <t

E(S;|Fs) = Ss, respectively
E(S;|Fs) > Ss, respectively

E(S|Fs) < S,

then the above inequalities are preserved if one replaces s and t by two bounded stopping

times o and 7 with ¢ < 7.
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Theorem 5.2.6 (Optional Sampling Theorem,).
Assume (Sy)ier is an adapted process on the filtered space (2, F, P, (Fi)ier) and assume
the usual condition (at the beginning of the section) are satisfied. Let o, T be the stopping

times with o < 7 and 7 < N for some N € I if
a) (Si)wer is a martingale, then

E(S;|F,) =5, a.s.

b) (St)ier is a submartingale, then

E(S;|Fs) > S, a.s.

¢) (St)ier is a supermartingale, then

E(S;|Fs) < S, a.s.

Proof. In the case that I = [0,00) or I = [0,7) the proof would need some technical
tools going beyond the scope of this text. Therefore we will prove the statement only in the
discrete case and will assume without loss of generality that I = Ny. Nevertheless the proof
can easily be adapted to the continuous case if one assumes that the stopping times o and
7 achieve only finitely many values.

We only need to show b) because if (.S;) is a supermartingale then (—S;) is a submartingale

and if (S;) is a martingale it is both a sub- and a super-martingale.

Let 0 <7 < N be two stopping times. We will first define “intermediate stopping times”

Ogp =0

o1 = min(7,0 + 1)

on = min(1,0 + N).
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Since 7 < N it follows that oy = 7. Secondly, it follows that for any ¢ = 0,1,2,..., N — 1
we have 0; < 0,,1 and 0,,1 and o; differ by at most 1.

It is enough to show that for e =0,1,..., N — 1
E(So,,,|Fs,) = Soy  aus.

which means by the definition of conditional expectations that for any given A € F,, we

have to show that

E(14S,,.,) > E(145,,).

i+1

Indeed

N
]E(]‘ASUi+1) = ZE(lAﬂ{Uz:j}SUiH)
=0

<
Il

E(lAﬁ{Uiij}ﬂ{Ui+1Zj}Sj> + ]E(1Am{0'i:j}m{0'i+1:j+1}Sj""l)

I
11

[

N
IN

Oiv1 < 0; + 1]

E(1an{oi=pnfoii1=i157) T E(Lan{oi=j}n{oi1>535j+1)

<
Il
o

I
.MZ

{oiv1 > 7} = Q\{oi < j} € F

> " E(lang=jinfoin=S) + E(Lango=j1n{o >3 57)
=0

[Since E(S;41|F;) > S; ass., it follows for B € F;, E(15S;41) > E(15S5;)]

I
&MZ

<
Il
o

E(Lan{oi=535;)

= E(lASUi)
OJ

The following example shows that the boundedness condition “r7 < N” in Theorem is

Y

necessary. It formulates the well known “doubling strategy” in roulette for example: Bet on

red, doubling each time the stake, until red appears.
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Example. Assume X, X, X3, ... are independent random variables with P(X; =1) =p >
0, and P(X; = —1) = (1 — p). Define

S, = Z:: 271X,

and 7(w) = min{n € N, X,, = 1}. Note 7 < oo almost surely and note that for w € Q

7(w)

T(w 222 lX
_ ogr(w) 1= ot
— 97(w)=1 _ (1+2+4+...+2T(w)—2)

=1 [geometrical sequence].

Thus E(S;) = 1. On the other hand, (S,) is a martingale if p = ; and a supermartingale if

p < % Moreover, if p < %

:ZQi_l(p—(l—p))SO. O
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5.3 Valuation of American Style Options

We now turn to the problem of finding arbitrage free prices for American style options.
Recall that an American style option contingent to a security S with pay-off function F' and
exercise period [0, 7] pays F(S;) dollars, if the holder of the option decides to exercise the
option at time t € [0,7] and the price of the underlying security is S;. As discussed in the
previous section the holder is allowed to use any strategy defined by a stopping time.

We will, at least for the moment, only consider finitely many trading times 0,1,2,..., NV,
with NV € N and American style options which are exercisable only at these times. We also
assume for the moment that all prices are given in zero bonds paying one Euro at time N.
This forces us to let the payoff function F' also depends on the exercise date n (chosen by the
holder). Indeed, let g(S,,) be the payoff in Euros if the holder exercises at time n. Then the
payoff in terms of zero bonds at this time would be F,, = ¢"V=") g(Sn), where r > 0 denotes
the interest paid between the times 7 and i + 1,7 = 0,1,... N — 1. Thus, although ¢(S,) is
only a function of S,, a dependence on the exercise date will be unavoidable if we translate
this amount into zero bonds .

Therefore we will work within the following frame.

We think of an American option as a sequence of N + 1 functions on €2, and we denote
them as Fy, F1,..., Fyy1. The vector function (Fy, Fy, ..., Fy) will be denoted by F. For
w € Q the number F),(w) represents the payoff if the holder decides to exercise at time n
assuming w happens. Because of some technical reasons we will assume that the holder can
exercise the option at time 0.

F,,i=0,1,... N, is defined on some filtered probability space (2, F, P, (F;)i=01..n).- Fo
consists of all sets A € F with P(A) = 0 or P(A) = 1, and F,, represents as usual the set
of all events for which it is known by the time n whether or not they happened. Since by
time n it should be determined how much the holder of an option receives if he decides to
exercise the option we will require that F,, is F,-measurable, for n =0,1,... N.

An American style option F' = (Fy, Fy,..., F,) is called contingent to a price process

geon
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could write in this case F;,, as a function of S,, instead of a function of §n But we want
to keep all prices in a given formula in the same currency. We will also continue with the
convention to denote payoff functions in zero bonds by the letter ' and payoff functions in
Euros by the letter G or g.
Example. An American call.

The payoff function of a call is g(S) = (S — E)T. If (S,)n=0. .~ is the price process for
the underlying asset it follows that

(5.6) F,=e™-"(S, — E)f = (V=18 — e W)+t = (S, — B,)*,
with B, = "N E.

As in Section 5.1 we are given several processes describing the prices of the underlying
assets. We will fix an equivalent probablity @Q which turn the discounted prices of these
assets into martingales. As discussed in Section 5.1 the value of a general claim paying f(w)

is given by

(5.7) Ve(f,t) = Eq(f | )

where in this section ¢ runs only over the discrete values 0,1, ... N. We will use the subscript
“e” for European style options.

We will prove in this section that once an equivalent martingale probability is chosen and
the value of each European style option determined by the formula (5.7), the arbitrage free
price of each American style option is also determined.

If F' is the sequence of pay-off functions we denote by V,(F,n), n € {0,1,..., N}, the
value of the American style option at time n. Here we assume that the holder is still able to

exercise at time n. Therefore V,(F,n) is at least the intrinsic value of the option, i.e.
(V1) Vo(Fyn) > F,

It is clear that V,(F, N) = Fy, and the following principle is a key observation and will

enable us to trace back the value at the American style option until the time 0.
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Forn=0,1,...,.N -1
(Va2) Vo(F,n)=max(F,, Vo(Vo(F,n + 1), n))=max((F,, Eg(Vo(F,n + 1)|F,))

Note that V. (V,(F,n + 1),n) is the value, at time n, of a claim which pays the amount
Vo(F,n 4+ 1) in zerobonds.

Remark. The principle (V,2) follows from the following arbitrage argument.

Assume first that V,(F,n) < max(F,, V.(V,(F,n+ 1),n)). At time n we could proceed
as follows: Buy an American style option F' and sell short an option paying V,(F,n + 1) at
time n + 1. From the inequality (V,1) we deduce that V,(F,n) < V.(V,(F,n + 1),n) and
therefore the transactions at time n generates an income of V,(V,(F,n + 1),n) — V,(F,n).
At time n + 1, we sell the American option receiving the amount of V,(F,n + 1) which can
be used to close the short position.

If Vo(Fin) > max(F,, Vo(Vo(F,n + 1),n)) we could sell at time n an American style
option F' and receive the amount V,(F,n).

Then we are faced with two possibilities:

Either the buyer of that option exercises it right at time n (which would not be very
smart given the price difference) and we would make a profit of V,(F,n) — F, > 0. Or
the buyer does not exercise at time n. In that case we would buy at time n an option
which pays at time n + 1 the amount of V,(F,n + 1) and at time n + 1 we could close the
short position using the amount V,(F,n + 1). Nevertheless, we end up with a sure profit of
Va(Eyn) — Ve(Vo(Fon+1),n) > 0.

O

Using (V,2) we are able to compute V,(F,n) similar to the computation of option prices
within the log binomial model by tracing back the price starting with the final time N back
to the time 0.

V:z(FvN) :FN7 and
Vo(F,N — 1) = max(Fy_1, Vo(Vo(F,N),N — 1))

= max(Fy_1), Eg(Fy|Fn-1))
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and, if V,(F,n), n > 1, is already computed, then
(5.8) Vo(Fon — 1) = max(F,—1, Vo(Va(F,n),n — 1))

— max (Fnl, Eq(Vy(F, n)]]-"nl).)

As mentioned at the beginning of this section the holder of an American option can
choose a strategy, in mathematical terms a stopping time, to determine the time at which
the option should be exercised. What is the best exercise strategy?

To answer this question consider for a fixed stopping time 7: Q — {0,1,..., N} the
claim which pays F;. Thus F;(w) = Fy,)(w), which is the process (F,) stopped at 7 (see
Section 5.2). For example a European style option with fixed exercise date N can be seen as
an option with 7 = N. Using our result of Section 5.1 we can compute its value as follows

V(F;,0) =Eg(F;) =Y Eg(lyr—mFa)-

n=0

Theorem 5.3.1 . Forn € {0,1,..., N} it follows that

(5.9) Vo(F,n) = sup  Eq(F:|Fn).
T st;;[)gpgrngNtime

Furthermore the “sup” in Equation (5.9) is attained for the following stopping time T, :
T, =min{l >n | F;, > V.(V,(F.{+1),0)}.

where for { = N, we put Vo(V,(F,N +1),N) = Fy.
In particular,

Vo(F,0) = sup Eq(F)
0<7<N
T stopping time

and the optimal stopping time s in this case

7o =min{l > 0 | Fy(S;) > Vo(Va(F,( +1),0)}.
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Remark. Note that the optimal stopping time can be described as follows: “Exercise the
option once its value equals its intrinsic value”.
Proof of Theorem 5.3.1. By reversed induction we prove for each n = NN —1,...,0
the following 3 claims
claim 1: 7, is a stopping time.
claim 2: V,(F,n) > sup Eq(F: | F,).

n<r<N
claim 3: V,(F,n) < Eq(F,,|Fn).
For n = N all three claims are trivial: 7, = N, and V,(F,N) = Fy = Eo(Fy | Fn).
Assume now claim 1, claim 2 and claim 3 are true for n + 1. We need to verify them for n.
First note that for w € Q

n if £, > V.(V,(F,n+1),n
(5.10) Tn(w) = (Val » )

Tpe1(w) if B, < Vo(Vo(Fyn+1),n).

Thus {7, = n} ={F, > V.(Vo.(F,n+1),n)} € F, and for { > n we observe that

{ra =0} = {F, < Vi(Va(Fin + 1), )} N {141 = £} € Fo.

EFn EFp

In particular, claim 1 follows from the induction hypothesis.

Claim 2 could be explained intuitively: an American style option should be worth at least
as much as an option with the same pay-off function and fixed exercise strategy. But let us

give a rigorous argument.

For any stopping time n < 7 < N it follows that

EQ(F‘F | ‘/Tn) = EQ(l{T=?’L}Fn + ]-{T>n}FT | «’Tn)
- ]-{T:n}Fn + 1{T>n}EQ(F’T | fn)
[1{r=n}, L{r>ny and F,, are F,-measurable]

< max (F,, Eg(Frvmt1) | Fn))-
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Using the induction hypothesis and (V,2) we derive that

Eo(Frv(ni) | Fn) = Eo(Bo(Frvmin) | Farr) | Fn)
< Eo(Vu(F,n+1)|F,) [Inductionhypothesis]
= Ve(Va(F,n +1),n)
< Va(F,n).  [By (Va2)]

.From both inequalities we now deduce claim 2 for n.

We finally have to show claim 3.

Va(F,n) = max(Fy, Vo(Va(F,n+ 1)) [by (Va2)]
= max(F,, Eg(Eq(F~,., | Fat1) | Fn)) [Induction hypothesis]
E, ifr,=n
Eq(Fr . | Fn) if1,>n
= Eo(Lfr,=n} Fr + Limsn} o | Fi)
[if 7, > n then 7, = Tp,41]

= Eqo(F;, | Fn)-

The price process of a European style option V.(F,n) = Eqg(Fy | F,) is a martingale.

The next result describes the process V,(F,n) as a supermartingale.
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Theorem 5.3.2 . The process V,(F,n) is a supermartingale. Furthermore it is the
smallest supermartingale with the property that V,(F,n) > F,,. This means that for any
supermartingale X,, with the property that

X, > F, as.
it follows that
X, > V,(F,n) a.s.
Proof. By (V,2) it follows for n =0,1,..., N — 1 that
Eo(Va(Fyn+1) | Fn) = Ve(Va(F,n + 1),n) < max(Fy, Ve(Va(F,n 4 1),1)) = Va(F,n),

which proves that (V,(F,n)),—01,. ~ is a supermartingale.

If X,, > F, is a supermartingale we will prove by reversed induction that
X, > Vo(F,n) as. foralln = N,...,0. Forn = N, Xy > Fy = V,(F,N). Assume we
showed the claim for n + 1, then it follows that

Xn 2 Eo(Xnta | Fn)
[X,, is a supermartingale]
> Eo(Vo(Fyn+1) | F)
[Using the inductionhypothesis]
= Ve(Va(F,n+1),n)

since also X,, > F,, we deduce from (V,2) that

X, > max(F,, V.(Vo(F,n+1),n))) = V,(F,n).

Example.
We want to consider the log-binomial model with length N, a model for which we know

the equivalent martingale probability Q (which is unique). We assume that F), is contingent
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to a process (Sy)n—o,. Ny Which is log-binomial distributed. Therefore we write F,, = fn(gn)
If U and D are the factors by which S, goes up or down (with D < R = ¢" < U), then
§n goes either up by the factor e”"U or down by the factor e™"D (since the price of the
zerobond in terms of Euros increases by the factor e” between the times n and n + 1

In terms of zero bonds we deduce

~ ~ e —D
Q(Spy1 =€e7"US, | Fn) = )
~ P _U-¢
Q(Spy1 =€"DS, | Fn) = - D

We let V,(F,n)(S,) be the value of an American style option. The discounted stock price
§n can assume the values U"D"*ié\o, i=0,1,...,n. Strictly speaking, V,(F,n) depends on
w € €, but it can be seen easily that V,(F,n) depends only on the value of S, (w). Thus we

can write V,(F,n)(S,) for the value of the option at time n if the stockprice is S,,.
From (V,2) we deduce the following recursive formula
Va(F,n)(S) = max(£a(S0), Eq(Va(F,n +1) | F)(S))

e"—D
U-D

= max (fn(gn), Vo(Fyn + 1)(§n6_TU) U-D

FVA(Fon 4 1) (S D) L6 ) .

How should somebody hedge his/her portfolio after selling an American style option?

For n=20,1,..., N — 1 define

AE,) = Vo(F,n +1)(Spe™"U) — Vo (F,n + 1)(8,D)
e gne_TU — §ne—TD

Co(Sn) = Va(F,n)(S,) — Eq(Va(Fyn + 1) | Fo)(Sh)-

i From (V,2) follows that C,, > 0 and C,, > 0 only if V,(F,n) = F, > Vo(V,(F,n+ 1),n).
Now define the following adapted process (X,,) in bond prices :

Xo = Vo.(F,0)
(which is the amount the seller receives at time 0) and recursively

X1 = An(Sn) - Surt + Xo — G = An(S,) - S
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This is the value of the portfolio at time n+1 if at time n the investor bought An(gn) shares
of the stock, took C),, > 0 out of the portfolio and invested the rest in bonds.
We claim that
Xn = Vo(Fin),

i.e. the investor has at all times the short position of one unit of an American style option
covered.

We prove the claim by induction for each n = 0,1,..., N. For n = 0 this follows from
the choice of Xj.

Assume the claim is correct for some time n.

If at time n + 1, :9\”“ =e U §n we deduce (we suppress the dependence on §n of A,

X, and C,, )

Xpi1 = An(S,e"U = S,) + X, — Cy,

B Va(Rn i 1)(§n67TU) — Va(F,n + 1)(§ne*TD) (eiTU . 1) + Va(F n)(:g‘\n) - C,

e "U —e "D
= qp[Va(F,n+ 1)(S,e"U) = Vo(F,n + 1)(Spe " D)] + Vu(F,n)(S,) — C,,
o PN U-1
QD:Q(Sn+1:6 DSn’fn): U_D

= qp[Va(F.n + 1)(Sae"U) — Vo(F,n + 1)(S,e " D)]

+ quVo(Fyn+1)(Sae"U) + qpVa(F,n 4+ 1)(S,e 7" D)

[Recall that by definition of C,, that Eq(V,(F,n + 1) | Fn)(An) = V,(F, n)(gn) — C,)
— V(F,n+1)(e"US,)

lqu +qp = 1].

If at time n + 1, §n+1 = e*TDgn the claim follows from a similar computation.

Remark. Looking at the last hedging argument one might get the impression that the seller
of the American option has an arbitrage opportunity since he/she can withdraw the amount
C,, and still cover the short position. But note that C),, only becomes strictly positive if

Vou(Eyn) > Eo(Vo(Fyn+ 1) | F) = Ve(Vo(F,n + 1),n) and thus by (V,2) we deduce that
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~

Vo(Fyn) = F,(S,). If the buyer chooses to pursue the optimal strategy as determined in
Theorem 5.3.1 he/she will exercise at time n and stop the process. If the buyer chooses not

to persue the optimal strategy the seller will actually make a profit.

Let us rewrite the (V,1) and (V,2) in terms of fixed currencies and consider an American
style option contingent to an asset S. It pays ¢(.S,,) Euros if the holder chooses to exercise at
time n. The corresponding payoff functions in zero bonds are therefore F, = "N~ g(S,,),
n=0,1,... N. Denoting the value in Euros of the considered option at time n by W,(g,n)
we deduce that W,(g,n) = e-™="V,(F,n) and then observe that the conditions (V,1) and
(V42) translate into

(W, 1) Wa(g,n) = e*T(N*")Va(F, n) > TN g — g(Sy)
and
(Wa2) Wa(g,n) = e """V, (F,n)

— ") max(F,, Bg(Va(F,n + 1)| 7))
— max(g(S,), e "Eo(Wa(F,n + 1)|F,)).

In the next section we will derive that for a wide class of payoff functions the value of a
European option equals to the value of the corresponding American style option. I.e. there is
no benefit for the holder in being able to choose the exercise date. In the following example
we will verify this claim for a call in the log-binomial model.

Example. In the log-binomial model is the value of an American call equal to the value
of the corresponding European call.

Let g(S) = (S — E)T and F, = e'W-7(S, — E)* = (S, — E,)*, with £ = "™ E, for
n=0,1,...N. We assume that 5, is log-binomial distributed and denote the ups by U and
the downs by D.

By reversed induction we will show for every n = N, N —1,...,n that F,, < Eq(Fn|F,).
For n = N the claim is clear, and assuming the claim being true for n 4+ 1 we first not that
the function g is convex, meaning that g(ax + By) < ag(x) + Bg(y), whenever z,y € R and
a,f>0witha+ =1
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Therefore we deduce that

Eo(Fyv|Fn) = Eq(Eo(Fy|Fne)| Fn)
> Eq(Fhi1]F,) [induction hypothesis]
Eq

(9(Snsr)e D)

= "N (gpg(DS,) + qug(USy))
> er(N_"_l)g(qDDSn + qUUSn) [Convexity]

_ er(N—n—l)g(erSn) _ 6r(N—n)(Sn _ e—rE)-i- > er(N—n)(Sn _ E)+ =F,.

Secondly we prove, again by reversed induction, that V,(F,n) = V.(Fy). For n = N the

claim is trivial and assuming we have shown the claim for n 4+ 1 we deduce that

Vo(F,n) = max(F,, Vo(Vo(F,n + 1),n))
= max(F,, Eg(Fy|F,)) [induction hypothesis]
— Eq(Fy|F.) = V(. n).
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5.4 For which Payoff Functions do American and Eu-
ropean Options have the same Values?

In Section 5.3 we derived the value of American style options assuming only finitely many
trading times. Letting the number of trading times increase and the distance between them
decrease it is reasonable to assume that the formula (5.9) in Theorem5.3.1 can be generalized
to the continuous time setting. Let Q be an equivalent probability turning all discounted
price processes of the underlying assets into martingales, and assume that (F})o<i<r is a
family of payoff functions of an American style option. As before we we assume that (F})
is an adapted process on the filtered probability space (2, F,P, (F;)o<i<r). We think of F}
being the payoff in zerobonds if the holder decides to exercise at time ¢.

Assuming that all European style options are priced using the equivalent probability Q
in the pricing formula of Theorem 5.1.3, we deduce the price of an American option is given
by
(5.11) Va(Ft) = sup  Eq(F; | F).

t<7<T
T stopping time

We omitt a proof of Equation (5.11) for the continuous time case, and refere to ........ instead.

Let us first convert Equation (5.11) into our fixed currency. We consider an American
style option paying ¢(S;) Euros if the holder decides to exercise at time ¢. Its pay off functions
in terms of zerobonds are therefore F; = """ g(S,) = e’“(T_t)g(e_"(T_t)gt), 0<t<T. The

value W,(g,t) of the option in terms of Euros is then

(5.12) Wa(g,t) = e "DV, (F,t)
I sup Eo(F) | F)

t<r<T
T stopping time

= sup  Eq(e " g(S,)|F).

t<7r<T
T stopping time

= e

The following Theorem states a general situation for which the value of an American

style option equals to its European version.
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Theorem 5.4.1 . If g is a convex function with g(0) = 0 then

Wa(g,t) = Vi(g,t), whenevert € [0,T].

Theorem 5.4.1 will be a consequence of the Optional Sampling Theorem 5.2.6 and the in-
equality of Jensen (see Theorem B.3.7 in Appendix B.3).

Proof of Theorem 5.4.1. According to 5.12 we have to show that for two stopping times

o and 7 so that t < o < 7 < T it follows that
Eq(e”"7g(S,)|F) = Eq(e "7 g(S,)| ).

Then it would follow that the supremum in 5.12 is achieved for the constant stopping time

7 =T. For that, note that

Eg(e™™"g()|F) = Eq(Bo(e " g(S:)| 7o) 7)) [Fi C Fo]
B (e Eg(e T g(S,) | o) | )
[Write e (T — e’("’t)re’(T"’)r]
> Eg(e™ " "Eq(g(Sre™ ) | Fy) | F)
[Note that a = e~ < 1 and ag(z) = ag(x) + (1 — a)g(0) > g(ax)]
= Eg(e™ " "Eg(g(S,e ") | F,) | )
> Eq (79 (Ba(Sre ) | £,))|7)
[Inequality of Jensen]
> Eg(e™ " 7g(Spe " T)|Fy)
[Optional Sampling Theorem, S, is a Q-martingale]
= Eq(e™“"g(S,)| %)

which verifies the claim. O
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Corollary 5.4.2 .  An American call has the same value as the corresponding (i.e. same
strike price and same exercise date) European call, assuming the underlying asset does not

pay dividends.

In the following example we consider the case that the underlying asset pays dividends

at time tp, O<tp<T.

Example. We compare an American to an European call with strike price K and
exercise date T assuming the underlying asset follows the Black Scholes model and pays at
time tp € (0,7) a dividend of the amount DStB. Following the arguments in Section 3.4B
and using the formula for European calls in Proposition 3.3.1 of Section 3.3 we deduce for
tp <t<T

V(S — K)H,t) = S;N(d) — Ke "M ON(d — v/T —t),

where N(d) = \/127

is the volatility.

e~ 2dz, d = [log(Si/K) + (r + 3v*)(T — t)]/vv/T —t, and where v

d
Since no dividend is paid out during (tp, 7] it follows from Theorem 5.4.1 that V,((Sy —

K)*t,t) = V.((S7 — K)*,t). We observed in Section 3.4B, Equation (3.25), that right before

time tp the value of an European call is

Vo (8, = B ot5) = Ve (8, (1= D) = )%, 1)

D

=S, (1= D)N(d") = Ke " TPIN(d* = v\/T — tp),

with

b log(S,-(1 = D)/K) + (r + 5v°)(T — tp)
- T —ip |
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Now consider the following situation: the call is very heavy “in the money”, meaning that

S > K and thus N(d) = N(d —vy/T —tp) ~ 1. In this case

Ve ((St5(1 - D) — K)ﬂti) ~ St15<1 — D) _ Ke~(T—tp)r
= StB - K+[(1- 6_(T_tD)T)K — DStB]'
If secondly (1—e~ T2 K < DS, it follows that Ve((StB _K)*, t5) is less than its intrinsic

value (StB — K)*, thus the value of the corresponding American style option must be higher.



Chapter 6

Path Dependent Options

6.1 Introduction of Path Dependent Options

In Section 5.1 we developed a theory to price a general option paying f(w) at time ¢ € [0, 7],
where f : Q@ — R was an F;-measurable map. According to Equation (5.3) in Section 5.1

the value of such an option at time 0 < s <t is
W(g’ t S) = e_r(t_S)EQ(m:FS)’

where Q is a probability measure equivalent to P, for which the underlying assets are mar-
tingales if priced in zero-bonds. If we assume the log-binomial model (in the discrete time
case) or the Black Scholes model (in the continuous time case) this probability Q is unique,
and thus, prices of options are uniquely determined in this case. Unfortunately, this does
not mean that we have already a way to compute these prices. In this chapter we want to
find numerically computable formulae or algorithms for option prices. By this we mean for
example an integral (the lower the dimension the better), similar to the formula we obtained
for European style options within the Black Scholes formula (compare Section 3.2), or at
least an algorithm which can be implemented on a computer, like the procedure to find
option prices in the log-binomial model (compare Section 1.3), or the procedure of pricing

American style option based on the key equality (V,2) which leads to an iterative formula

149
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if the time is discrete and if we assume expected values with respect to Q are computable.

The options we are interested in this part, are so called path dependent options. For these
options the payoff does not only depend on the value of the underlying asset at a certain time
t (either to be fixed as in the European style or choosable by the holder as in the American
style option), but its payoff also depends on “how the price behaved during the whole time
period”. Let us give the formal definition.

We will assume that the process describing the value of the underlying asset is continuous.
This is true within the Black Scholes model (which will be assumed in this part most of the

times) if the asset does not pay out dividends.

Definition. (Path dependent options)

Let C[0,T] be the vectorspace of all continuous functions
p: 0,71 =R,
and let F be a function on C[0, 7]
F: C[0,T] - R

Now an option with payoff F' contingent to an asset whose price is given by the stochastic
process (St)o<t<r is a security which pays F(y) at time 7' if the path of S; was ¢, i.e. if an
w occured for which Sy(w) = ¢(t), for all t € [0,T].

We will denote such a derivative by F(S(.)).

We can think of S being an “infinite dimensional random variable”, which assigns to
each w € Q an element in C[0,T], namely the path [0,7] 5 ¢ — Si(w). We will have
to discuss in Section 6.2 some of the technical points involving distributions on infinite
dimensional spaces like C[0, 7] in more detail. Let us first enumerate some important classes

of path dependent options.

Options depending on finitely many predetermined times

These are options of the form

F(S()) — F(Stl, Stz, e 7Stn)7
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with0<t;<tea<...<t,=1T.

The following options can be seen as elements of that class:

a) Options on options: at some predetermined time 0 < ¢; < T the holder can decide

whether or not to purchase an option with exercise date 7.

b) The chooser option: at some predetermined time 0 < t; < 7" the holder can decide to

either buy a put or a call with given strike price K and exercise date T'.

Barrier style options
The payoff of these options depends on the maximal value of the asset price over a given
time interval [0, 7], i.e.

F(S.)) = g(max S;),

0<t<T

where ¢ is a functions on R.

Asian style options
The payoff of these options depends on the average value of the asset price or a function

or the average value of a function of that price i.e.

1

T T
F(Sy) = G(T/O Sidt), or more generally F'(S(.y) = G(—/O g(Sy)dt),

Options depending on only finitely many predetermined times can be treated within the
usual Black Scholes theory developed in Chapter 3. The idea is the following: We first
compute the value of the option in the last time interval [t,,_1, 7. Since in this time interval
the values Sy, S,, ..., S, _, are realized we can treat them as constants, pricing of the option
F is then the same as pricing a European style option paying f(Sr) = F(S,...,5 ,Sr)
at time T. Once we found the price of the option at time t,_; we use this value as the
payoff function for a new option and will be able to price our option within the time period

[tn—2,tn—1]. We can continue this way until we arrive at 0. In order to see which kind of

formulae we get let us compute the option value if the payoff depends on two times.
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Proposition 6.1.1 . We assume that the asset price satisfies the Black Scholes model
with constant drift p and constant volatility v. Let 0 < t; <ty =T and consider an option
paying F (S, St) at time T

Then the value V; of this option at time t

a) fort e [ty,T] is

e—’r(T—t)

V2mA (T 1) .

Z2
F(S, Ster(T_t)e_é(T_t) ce%)e BAT I dz

b) fort e |0,t] is

—r (T—t)
Se’?xtlte , Sy et
27TV2\/t1 \/ —tl / / )

.e 2V2(T t1) 2V2(t1 ) dzdr.

Proof.  We first compute the value of the option for ¢; < ¢ < 7. At that time Sy, is
realized and will be treated as a constant. We apply Formula (3.20) of Section 3.2 to the
payoff function G(St) = F(S;,, St) and derive that for t; <t <T

Vi =e"TIE ( (Sy,, Sie" T Ve 2 (T—t)+w(Br— Bt)))

efr(Tft) 2

= /F(Stl,SteT(T_t) — -0, )efmdz
2mv2(T —t)

in particular for ¢t = t; we get

o0
—r(T—t1) L2

O1) Vo =F(80) = Zogy | S T T T o) W
TV — 1

Now we apply for 0 <t < t; the Black Scholes formula again, but this time for the payoff

F(S,,) and exercise date being t; and we derive that
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or(ti—1) T 2 s
V= F(Serti=De= 7 (=02 e™ 22000 .,
2m2(t; — t)

Replacing now in above integral the term
ﬁ(ster(tl—t)e—g(h—t)ex)

we obtain

o
7T(T7t1) 2

e F(Ster(hfl‘)e*é(hft)ew’ SteT(hft)e*%(tlft)er(Tftl)efé(Tftl)_ez+z)€—72yg(zT7tl) dz
22T — ty)

wich is the claimed formula (b). O

Remark: The formula in Proposition 6.1.1 might look unpleasant but it is not hard to
implement it numerically. It also shows that the Black Scholes theory as developed in
Chapter 3 provides a complete answer to price options depending only on finitely many
predetermined trading times.

For options depending on infinitely many trading times, we might consider the following
approach which, at least theoretically, leads to an approximative pricing formula.

We partition the time interval in sufficiently many intervals [0, t4], [t1,t2],...[tn—1, T] and
approximate the payoff function F(S()) by a sequence of payoff functions F,(S;,,...St,).
Under appropriate assumptions (which are satisfied by the functions F’ we usually considered)
the value of the option F,,(Sy,,...S,) (which is computable as a multi dimensional integral)
will converge to the value of the option F'(S(.).

But there is a numerical problem: as the formula in Proposition 6.1.1 indicates, the
value, at time 0, of an option with pay off F/(S;,,...S;,) will be an n-dimensional integral.
Now let us consider an option having an exercise period of three month (about 80 working
days). It seems reasonable that we will need to partition this period into intervals not bigger
than a day. Thus we need at least n = 80, which means that we have to compute an 80-

dimensional integral. If we needed, say, 100 evaluations of a function in order to get a precise
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enough approximation for one dimensional integrals we would need about 100%° = 10
evaluations for our 80-dimensional integral in order to get the same precision. With some
more sophisticated methods (for example Monte Carlo methods) one might be able to reduce
this number considerably. But nevertheless we will have to compute an integral for which
the time of computation could be larger than the whole exercise period. Thus, this approach
is not very suitable if we want to use it for “on time hedging”.

In order to compute the value of path dependent options we will take an other, more
direct approach.

First, we will have to compute the equivalent martingale measure Q within the Black
Scholes model. As we will see this mainly consists in finding the distribution of the process
By, which, under P, is a Brownian motion. We will find out, that under the probability Q,
B, is a “shifted Brownian motion”. Secondly, we will have to compute the (one dimensional)
distribution of the random variable w — F(S(.)(w)) Once we know its distribution (which is
a probability on R) and its density, say p, the value of our option will be a one dimensional

integral.
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6.2 The Distribution of Continuous Processes

We assume in this section that the stochastic process (S)o<i<r describing the price of an
underlying asset follows the Black-Scholes model. To keep it simple, we assume the drift u
and the volatility v to be constant on the considered time interval [0,7]. Thus (S;)o<i<r

satisfies the stochastic differential equation
(62) dSt = ,MStdt + I/StdBt,

where (B;)o<i<r is a Brownian motion on our filtered probability space (Q, F, R, (F;)o<t<r)-

As shown in Section 2.4
(6.3) S, = Sy - e 2tV B

is the solution to 6.2.

In this case we established two different approaches to price an option contingent to
(St)o<t<r. Let us consider a European style option paying the amount of f(S;) at time
t €[0,7T] (i.e. we do not fix the exercise date to be T'). In sections 3.1 and 3.2 we concluded

that the value of such an option at time u € [0, t] must be
2
(6.4) f(S, t, u) — efr(tfu)E]P(f(Se(rfT)(tfu)Jru(Bthu)))

if S is the value of the underlying stock at time w.

Equation (6.4) can also be written as a conditional expectation:

(65)  Ep(f(Sel™ DTt BB = Fp(f (Sl BB 7 )
= B (f(Suel 5B L) 7 ) (S, = 5),

where the notation

Ep(f(S,c™ /BB E)(S, = )

means the following: the F, — measurable random variable

(f(S 6 ) (t—u)+v(Bs— Bu))|f)
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which is, strictly speaking, a map of w €  depends actually only on the value of S,(w) .
Now, Ep(f(S,er=2)t-wtv(Bi=Bu))| F (S, = S) is the value of that conditional expectation

evaluated at elements w for which S,(w) = S.

On the other hand we discovered in Section 5.1 that the value of our option can be

represented as (Equation (5.3) in Section 5.1)

(6.6) W(f,t,u) = e " "Eg(f(Sh) | Fu)
— o T(t-u EQ(f(S ol 22)(t7u)+y(Bthu)) ‘ fu)

where Q is a probability on (€2, F) which is equivalent to P turning §t = e"T-13, into a
martingale. Of course both approaches to evaluate the same option must lead to the same
value. In particular, the random variable W (f,¢,u) also depends only on the value of S,

and we deduce that

(6.7 Ex(f(Sue” ““W*&mfxs:s>
= Bo(f(Suel™ D HBB) | F)(5, = 5)

Making a change of variables we deduce from Equation (6.7) the following observation:
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Proposition 6.2.1 . We assume the Black Scholes model with constant drift p and

constant volatility v, i.e. the price of the underlying asset is given by

12y
St _ Soe(u sVt z/Bt’

where By is a Brownian motion on the filtered propbability space (2, F,P, (F)o<t<r)-

Let Q be an equivalent probability which turns the discounted process §t =e"TYS, into a
martingale.

Then it follows for any t € [0,T], any u <t and any continuous and bounded g: R — R
that

08 BolaBi- 5|50 =B (o (L -0+ -5 | 7))

or equivalently,

09 BelolBi- B 150 =B (o ("S- w1 B B) | 5.

Proof. Assume that the value of the underlying asset at time u < ¢ is S. For a given

bounded and continuous function g : R — R we define
_ 1 ) 1,
F) =3 | 00e(%) = o= 50t = )]
Note that if y = Se(h—3v)t—w)+re theop g(x) = f(y). We observe that

Eq(9(B; — B.)|Fu)(Sy = S) = Eq(f(Syel 2 tmw BBy 7 y(5, = 3)
— Ep(f(gue(rf%ﬂ)(tfu)w(Bthu))‘y:u)(gu =9)

[By Equation (6.7)]

= Ep(g(B; — By + —L(t — )| F) (Su = ).

v

[everything cancels nicely]
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Proposition 6.2.1 says vaguely the following: The process B; which was assumed to be a
Brownian motion on the probability space (£2, F,P) “behaves like a shifted Brownian motion
on (2,F,Q)”. The rest of this section will be devoted to making this vague statement into
a rigorous one.

We have to introduce the notion of distributions of stochastic processes.

Definition. On C([0,7]) we consider the o-algebra generated by the sets of the form

{£ € C(0,T)) | f(t1) € A1, f(E2) € Az, f(En) € An}

with any choice of n € N, 0 <ty <ty < ---<t, <T and Ay, Ay,..., A, € Bg. These sets
are called cylindrical sets. We denote by Be the o-algebra on C([0,T]) generated by the

cylindrical sets.

Remark. The o-algebra B¢ is similarly defined as the o-algebra Bga, with the difference
that the finite index set {1,2,...,n} is replaced by the uncountable set [0,7]. Note that R™

can be seen as the set of all functions f: {1,2,3,...,n} — R.
Proposition 6.2.2 . Let (X;)o<t<r be a continuous process on (2, F,P) then the map:
X Q3w X(y(w) € C([0,T])

is measurable, where X(y(w) is the path [0,T] 5t — Xy(w).

Proof. For any choiceof n e N, 0 <t) <ty <tz3<---<t,<Tand Ay,..., A, € Bg
{wXy(w) e {feC(0,T)|f(t;) € As,i=1,...,n}} = ﬁ{w | Xy, (w) € A;} € F.
i=1
Since the cylindrical sets generate B¢ the claim follows. OJ
Definition. Let (X;)o<i<r be a continuous process on (€2, F,P) we put for A € Be:
Px(A) =P{w e Q| Xy(w) € A})

is called the distribution of X. Note that P is a probability on (C([0,7]), Be).
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Definition. For f € C([0,T]) we put

[fllc = sup [f(¢)]
0<t<T

and for f, g € C(]0,7T))

dist(f, 9) = [|f — gllco-

We call a function

F: ¢([0,T]) - R

continuous if:

Remark. Functions F' on C([0,7]) can (and will) be seen as “path dependent” or “exotic”
options: F(Siy(w)) is the pay-off if w € Q happens. The following Lemma is not hard but
technical, the main ingredient is the fact that C(]0,7]) is separable meaning that there is a
countable set D C C([0,7T]) (for example the polynomials with rational coefficients) which
is dense, i.e. for any f € C([0,T]), there is a sequence f,, € D with dist(f,, f) TZOO.

Lemma 6.2.3 . A continuous function F': C([0,T]) — R is measurable.

The next theorem specifies some conditions which are equivalent to the statement (X;)o<t<r

and ()?t)ogtg;p have the same distribution, (and are easier to verify).
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Theorem 6.2.4 .  Assume (Xi)o<i<r is a continuous process on the probability space
(Q, F,P) and ()’Zt)ogtg is a continuous on the probability space (0, F,P). Then the fol-

lowing are equivalent
CL) ]P)X = @)’Z

b) ForallneNand 0 <t; <to<---<t, <T

.....

of finite dimensional distribution of X.

c) ForallneNand 0 <t; <ty <---<t,<T

P(Xi1in2_Xt1vXt3_Xt2 ----- th_th—l):P()?tly)?m*jztl ----- th*f(t

d) For allm € Nand 0 < t; <ty < --- <t, <T and continuous bounded functions
fl,fQ,...,fnZ RHR

Ep(f1( X)) fo(Xey) o fulXe,)) = Ba(f1(Xe,) - fo(Xe) - oo ful X))

e) Foralln e Nand0 <ty <ty <---<t, <T and continuous and bounded functions
fhf?v"'afn: R—R

E]P’(fl(Xh)fQ(XtQ - Xt1) <o fn(th - th—1)) =
Ez(f1(Xe) fo(Xey — Xoy) - - fu( X, — X))

Remark. Theorem 6.2.4 says the the following:

Two distributions Py and Pg are, by definition, equal if Px(A) = P3(A) for all A € Be.

This is of course the same as saying that any measurable F' : C[0, T|R is Px-integrable if
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and only it is P¢-integrable, and that in that case
(6.10) Ep, (F) = EPX(F)

Now Theorem 6.2.4 implies that in order to verify Equation (6.10) for all measurable func-

tions F': C[0, 7] — R it is enough to verify it for functions of the form

F(p) = file(t) fale(t) - .- fulp(tn)), » € C[0,T],

where n € N and fi, fs,... fn : R — R is bounded and continuous.

Proof. (Sketch)

a = b is clear.

b = a follows from the following general principle (compare Theorem B.2.5 in Ap-
pendix B.2): We are given two probabilities P; and Py on (2, F), and we assume that
they coincide on a subset D C F which has the following two properties: D generates F,
i.e. F is the smallest o-algebra containing D, and D is stable under taking intersections, i.e.
A, BeD= ANB € D. Then P; and and P, coincide on all of . We apply this principle
for D being the cylindrical sets on C[0, 7.

(b) & (¢) & (d) < (e) follows from the corresponding equivalences for finite dimensional
distributions.

O
Remark. As defined in Section 2.1 a Brownian motion is a process (B;) which has the
following three properties: By = 0, (B;) is continuous, and for all 0 < t; < --- < ¢, and all

choices of Ay, ... A, € Banwr it follows that

P(B;, € A,By, — By, € As,..., By, — B;,_, € Ay)
:N(O,tl)(Al) . N(O,tz - tl)(A2> tee N(O, tn - tn—l)(An)
The last conditions determines the finite dimensional distributions and thus by Theorem 6.2.4

(¢ = a), it follows that any two Brownian motions have the same (infinite dimensional)

distribution on C[0, 7.
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The distribution of a Brownian motion is usually referred to as the Wiener measure.

After this short description of infinite dimensional distribution theory we go back to con-
sider the process S; = Sper=2v)tvBe e know, that B; on the filtered space (2, F, P, (F;))
is a Brownian motion. But this implies apriori nothing about the distribution of B; seen as
being defined on (2, F,Q, (F;)). Let us illustrate that with an example for one dimensional

distributions.

Example. Consider the standard normal distribution N(0,1) on R. Thus, the identity
X: R — R,z z is normal distributed on (R, Bg, N(0,1)). Now consider any density
function f on R, and define g = fv/27e™ /2. For any A € By let

Q(A) =Enon(la-g)

[i.e. Q has g as Radon Nikodym derivative with respect toN (0, 1)]

17 2
= — 1 2V2r e e 2y
m/ af (@)

o0

= / Laf(z)dz.

—00

Thus Q is a probability on R with density f. Now the same map X: R > z — z is Q-
distributed, with Q having the (arbitrarily chosen) density f.

Theorem 6.2.5 . (By)o<i<r, as process on (2, F,Q), is a “shifted Brownian motion”
with shift being @t, i.e. (By) on (Q,F,Q) has the same distribution as the process
(Bt —I— T_#t)OStST on (Q,f, P)

v

Proof. By Theorem 6.2.4 (¢ = a) we have to show that for any n € N, any choice 0 < t; <
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ty < --- <t, <T and any choice of continuous bounded functions ¢, ¢9s,...,¢9,: R—R

EIP’(.QI(Btl + 1 ; Mt1)92(3t2 — By, + L 1_/ Iu(tg —t1)) ...

gn(Btn — By, + %(tn - tn—l)))
=Eq(g1(B1)92(Bt, — Bi,) - - .. gu(Bt,, — B, 1))
For that note that
Eq(91(Bu)g2(Bt, — Biy) -+ gn(Br, — By, 1))

= EQ(QI(Bh) '92<Bt2 - Btl) et gn_l(Btnfl - Btn72)EQ<gn(Btn - Btnfl) | ‘Enfl))

T J—
— Eq(0i(Bu) - 9ur (Bor s — B JBe(gu(Br, — B+t 1) | R )
[Proposition 6.2.1]
/’"‘ —
= Ep(gn(Bi, — B, + Tﬂ(tn —tn-1))) - Eo(91(By) - - - gn-1(Br,_, — Br,_,))

[Independence of B;, — By, _, and F;,_|]
n r—

=1 Ee (9:(B: — B, + —(ti —ti) [where tg = 0, By = 0]
i=1

[Repeat]

» Mt1)92 (B, — By, + :

:Ep(gl(Btl—i—r Iu(tg—tl))'...'

r —
gn(Btn - Btn,1 + U Iu(tn - tn—l)))
[Independence]

U
Let F': C([0,7T]) — R be measurable. We want to price the security which pays F(S(,)).

By Equation (5.3) in Section 5.1, the value of such a security at time t equals to
V(F(S),t) = e T IEg(F(S() | ).

We split the path of S; into the two parts given by S|4 = (Su)ucjo,gq (this path is realized
at time t) and the future path S|p ) = (Su)uep,1)-
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We also use the following convention: for two continuous functions
fl: [Oat]_)R7 f2: [taT]_)R
with fi(t) = fa(t) we write (f1, f2) for the function on [0, 7] with

fi fo<u<t
(f1, f2)(u) = ) !
folu) ift<u<T.

We thirdly note that for u > t,

S, = S, - el—brA)u=t tv(Bu-Be)

Using these notations we are able to write
Eo(F(S) | Fi) = ]EQ<F(S|[O¢]’Ste(ﬂ—%VQ)((~)—t)+I/(B(.)—Bt)) | Fb).

Now we use Theorem 6.2.5 which allows us to “replace Q by P” if we pass from (B;) to

a shifted version

EQ (F(S‘[O,t]a Ste(uiélﬂ)((')*t)JrV(B(.)th)) | .ﬁ)
= E]P (F<S|[0,t]7 Ste(r_%VQ)((')—t)—&—y(B(‘)—Bt)> | ft> .
Finally, note that the process (B, — B:)i<u<r is independent to F; and has the same distri-
bution as (By—t)i<u<r- Thus we get

(6.11)
Eq(F(Sljpg, Sie+O-0B0-B0) | ) = Bp( (S, Suel” 008080

In Equation (6.11) we think of S|, being realized. For the value of the option F(S(.)) we

therefore derive the following value at time .
(6.12) V(F(S(.)), t) = eir(Tft)Ep(F(S‘[(]’t], Ste(riélﬂ)((')*t)JrV(B(')7Bt))).

Thus, in order to price path dependent options we have to proceed as follows:

Given the path S| find the (one dimensional distribution) of the random variable
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F(S’ [0,¢] Ste(rfé'ﬂ)((')*t)Jru(B(A),Bt)).
In particular, if ¢ = 0, find the distribution of

F(Sper27)0+vBe),
Now the process (és)OSSST—t defined by ES = Bsi+ — B; is a Brownian motion on the
filtered space (Q, F, P, (Fiys)o<s<r—t) wWhich, furthermore, is independent to F;.

Thus, we can state our end result as follows:

Theorem 6.2.6 .  Assume that F': C[0,T] — R is measurable and bounded and assume
that (Sy) satisfies the Black Scholes model with constant drift v and constant volatility v.
Then the value of an option paying F(S()) at time T has at time t < T the value

(6.13) V(F(S),t) = e " T Ep(F (S|, Sie 27 NO=0+B0)),
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6.3 Barrier Options

The goal of this section is to find the value of an option, which pays

f(max S;)

0<t<T

at time 7" assuming the price S; of the underlying asset follows the Black Scholes model. As
derived in the previous section this problem comes down to the problem of finding the value

of

(6.14) e "I VE(f(M, V S, max e(r‘%lﬂ)s“’é@)),

0<s<T—t

where M; = maxg<,<: Sy (Fr-measurable), and (Bs)o<s<r—+ i a Brownian motion inde-
pendent to the o-algebra F;. In order for the formula 6.14 to make sense we will assume tht
f is integrable with respect to the distribution of w — maxy<;<r S;(w). Later we will find

out what this means concretely.

We will first compute the Radon Nikodym derivative of a probability (Q on which a shifted
Brownian motion turns into a Brownian motion without shift. This result can be used to

find the Radon Nikodym derivatives for the equivalent martingale measures.
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Theorem 6.3.1 (Girsanov’s Theorem,).
Let (Bt)o<t<t be a Brownian motion and let ¢; be an adapted process with right continuous
paths having left limits on the filtered probability space (Q, F, P, (Fi)o<i<r). Define:

t

Xt:/cu du+Bt

0

t t
v 70fcu dBuféofc% du
t=¢€

Then Xy is a Brownian motion on the space (2, F,Q, (Fi)o<i<r) where Q is defined by
Q(A) = Ep(1a - Y1),

1.e. Q is a probability whose Radon Nikodym derivative is Y with respect to P.

Proof. We will only prove the claim in the case that ¢; is constant, the only case we will

need. Thus

X, =ct+ B, and Y; = e B3¢t

First note that Y7 is actually a Radon-Nikodym derivative. Indeed, from Proposition 2.2.3
in Section 2.2 it follows that (Y})o<;<7 is a P-martingale, and thus E(Yy) = E(Yy) = 1. The
process (X¢)o<t<r is continuous and Xy = 0. By Theorem 6.2.4 we need to show that for any
choiceofn e N, 0 <t <ty <---<t, <T and continuous and bounded fy,...,f,: R—R

it follows that

E@ (H fl(th - Xti—l)) = Ep (H fZ(Btz - Bti—l)) :

i=1

Assume, without loss of generality, that t; = 0, ¢, = T, otherwise include ¢,;; = T and
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fne1 = 1. Then
EQ <H fl th 1))
( fi(Bi, = By, +cl(ti — til)]] CBT”)
= Ep (H [fz (B, — By, , +c(ti —ti—1)) - ec(BtiBtil)%CQ(titil)}>
- H IP Btz 1 +C(t — i 1)) C(BtiiBtiil)7%02(%7“71))
i=1
[Independence]

Now note that for s =t;,_,t =t;, f = f;

Ep(F( By — By + c(t —5) ) - e “Be=Be) =37 (=9))

N (c(t—s),t—s)—distributed

(omcltms)) -k (tms) |~ ZElmD?
) - e 2 ceT 2= dx

z2
e =9 dx

1 o0
= — / F(x)
V27 (t — s)
= Ep(F(B; — Bs)),
which implies the claim. 0

Remark. Let Q be an equivalent martingale probability. We showed in the previous
section that (By)o<i<r (which is a Brownian motion on (€2, F,P)) has on (22, F, Q) the same
distribution as the process (B; + £t)o<i<r on the space (2, F,P).

Using Girsanov’s formula we can compute p.

Note that for any continous and bounded F': C[0,T] — R.

(6.15) Ep(F(B))p) = Eo(F(B)))

= Ex(F(B() + —*1)).
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Thus a possible choice for p is

(6.16) D= Yy = e BT

Let us explain why we say “a possible choice of p is Y77 and why we do not claim that the
only choice for p is Y. Our filtration (F;) might not only be generated by (B;) but also by
other random variables (like for example the price of another stock). But if we denote by
(Gt) the filtration only generated by (B;) we conclude that for the Radon Nikodym derivative

of any equivalent martingale probability Q we have

EIP’(/)|QT> = YT = e 1% 2 V2

In the next theorem we compute the joint density of Jnax. B; and Bp. This is exactly
t

the distribution we will need in order to price a barrier style opyion.

Theorem 6.3.2  (The joint distribution of nax, By and Br).

ForT'> 0 let My = sup B;. Then, the joz’nt_dgstribution of My and Br has a density
0<t<T

on R?, namely

;

0 ifm <0

farmy(m,b) =<0 if0<m<b

_ @m-n?
27(12";;) e~ oT if 0 <m,b < m.
\

The density of the distribution of My is

0 ) <0
fru(m) = =

m2 .
\/227F;T67ﬁ ifm >0

Proof. The proof is divided in three steps.
Step 1: (Reflection principle) let 7 be a stopping time, and 7 < T. Then the random
variable By — B, is symmetric, meaning that P(By — B, > ¢) = P(B, — By > ¢) for c € R.



170 CHAPTER 6. PATH DEPENDENT OPTIONS

First assume that 7 has finitely many values 0 < t; <ty < --- <t, <T. Then

P(Br — B, >¢)=E (Z 1ir=t;y L feoo) (Br — Bti)>

i=1

=E (Z L=t} E(Lje.00) (Br — By,) | EJ)
=1

== (Z Lir=t 3 E(1e,00) (Br — Bn)))

=1

=K (Z 1{7—:ti}E(1[c,OO)(Bti - BT)))

i=1
[Br — By, is symmetric]
= ]P)(BT — Br > C)

[same computation backwards].

For a general stopping time 7 < T we first define a sequence of stopping times 7, all of
the 7,, having finite range, with 7,, — 7 a.s. for n — oo. For example we could define the

following sequence of stopping times (7,,) (compare Exercise ...... )
Tn(u)) = th(n)l{tgf)lﬁ‘rdgn)}(w) + Tl{tn:T} (w)
i=1

with P, = (t(()n), ..., ") being a partition of [0,7] and and lim,_.« || P,|| = 0. Then note
that

P(Br — B, > ¢) = lim P(Byr — B,, > ¢) = lim E(B,, — Br > ¢) =P(B, — Br > ¢).

n—oo n—oo

Step 2: We show for b,m € R

;

P(Br < b) ifm<0
P(My >m , Br <b) =1 2P(m < By) —P(b< Br) if0<m<b
P(Br > 2m —b) if 0 <m,b<m.

\

We start with the case 0 < m and b < m and define the stopping time

T ifB;<miorall0<t<T
Tm(W) =
inf{t: B, >m} else
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for w € Q.

Note that B,,, = m on the set {7,, < T'}. We observe the following equalities

P(Mr > m,Br <b) =P(r, <T,Br <b)

P(1,, <T,Br — B,,, <b—m)
P

(Br — B;,, <b—m)

[For we {7, =T} Br—B,, =Br—Br=0>0b—m]
—P(B, — Br <b—m)

[symmetry]

=P(r, <T,B,, —Br <b—m)

on {1, =T} B,, —Br=0>b-—m]

=P(r,, <T,—Br < b—2m)

— P(—Br < b— 2m)

on {1, =T} Br <m,thus —Br > —m > b — 2m, since b < m|

If 0 < m < b we proceed in the following way
P(MT>77’L, BT<b):]P’(MT>m, mSBT<b)—|—]P’(MT>m, BT<m)
=P(m < Br < b)+liﬁ)1P(MT >m,Br <m—z¢)
=P(m < By < b) +liﬂ)11P’(BT >m+e)
first case with b = m — €]

The last case that m < 0 is easy. Indeed, My > My = 0. Thus we deduce in this case
that
P(MT >m, Br < b) = ]P(BT < b)

This finishes the proof of claim 2.
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Step 3: Now let fo,p)(-,-) be the density of the joint distribution of M and B. Then

oo b
//f<MB>xyd:cdy—IP’(MT>m, Br <b).

Thus
a 8 oo b
foup)(m,b) = _ma_// o,B)(x, y)dxdy
0 8
P(Br < b) ifm<0
PR a 8 .
= T amb 2P(m < Br) —P(b< Br) if0<m<b
P(Br > 2m —b) if 0 <m,b<m.
. \
0 ifm<0
=40 if0<m<b

\—%%P(ng>2m—b) if 0 <m,b<m

Andfor0 <mand b<m

~ P pBysom—ty =2 ! / ~#rd
Omob T m  Omob \ \orT ‘ ’

2m—>b

0 1 _ (2m—b)?

= —— (& 2T

om\/2xT

_ 2(2m — b) o (2”’;;5)2

TV2rT

which proves the formula for the density of the joint distribution of My and Br.

The formula for the density of My can be obtained by integrating fa,p)(m,b) with
respect to b over (—oo,00). But there is a faster argument: For 0 < m
IP’(MT>m):IP(MT>m, BT<OO)

= 2P(Br > m) [Step 2]
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12 . . .
since \/21777Te_ﬁ is the density of Br, the claim follows. 0

We now are in the position to price the value of a security which pays

F(max S;)

0<t<T

at time T'.
Let 0 <t < T be the time we want to evaluate this security, and M, = Orgaz S, be the
SUS
maximal value up to time ¢ (M, is known at time ¢ and thus considered fixed). Then, by

Equation (6.12) in Section 6.2

W(f( max Su), t) — e—r(T—t)EP(f(Mt V; t1f<na<}% St . e(r_%l/2)(u—t)+V(Bu_Bt)))

v max 2r—v? u—t)4+By—B
= e”’(Tft)EP(f(Mt vV S;-e 2 R0 :

)

— —r(T—t) n
e Ep(Gt(OSI?Sa%Et cs + By)),

where Gi(z) = f(M; V Sie"®), ¢ = %, and B, = B;., — By, note that (és)ogs is also a

Brownian motion, which is independent to F; and adapted to (Fiis)s>0-
Now, we deduce that

Ep(Gy( max cs+ ES)) = Ep(G¢( max cs+ ES)eCET*ﬁ%CQ(T—”e—CET*F%C2(T—t))
0<s<T—t 0<s<T—t

[where Q be the probability having the Radon Nikodym derivative e —cBr—y—=5¢*(T~ 2l

:Ep(Gt( max és) eeBr—t=3¢3(T- t))

0<s<T—t

[Girsanov’s Theorem)]

= ¢ 2T DEL(G,( max Es)ech—t).

0<s<T-t

Now we are in the situation, in which we need the joint distribution of max B and BT "

0<s<T—t
which is given by Theorem 6.3.2. Thus, we can continue
I 20em—b _en?
Tt// M=) G Gy m)e® dbdm.
T — t)

0 —o0
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Finally, replacing G and ¢ by their definitions, we end up with

W(f( max S,,t))

0<u<T

I // 2m—b) t)e(ﬁ?%b&e%y bF(M, V Sye”™)dbdm
0 —oo
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6.4 Asian Style Options

We are now considering a path dependent option whose pay off at time 7T is of the form

(6.17) F(S.y) = G(ST, /OT g(Su,u)du>,

where G is a continuous function on [0, 00) xR and g a continuous function on (0, co) x [0, T].

Example. The average strike call option

1 T +
F(S,) = (sT— = /0 Sudu> .

In order to find the value of that option at a given time ¢ € [0, T we will proceed similar
as in Section 3.1, where we derived the values of European style options. We will assume
that the price S; of the underlying asset follows the Black Scholes model with constant drift

i and constant volatility v, i.e.

(618) dSt - ,UzStdt —+ VStdBt, or St = Soe(“féyz)tJrVBt?

where (B;) is a Brownian motion on the filtered probability space (2, F,P, (F;)). We start
with the following “apriori assumption” which will be justified afterwards:
The value of the option having a pay off as in (6.17) depends only on ¢, S;, and a third

term namely
t
I, = / 9(Su, u)du.
0
We secondly assume that this dependence is twice differentiable in S; and once differentiable

in t as well as in I;.

Thus, we can write the value of our option at time t as
‘/;5 = f(ta Stvlt)a

where f:(0,7) x (0,00) x R — R is differentiable in the first and third variable and twice

differentiable in the second variable.
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Note that (1;):cp,) is an adapted stochastic process on (€2, F, P, (F;)) and can be written

in differential form as

d[t = g(t, St)dt

In particular, we deduce that dI; does not have an additional dB; term and it follows

that (in the notations introduced at the end of section 13) (dI;)* = 0.

As in Section 3.1, we now assume that an investor can purchase any amount of bonds
(with the coninuously compounded interest rate r) and shares of the underlying asset.
His/her portfolio at time t is a pair (ay, b;), where a;, denotes the number of shares of the
underlying asset and b; denotes the number of bonds he/she owns at time ¢. (a;)o<i<r and

(b )o<t<T are processes on (2, F,P) which are adapted to the filtration (F;)o<i<7-

Secondly, we assume (in order to be able to apply stochastic calculus) that (a;)o<t<7 and
(by)o<i<r integrable with respect to dS; and df3;, respectively. 3, = Bpe™ denotes the bond
price.

We therefore deduce that

t t

/au dsS,, and/bu dp,

S S

are the gains/losses between s and t caused by the holdings of the stock and bonds respec-

tively.

Finally, assume that there is a self financing strategy (a, b;) which replicates one unit of

our option.

As in Section 3.1 we conclude that

(619) d‘/t = Q¢ dSt + btdﬁt
= CLt,U/St dt + CLtI/St dBt + bﬂ"ﬂt dt

= Cltl/St dBt + [(zt,uSt + Tbtﬂt]dt.
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On the other hand we apply Ito’s formula to V; = f(¢, Sy, I;) and obtain that

(6.20) dV;:-Qf@wﬂ,hﬁﬁ4—£1f@AiJﬁd&

ot oS
+3 f(t Sy, I)dI, + = Lo ———f(t, Sy, I)d*S;
’ 2082770
(1, = 0]
o = (6,5 1) + g(t, S) =7 J f(t, 5 1) + Stﬂif(t St, Ir)
ot ’ or' " oS” 7Y
82
52 2@ (t,S;, I) | dt
+Stu3f(t S;, 1,)dB,
aS” 7Y

Comparing the “dB-term” of equation (3) and (4) we derive that

0

(6.21) ar =5

(t, S, I).

Since the strategy (as, by) is replicating one unit of the considered derivative we obtain

that
(6.22) by = /; [f(t S, 1) — cué%}
1 0
-2 [f(t 5. 1) — S, ft st,m}.

Inserting (6.21) and (6.22) into (6.19) and then comparing the “dt-term” of (6.19) with the

“dt-term” of (6.20) we obtain the equation

(6.23)
é)f@ Sy, I)+g(t, S)éaf@ S 1)+1522 anU:S I)+,9J2-(t5'1)— ft, S, 1;) =0
at ty Lt g t a] y Mty 4t 2 t 882 ty 4t T taS )y Mty 4t T y Mty dt) —

Thus, we reduced the pricing of an Asian style option to solving the following partial differ-

ential equation.

This leads us to the following theorem :
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Theorem 6.4.1 . Within the Black Scholes model the price at time t € [0,T] of an

option paying at time T the amount of
T
F(Sy) = G(ST,/ g(Su,u)du)
0

‘/t = f(ta Stvjt)7

1S given by

where I, = fo (Su, u)du and where f is the solution of
(6 24)
—f(t S, 1) +9(t,5)

2

af(tS[)Jr Lon,2 O

0
oI aSQf(tasal)—i_TS%f(t?S?[)_Tf(t>S>[)_

with the terminal condition

f(T,8,1)=G(S,1I).

In that case a hedging portfolio (a;,b;) is given by

0
(625) ap = %f(t, St, ]t)a and
1 0
(626) bt = E f(ta St7 [t) - St%f(a Sta [t>

Remark. Note that the Equation (6.24) is a generalization of the Equation (BSE) we
derived in Section 3.2 for European style options (take g = 0). Unfortunately, (6.24) is in
general not solvable in closed form. In order to solve it, numerical methods have to be used

to achieve approximate solutions.



Appendix A

Some Basic Notions and Results of

Linear Analysis

A.1 Basics of Linear Algebra and Topology in R"
For n = 1,2,3,... we put R" := {(z1,...,2,): w1,%2,...,2, € R}, the canonical n-

dimensional vector space over R. For z,y € R", = = (z1,...,2,) and y = (Y1,...,Yn),

the scalar product of x and y is defined by
Ty =Ty +T2Y2 + A+ TplYp = Z%yz
i=1

The euklidean length of x is

The following properties of the scalar products and lengths of vectors in R™ can be easily

obtained from the definitions.
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Proposition A.1.1 . Letxz,y,z € R" and a € R.
a-y=y-=,
2) x-(ay) = (ax) -y = a(z - y),
3)x-(y+z)=z-y+x-z,
4) |z £ yll? = || + [yl £ 22 -y
5) llx+yll? + |z — yl|* = 2||=||> + 2||y||* (Parallelogramm identity)
6) ||z +yll <|lz|| + |lyl| (Triangle inequality)

7) Jx -yl <||lz|| - llyll (Inequality of Cauchy and Schwartz)

For z € R" and A C R", dist(z, A) = infyca ||y — z|| is the distance between x and A.
For z € R™ and ¢ > 0 the set U.(z) = {y € R" | ||z — y|| < €} is called the e-neighborhood
of x. A set A C R" is called open if for each x € A there is an € > 0 (depends on x) so that
U.(z) C A. A complement of an open set is called closed. Note that if B C R™ is closed and
x & B, then dist(z, B) > 0. Indeed, since x lies in the open set R™ \ B there is an ¢ > 0 so
that U.(z) C R™\ B. Thus U.(z) N B = () which means that for all y € B ||z — y|| > ¢ > 0.

A sequence (z*)) C R™ is called convergent to x € R™ if ||z®) — z|| — 0, for n — oo.
If %) lies in a closed set B and converges to an € R” then also z € R”. Indeed, if we
had x ¢ B there would be an ¢ > 0 so that U.(z) N B = ), but then it would follow that
dist(x, {z® |k € N}) >dist(x, B) > ¢ which contradicts the convergence of the sequence to
x. From the defintion of ||-|| it follows that a sequence (z*)) C R™ converges to some x € R"

if and only if the coordinates of 2(*) converge to the corresponding coordinates of z, i.e. if

x§k) — xj, n — oo, for all j = 1,2,...,n. Therefore we can conclude that every bounded
sequence (z¥)) C R™ (meaning sup_y ||*)|| < oo ) has a convergent subsequence.

From these observations we can easily deduce the following Proposition which will be of
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use in the next section.

Proposition A.1.2 . If B C R" is closed and a € R" \ B, then there exists a b € B

with minimal distance to a, 1.e.

|la — b|| = dist(a, B) > 0.

Let L C R™ be a subspace of R", i.e. a subset for which ax + By € L, whenever z,y € L

and a,b € R. The orthogonal complement of L in R™ is the set
L*={yeRVzeL:x -y=0}.

It is easy to observe that L' is also a subspace of R". If L is generated by the vectors

a®.a® . a ie. if

L= {Z aia(i)]al,az, ...ap € R}
i=1

we deduce that

L' ={yeRWi=1,...r:a" y=0}.

Now let ¢, @ ... @ be a basis of L (every element of L can be written in a unique
way as linear combination of ¢, ¢ ... @), Using the Gram-Schmidt method we turn
M @ D into an orthonormal basis a™,a®, ... a@ (|la?|| =1 and a - a¥) = 0 if

i # 7): Choose

oD = ]|V}, and
a? =P —aW(@ . qM)  (Note that @@ - oY = 0) and then define a® =a®/|[a?||

More generally: If aV), a®. ... a" have been defined, then

al ) = ) Z a®D (V) . D) and then definea!™ ™V = g+ /||gl+v)]|.
=1

2)

We can extend a,a® ... a? to a basis aV,a®, ... a”

) of R” which, using the proce-
dure of Gram and Schmidt again, can be assumed to be orthonormal. We observe that

al a® . al) must be a basis of L. Indeed, since a(“tV, a4*?) . a(™ are orthogonal
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to a basis of L these vector lie in L. Secondly every vector 3 in Lt is (a™M,a®, ... a™ is

a basis of R") of the form
y= Z a;a,
i=1

it follows for i = 1,...d that a; = y - a'” = 0 since y € L. Thus y is actually a linear
combination of a1 ... 4™ and we deduce that a!tV, ... a(™ is a basis for L. From these

observations we deduce the following Proposition.

Proposition A.1.3 . If L is a subspace of R™. Then for each x € R" there are unique
elements v1 € L and x5 € L* so that v = xq1 + 2.

Secondly, the orthogonal complement of L+ is Li.e. (L*)* = L.

Proof. Let ', a®, ... a™ be an orthogonal basis of R” so that a™V, a®, ..., a? is a basis
of L and aV al@+2) . 4™ is a basis of L*. Such a basis exists as shown above. Thus,

every x € R" can be represented in exactly one way as

(1) T = Zaia(i), with aq,...a, € R.
i=1

Thus z; = Z?:l a;aV e L, xy = > a;a € Lt and x = 21 + 2. This representa-
tion is unique since the representation of x in (1) is unique. Secondly, since aldtl) o o a™
is a basis of L' it follows as observed above that a*,a®, ... a(¥ must be a basis of (L*)*,

and thus it follows that (L1)* = L. O

Now let a,a® ... a € R™ be any finite sequence which generates the subspace L.

We define A to be the n by r matrix whose columns consist of a®,a® ... a( . Then L is

the range of A, denoted by R(A) i.e.

L= {Zacia(i) LT, To, ... 2, E R} ={Aozxjz € R"}.
i=1
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The transpose At of A is the r by n matrix whose i-th row is the i-th column of A. We

deduce that L is the null space of A?, denoted by N (A?), i.e.
LP={zeR":Vi=1,...r:a"% -2 =0} = {z|A' oz = 0} = N(4}).

From this observation and Proposition A.1.3 one can deduce the following principle,

sometimes called the Fundamental Theorem of Linear Algebra.

Theorem A.1.4 . Let A be an n by m matriz. Then N (A") is the orthogonal comple-
ment of R(A).
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A.2 The Theorem of Farkas and Consequences

In this section we want to present the results necessary to prove the existence of state
price vectors in an arbitrage free Arrow-Debreu model (compare Section 1.1). These results
are part of the theory of linear prgramming. We will not try to attempt to present an
introduction to this area, neither will we present its important impact and use in Economics.
The reader can be referred to a wide ranging literature (cf. [Gale],......). In order to order to
keep this exposition as self-contained as possible we merely want to present one important
result, the Theorem of Farkas, and derive some consequences which are important to us.
The following Theorem is Tucker’s version of Farkas’ Theorem (for Farkas’ original The-

orem see Exercise....).

Theorem A.2.1 (Tucker’s version of Farkas’ Theorem).
Let A be an n by m matrix and b € R™. Then one and only one of the following two

statements s true.
1) There exists an © € R'} so that A’ ox =b.

2) There exists a y € R™ so that Aoy € R} and b-y < 0.

Proof. First we show that the statements are exclusive. Indeed if € R’} satsified (1) and
y € R™ satisfied (2) we would conclude on the one hand that y - (A*oz) = (Aoy) -2 >0
since x and A oy have both non negative coordinates. On the other hand we would observe
that y - (A'ox) =y - b < 0 and derive a contradiction.

Secondly we assume that (1) does not apply and have to show (2). We let C' = {A' o z :
z € R1}. Note that C' is a cone in R™ which means that C' is closed under addition and
multiplication by non negative scalars. We can think of C' being the set of all non negative
combinations of the rows of A which we denote by A ), A2, ..., A(m,). Since (1) does not
apply we deduce that b ¢ C' and since C' is a closed set it follows that dist(b,C') > 0 and we

can choose by Proposition A.1.2 a y(® € C having minimal distance to b. We now want to
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show that y = y(©) — b satisfies the conditions in (2).
First we claim that for all z € C'it follows that z -y > 0. Indeed, for £ > 0it follows that
y® + ez € C and thus that

1y @ —b][2 < ||y + ez — b]|* (since||y'® — b]| = dist(b, C).
By cancellation it follows that
0 < 2:(y0 — b)z + 22| 2]

If it where true that (y(© — b) - z < 0 we could choose ¢ > 0 small enough that this
inequality reverses which would lead to a contradiction.

Since the rows of A lie in C' we first deduce that A -y > 0 which implies that the
coordinates of A oy are non negative.

In order to verify the second condition of (2) we observe that in the proof of above claim
we actually only used that y(® + ez € C. Since for 0 < € < 1, it follows that y© + ey(©®
and y© — ey lie in C' we deduce from the proof of the claim that 3© -y = 0 and, thus,
we deduce that that y-b =1y - (b —y©@) = —||y||> = —dist?(b,C) < 0 which is the second
condition in (2). O

From Farkas’ Theorem we now can dedudce the following Corallaries.

Corollary A.2.2 . Let A be an n by m matriz. Then one and only one of the following

statements 1s true.
1) There an x € R \ {0} such that A' o x = 0.

2) There is a y € R™ such that Aoy € R, .

Proof. The two statements are exclusive. Indeed, if = satisfied (1) and y satisfied (2) then

on the one hand we would deduce by (1) that y - (A" o y) = 0. But on the other hand we
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would deduce from (2) that y- (A*ox) = (Aoy) -z > 0, since the coordinates of (Ao y) are
strictly positive and since the coordinates of x are non negative and at least one of them is
not equal to zero.

Secondly, we define

I Aay Apz - Aam 1
Ao b Aen Awn oo Aem ) A
1
1 Awy Awz) - Awm)
and thus _ . r T
1 1 1 1 1 1
= |Aan Aen o Awm|
. . . At
_A(l,m) A(Q,m) A("am)_ L J
Put also -
1
- 0
b=
0

If now (1) of A.2.2 does not hold there cannot be an z € R’} so that Aloz = b. From
A.2.1 it follows therefore that there is a y € R™*! so that b- y=1v; <0and go’yv € RY, thus

1 Y2
~ 1 -
Aoj=a | | +40| * | ern.
_1_ _gm-i-l_

Putting now y = (92,93, - - -, Yms1), it follows that for each i = 1,...n,
Ay y=AoG -7 > G >0,

which implies (2) of A.2.2, and finishes the proof. O
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If L € R” is a subspace which is generated by the vectors a(M, a®, ... a™, and if A is the
n by m matrix whose columns are these vectors, we observed in A.1 that L is the range of
A and L+ is the null space of A*. Thus Corollary A.2.2 can be translated into the following

result.

Corollary A.2.3 . IfL C R" is a subspace of R", and if L* is its orthogonal complement

one and only one of the following statements can be true.
1) L+ NRY contains a non zero element.

2) L contains a vector with strictly positive coordinates.

The roles of L and L* in Corollary A.2.3 can be interchanged. If A is an n by m matrix we
choose L = N(A?) and L+ = R(A) and Corollary A.2.3 can be translated into a statement

about A again.

Corollary A.2.4 . Let A be an n by m matriz. Then one and only one of the following

statements s true.
1) There is an x € R} for which A" oz = 0.

2) There is a y € R™ for which Aoy € R \ {0}.
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Appendix B

Basic Notions of Probability Theory,

Conditional Expectations

In this part we want to recall the basic notions of probability theory. In particular we will
introduce the concept of conditional expectations. This notion gives the theoretical frame

for stating and solving questions of the following form:

— Assuming the Dow Jones index was 7°900 on April 17, what is it expected value on

April 18?7

— Assuming the Federal Bank increases the prime rate by .5%, what is the expected

change of the IBM stock?

We will proceed as follows: First we discuss the theory using a single easy example (Sec-
tion B.1) and discuss the log-binomial model of the Sections 1.3 and 1.4 in more detail.
Using this model we will introduce the concepts of measurability, expected values and con-
ditional expected values. We then deal with the more general case (sections B.2 and B.3).
These two sections should by no means be seen as an exposition or even an introduction
to the theory of probability. It merely mentions the most basic notations and recalls some

theorems important to us.

189



190 APPENDIX B. PROBABILITY THEORY

For the reader who is for the moment only interested in the discrete theory as developped
in Chapter 1 Section B.1 alone provides a sufficient back ground in probability theory for
the understanding of discrete probability space as needed in Chapter 1.
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B.1 An example: The Binomial and Log—Binomial Pro-

cess

As in Section 1.3 we consider a stock whose price changes after each trading time either by
the factor U or D, with 0 < D < U. We consider n such moves and assume that the ¢-th
movement of the price is independent from the previous one, a concept we will have to define
precisely later. We can simulate this stock price by tossing a coin n times. Each time we
obtain heads the stock price will be multiplied by U, if tails appears it will be multiplied by
D.

The set of all possible outcomes is
Q={HT}" ={w=(w,ws,...wy)| w; € {H,T} fori=1,2,...n}.

We denote the probability that head appears by p (not necessarily equal to %) and the
probability that tails comes up is denoted by ¢ = 1 — p. Now, if w = (wq,...,w,) € , the
probability that w happens is given by

(1) P({w}) = p# Heads inw _ g Tails inw

For example

P{H,H,...H,T,T,...,T}) = p*q" "
k—‘c?gles n—l;trimes

For any event, i.e. any set A C Q, we let

P(A) =) P({w}).

w€EA

Thus P is a map on all events having the following properties (Kolmogorov’s axioms)

1) For any event A: 0 <P(A) <1,
2) P(0) =0, and P(Q) =1,

3) if Ay, As, As, ... are mutually disjoint (meaning A; N A; =0 if i # j) then

() -Srin
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Remark. In (1) we tacitely assumed the outcomes of tossing the coin to be indepen-
dent. This means the following. For ¢ = 1,...n let E;(w;) be the event that in the
i-th tossing of the coin w; appears. For example if n = 3, ¢ = 2, and w; = H, then
Ey(H)={HHH,THH,HHT,THT}.

We have {w} = N, Ei(w;) and P(E;(w;)) is either p (if w; = H) or ¢ (if w; = T).
Independence of the tosses means now that the probability of the intersections of the E;(w;))’s

equals to the product of their probability, i.e.

n n

(2) P({w}) = P(() Ei(w)) = [ P(Ei(wr)

i=1 i=1
More generally if 1 <14y < iy < ... <14, <n, then

r

j=1
We now define the prices of the stock at the times 0,1...,n as random variables on 2. In

our case a random variable is simply a map X : 2 — R. Welet fori =0,1,2...nand w € Q

(4) gi = &i(w) =
and
(5) H,=H;(w) = Z g; (number of heads up to time i)
j=1

7

T, =T;(w) = Zl —¢j =1 — H; (number of tails up to time )
j=1

(Ho =Ty = 0)

Note that with this notations we can write

(6) P({w}) = p™ g™, for w € Q
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And finally we define the stock price at time ¢ = 0,1,...n to be

(7) = SoU™ D"
Thus, S; satisfies the following recursive formula for i =1,...,n
(8) S; = S;_UsiD'=,

The expected value of a random varibale X : {2 — R is defined to be

(9) Er(X) = 3 X(@)B({w)) = 3 X (w)p g,

we weN

Proposition B.1.1 . Taking expected values is a linear operation, i.e. X and Y are

random variables on €} and o, 3 € R, then

(10) Ep(aX + BY) = aEp(X) + BEp(Y)

If A C Qis an event we denote by 14 : Q@ — R the indicator function of A, the function
assigning to each w € Q the value 1 if w € A, and assigning to each w € Q \ A the value
0.Thus we have Ep(14) = P(A).

If X is arandom variable on 2 with the values z1, o, . . . 7, and if we let A; = X 1 ({z;}) =

{we QX (w) =2;}, we can write X as X = > x;14, and
(11) Ep(X) =Y  P(A)z;.
i=1

For i = 0,1,...n S; can achieve the values SoU’D"" with j = 0,1,...,7 (stock moved
by the factor U j times and moved by the factor D i — j times) and we compute for the

expected value of S;
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(12)  Ep(Si) = So Y _P(S; = SoU? D) U7 D™
§=0
=S P(H; = jU'D"™ =S, ) (Z) UID g = Sy(pU + ¢D)’,
§=0 =0 M
. .
with <Z) = ﬁ (0! = 1). The last equality in (12) uses the binomial formula while
J g1 —j)!
second to the last equality uses the following combinatorical principle:

Proposition B.1.2 . There are (2) words one can form out of 7 H’s and i — j T’s.

Definition. A finite sequence of random variables Xg, X1,...X,, on € is called a Binomial
process of length n, with starting point X, step sizes u and d, and success probability p if

Xy is constant and

Xi :X0+Z€JU+Z(1 —ej)d:X0+HZu+Tld,

j=1 j=1
where ¢;, H; and T; were defined in (4) and (5).

In this case we call Y; = e, i = 0,1...n the corresponding log-binomial process.

Remark. Note that Sy, Si,...,S, is a log-binomial process, and (log.S;) is a binomial

process with starting point log Sy, step sizes u = log U, and d = log D, and success probability
p.

We consider now a random variable X : 2 — R (for example X = S,,) and assume the
time is i, ¢ € {1,2,...n}. At this time we know already the outcomes of the first ¢ tosses, say
they are vy, vy, ..., v; € {HT}. If the value X (w) only depends on the first ¢ outcomes (for
example if X = S;) then X is realized, meaning by the time i the value of X is determined.
Otherwise, we can ask ourselves, what is the expected value of X, given that the first ¢

outcomes were vy, Vo, ..., V;7
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In our simple case the question can be answered easily, no theory is needed. Indeed we
only have to change our random variable and the underlying probability space. Our new set

of possible outcomes is

QY = {(wy,ws, ... wni)|w; € {H, T} for j =1,...n —i}.

Our new probability is given by

@(i)({@}) _ p# Heads in @ | q# Tails in&’ for & € ﬁ(i)7

and the new random variable we have to consider is

Xy : QD = R, (@1, i) = X (1, V3 @1y Gpi).

The conditional expectation of X, given that the first ¢ outcomes were v, ..., v;, should then

be defined to be

(13) Ezi) (Xwr,m0))-

We denote this value for the moment by Ep(X|v1,...1;) and note that it can be seen as a
map on all i-tuples v € {H,T}".
For @ € Q@ we let H(@) and T(@) be the number of heads respectively tails in @. Then

we deduce as in (9)

(14) EP(X|V17 o Vi) - ZX(Vl’ e Vi76‘517 cee aajn—z)@(z)({a}})
weN
=S Xy v, B B TP
we

For X = §,, the computation of the conditional expectation is easy because we can write

Sp = SUM D™ = SutipT . gHa— i pTn =T — gyt pTe=ti,
N , N/

depends on wi...w; depends on w;41...wn
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Therefore the same computations as in (12) lead to

Ep(Splvr,...15) = S, Z( )UJD" il g

(replace Sy by S; and n by n — i).

We want to pass to a more theoretical point of view. For ¢ =0,1,...,n we let F; be “all
the events for which we know whether or not they will be realized by the time ¢”. This has
to made more precise as follows.

For vy,...v; € {H,T} we let

A(Vl, .. ~Vi> = {(1/1, .. Vz)} X Q(z) = {(I) € Q|(I)1 =UV,... ,(:)Z' = Vi} = m E]'(I/j),

i.e. A(v) is the set of all possible extensions of v € {H, T} to an element in Q. Tt follows
that P(A(v)) = pi ¢ Note that by time i we know whether or not A(v) occured.

Formally H; is a map on {H,T}" but since H;(w) only depends on the first ¢ entries the
notation H;(v) for v € {H,T}" is well defined. Since secondly it follows for w = (wy, ... w,)
that Hy(w) = H;(wr,...w;) + Hy_i(wis1, . ..wp) we note that from (14) it follows that for
ve{HT}

(15) E]}D(X‘I/l, .. I/i) = Z X(Vl, N (:}1, PN ,&n,i)pH(d)qT(a})

weN
= p_Hi(V)q_Ti(V) Z X(Vl, R 72N &1, - ’&n_z)pH(yw)qT(udz)
weN
= Y X(w)P{w})
weA(v)
_ Ee(lawX)
~ P(A(v)

We put F; to be the set of all events consisting of (), €2, and all possible unions of sets of the
form A(vy,...1v;). Note that (A(v)),eqmry is a partition of 2, meaning that these sets are

pairwise disjoint and their union is all of 2. Therefore there exists for each A € F; a unique
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set I C {H, T} so that
A=JAw), JAw) =0

vel veld

and each set which has such a representation is in F;. For example Fy = {0, Q} (already
before tossing the coin we know that € will happen and @ will not happen), and F; =
{0,Q, A(H), A(T)}.

For i =0,1...,n the sets of events F; are o-algebras, meaning that:
Definition. A o-algebra on ) is a set F, consisting of subsets of €2, having the following

three properties:

1) § and 2 are in F,

2) if A € F then also A°=Q\ A€ F, and

3) if Ay, As, ... € F (countably many) then also U, A; = AU A, U... € F.
A random varibale X : Q — R is called F-measurable if for all a € R

X ((—00,a]) = {w € QX (w) < a} € F.

In our simple example F;-measurability can be described as follows.

Proposition B.1.3 . For a random wvariable X : Q@ — R, and i = 0,1,...n, the

following are equivalent
1) X is F;-measurable,

2) X is constant on the sets A, v, forvi,...,v; € {H,T}, i.e. X can be written as

X = Z xlle(l/)7

ve{H, T}

where x, € R for v e {H,T}.
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Remark. Proposition B.1.3 says in particular that a random variable X : Q@ — R is F;-
measurable if and only if the value X (w) only depends on the first ¢ coordinates of w. We
therefore will often write X (wy,...,w;) instead of X (wy,...,wy).

Proof of B.1.3. Let X : ) — R and let 7 < 29 < ...z, the possible values of X in
increasing order.

If X is F-measurable we find sets [, C I, C ... I, = {H, T}, so that
X H(~o00,7;]) = U A(v), for j=1,...4.
I/EIJ'
This implies that
X'z = | AWw), forj=1,...i, (L=90),
VE[J‘\I]',1

which shows is constant on the sets A(v), v € {H,T}".
Conversely, if X is constant on the sets A(v), v € {H, T}, we are able to write X as
X = Z 2,14, for some choices of z, € R,v € {H, T}
ve{H,T}:
We conclude that for a € R,
X (=o0,a)) = | mAW)
ve{H, T}

with z,<a

which imples that X is F;-measurable. O

The following observation follows easily from Proposition B.1.3.

Proposition B.1.4 .  For random variables X,Y : Q0 — R, which are F;-measurable,
1 = 0,1,...n, and for a, 3 € R the random variables aX + BY and XY are also F;-

measurable.

Note that S; is F; measurable since S;(w) only depends on wy, ... w;.
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For a random variable X we define now the conditional expectation with respect to F; to

be the map on € denoted by Ep(X|F;):

Ep(X|F) : Q — R, w — Ep(X|wy,wa, ....w;) [see (13)].

Using (15) we can write

Ep(14,X)

(16) Ep(X|F) = > ]P)(A—(;))lA(v)-

ve{H,T}

This means that for an w = (w1, ws,...,w,) € Q

(17) Bp(X|73)(w) = Bp(X|F5) wr, o wi) = prar ===

We note that the conditional expectation of a random variable X on {2 with respect to
F; is Fi-measurable. Actualy more can be said. The following Proposition gives a charac-
terization of conditional expectations and will lead to the general definition of this concept

in Section B.3.

Proposition B.1.5 . If X is a random variable on Q2 and i = 0,1,...n. Then Ep(X|F;)

18 the only random variable Y on Q which has the following two properties.
1) Y is F;-measurable, and
2) for any A € F; it follows that

Ep(1,X) = Ep(1,Y).

Proof. It follows from Proposition B.1.3 and from (16) that Ep(X|F;) is F; measurable.
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For A=U,.; Av) € Fi, I C {H,T}", we deduce that

vel

which verifies (2). If the random variables Y and Z satisfy (1) and (2), and if v € {H, T},
then by (1) they must be constant on A(v). Say, they achieve on that set the values y, and

z, respectively. Thus

thus y, = 2, and thus Y = Z, which shows the unigeness of a random variable satisfying (1)

and (2). O

Here some easy properties of conditional expectations:
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Proposition B.1.6 . Assume X, Y : Q —= R, o, €R, andi,7=0,1,...n.
1) For Ep(-|F;) is linear, i.e.

Ep(aX + BY|F:) = aEp(X|F;) + BEp(Y|F).

2) IfY is F;-measurable then

Eo(Y X|F) = VEs(X|F).

3) (Tower property). If i < j. Then

Ep(X|Fi) = Ep(Ep(X|F})|F3).-

Sketch of a proof. We have to verify that the left sides of the equation satisfy (1) and (2)
of Theorem B.1.5. This can be done easily. U

Finally we want to extend the notion of independence to random variables.

Definition. We call the random variables Xy, X, ..., X, independent if for any choice of

a1 < by, as < bs,..., a, < b, it follows that

T

(18) : P(HZZI{XJ € [a;,5,1}) = [[PUX; € [a;,5,]}).

j=1

If F is a o-algebra of subsets of (2 and X is a random variable we say that X is independent
of F if for any A € F it follows that X and 14 are independent, i.e. if for a < b, P({a <
X<bnA) =P{a <X <b}HP(A).

If X and Y are independent, write X and Y as X =Y " 14,2, and Y = Zle 1p,v:, with

T, < x9 < ...,z and y; < ys < ... <y, being the possible values of X and Y respectively
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and A; = {w|X(w) = z;} and B; = {w|Y (w) = y;} then we deduce that

k l k L
EP(XY):]EP:ZZ zy; P j)zzz zy; P )

=1 j=1

[P(Ai N B;) = P({X € [zj, ;]} N {Y € [y;,9;])}) and use (18)]
Z Zyjﬂ» Ep(X)Ep(Y).

More generally, we can prove in the same way the following Proposition.

Proposition B.1.7 . If X, Xs, ... X, are independent random variables on ) it follows
that

P(HXi) - HEP(X)

Proposition B.1.8 . If X is a random variable which is independent of F; then

Ep(X|Fi) = Ep(X)

Sketch of a proof. We have to show that the constant variable Y = Ep(X) satisfies (1)
and (2) of Theorem B.1.5. (1) is clear while (2) follows from the definition of independence.
OJ

Proposition B.1.8 can be interpreted as follows. If the random X is independent to F;,
then the knowledge of whether or not an event A € F; happened, does not give us any

further information on what we expect X to be.
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B.2 Some Basic Notions from Probability Theory

Assume (2 is the set of all possible outcomes of a stochastic experiment. A probability, is
then a function which assigns to “certain subsets” A of () a value between 0 and 1, which we
call the probability of A and denote by P(A). Probabilities will be defined on “o-algebras

on .

Definition: A o-algebra on € is a set F consisting of subsets of 2 with the following

properties

a) For the empty set : 0 € F
b) If A € F then Q\A € F (Q\A = {z € Q|z ¢ A}, the complement of A).

c) fA, e F,neNthen | J°, A ={x€QFeN zecA}ecF

If F is a o-algebra on Q we call the pair (2, F) measurable space.

Examples. The following sets F of subsets of {2 are o-algebras.
a) F={0,Q},
b) for A G Q, then F = {0, A, Q\ A, Q},

c) F = all subsets of €.

Often o-algebras are “generated by a given set of subsets of 2”.

Proposition B.2.1 . Let £ be a set consisting of subsets of ). Then the intersection

of all o-algebras on € containing &, i.e.
ﬂ{}" : F 1s o-algebra and £ C .7:},

is again a o-algebra which will be called the o-algebra generated by € and denoted by o(F).

Examples.
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a) If Q = R, the Borel o-algebra on R is the o-algebra generated by all intervals. We
denote it by Bgr. If A C R, B4 denotes the restriction of Bg to A, namely

BA:{AQB:B EBR}.
It is easy to see that B, is still a o-algebra.

b) If F; is a o-algebra on the set €;, i = 1,2...n, then the product o-algebra is the o-
algebra on 2, X Q5 ...Q,, generated by the rectangles A1 x Ay x A,,, with A; € F;, for
1t =1,2,...n. We denote it by ®} ;F;. In the case that {2, =R, ¢ =1,...n we put
BRH :BR®B]R...BR.

Proposition B.2.2 . If F is a o-algebra on 2, then
a) Qe F
b) If A, B then ANB, AAB={z: €A x¢ B}, and AAB = (A\B)U(B\A) € F.

c) If Ay, Ay, Az, ... € F then also (2 Ai={z € Q: VieNze A} eF.

Proposition B.2.2 can be easily shown using properties a), b) and ¢) of the definition of
a o-algebra.
Now, as in the previous section, a probability can be defined to be a map defined on a

o-algebra.

Definition: Assume F is a o-algebra on the set ), a measure on F is a map
p:F — RU{oco}
with the following properties.

a) p() =0

b) 0 < u(A) forall Ae F
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c) If Ay, Ay, As, ... are pairwise disjoint (meaning A; N A; = 0 if ¢ # j) then
H (U Az’) = ZM(Av:)
i=1 i=1

A measure is called finite if () < oo (and thus pu(A) < oo for all A € F). It is called
o-finite if there is a sequence (4,) C F, with u(A4,) < co and |J,—, A, = Q.

A probability on F is a measure P on F for which P(2) = 1. If P is a probability on F
which is a o-algebra on ) then the triple (Q, F,P) is called probability space.

The above introduced condition (c) is called o-additivity, it implies the following conti-

nuity properties.

Proposition B.2.3 (Continuity from above and below).

Let 1 be a measure on a measurable space (2, F).

1) IfA{CACA3C ..., A, e F,i=1,2,..., then

n—oo

2) IfA1 DA DA D ..., AbeF, i=1,2, ..., and u(4;) < oo then

n—oo

Often one has a non negative map defined on a certain subset £ of all subsets of 2 and
asks whether this map can be extended to a measure on o(£). The Extension Theorem of
Caratheodory gives a satisfying answer to this question. Instead of recalling this Theorem

let us only state the two important situation which are of interest to us.
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Proposition B.2.4 .

1) There is a unique measure A on Bg so that A([a,b]) = b—a, for all intervals [a,b] C R.

This measure is called the Lebesgues measure on R.

2) Fori=1,2...n let u; be a o-finite measure (respectively probability) on F;, where F;
is a o-algebra on a set ;. Then there is a unique measure p (respectively probability)
on ®F_F; so that for all choices of Ay € F1, Ay € Fy... A, € F,

n

p(Ar x Ay Ay) = [ (A, [with co - 0 = 0).

=1

This measure is called the product of (;) and denoted by QI ;.

If one is interested in showing that two measures on (€2, F) are equal the following

general principle gives an answer. It implies the statements on the uniqueness in above

Proposition B.2.4.

Theorem B.2.5 . Assume p and v are two o-finite measures on (2, F), F being a o-
algebra on the set Q. Assume That D C F generates F and is stable taking intersections

(A,BeD= ANB D) then
w=v < p(A) =v(A) for all A € D.

Mostly we are not interested in the outcome w € 2 itself but in some number assigned

to it.

Definition: Let (2, F,P) be a probability space a map
X: Q—-R, wr X(w)

is called a random wvariable if it is measurable, meaning that the preimage X '(A4) = {w €

Q] X(w) € A} € F of any set A € B(R) lies in F.
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More generally, if F': () — Qisa map and F and F are o-algebras on () respectively on
Q, then F is called (F, F)-measurable if F~1(A) € F whenever A € F.
Remark. If F:Q — Qand € C F generates F, it is enough to require that F~1(E) € F
for all E € € to deduce that F is measurable. Indeed, we only need to observe that the
system {A C Q: F71(A) € F} is a o-algebra on Q which contains £, and thus must contain
o(€).

This shows for example that X : Q — R is a random variable if and only if {X < a} =
{weQ: X(w) <a}isin F for all a € R.

Proposition B.2.6 . [If X and Y are random variables, g : R — R is measurable and
ifa € R, then X +Y,aX, XY, g0 X are also random variables.
Assume (X,)nen 1S a sequence of random wvariables for which X (w) = lim, . X,(w)

whenever w € Q). Then X s also a random variable.

Given a probability P on (2, F) and a random variable X, we define the distribution of
X to be a probability on R: For A € B(R)

(19) Px(4) = P(X(4)).
For example: Px([a,b]) = P(X~!([a,b])) = P(a < X < D).
There are two important special cases.

Example. (The finite case). Assume the random variable X: € — R only assumes the

values ay, g, . .., o, (distinet). If we let for i =1,2,...,n
A= X"T{a}) ={we Q| X(w) = oy}

Note that the A;’s are disjoint and A;UA,U. .. A, = Q. We can write X (w) = > | a;14,(w).
Recall that 14 is the indicator function on A C  (1a(w) = 1if w € A, and 14(w) = 0 if
w ¢ A. In this case Px can be seen as a probability on Qy = {aq,...,a,} with p; =

Pyx({a,}) =P(A4;) and for E C {ay,...,a,}

a,€R
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Example. (Continuous case). Assume there is an integrable function f: R — R so that for
any A € B(R)
Py(A) = / f(@)da.
A
In this case we f is called the density of Px.

Note: Since Px is a probability a density f has the following two properties
1) f>0,and
2) [ f(o)de=Bx(R) =1

Examples. (Of densities)
1) f(z) = ;5 1oy density of the uniform distribution on the interval [a,b]

2) f(x) = \/%76’9”2/ 2 density of the standard normal distribution.

More generally, for 1 € R and o > 0

1 _(a-p)?

fwo) = o=l

is the density of the normal distributed random variable whith mean p and variance

(20)

o?. We denote the normal distribution with mean p and variance o2 by N(u,0?), i.e.

1 o —p)?
(21) N(p,0°)(A) = \/ﬁ/ e~ %% dx wheneverA € Br
o2 Ja

We now turn to a central notion : The expected value of a random variable.

Definition: (Expected value of random variables). Let X be a random variable on (2, F,P)
a) If X only assumes finitely many values, say X = > """ a;14, then Ep(X) = > o,P(4;).
i=1

Remark. In order to see that Ep(X) is well defined for random variables which assume

finitely many values we have to verify that if we write X in two different ways, say

(22 X=Yada ad X=3 61,
=1 =1
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then

n m

i=1 i=1

b) If X is a positive random variable, then

(23) Ep(X) = sup{Ep(Y) | Y has finitely many values and 0 <Y < X'}.

c) If X is arbitrary and Ep(|X]|) < oo (we call X in that case integrable), let X =
max (0, X) and X~ = max(0,—X). Note that X*, X~ >0, and X = XT — X~. In

that case we define:

(24) Ep(X) = Ep(X+) — Ep(X 7).

Remark. The above introduction of expected values for random variables on probability
spaces, can be generalized to measures in exactly the same way. But in this case we speak

of the integral of a measurable function f : € — R with respect to the measure p and denote

it by Jp £()du(e).
Definition: Assume that E(X?) < oo , then the variance of X is defined by

Var(X) = Ep((X — Ep(X))?).

Proposition B.2.7  (Linearity of Ep(+)).

For two integrable random variables X and 'Y the following identity holds.
Ep(aX + BY) = aEp(X) + SEp(Y).

Proposition B.2.8  (Monotonicity of Ep(-)).

For two integrable random variables X and Y, with X <Y it follows that

Ep(X) < Ep(Y).
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Proposition B.2.9 . Assume the distribution of the random variable X has density

f: R — R. Then Ep(X) = [ af(x)dz as long as this integral exist (meaning that

J 1 olf@)ds < o).
More generally, if g: R — R is measurable, then Ep(go X) = [ g(z)f(x)dz, if this integral

exists.

The next two theorems give an answer to the following question: if X, is a sequence
of random variables which converges to a random variable X. Under which condition does
also the expected values of X,, converge to the expected value of X. In general (meaning
without further conditions) Ep(X,) does not need to converge to Ep(X) as the following

easy example shows.

Take Q2 = [0, 1] with the o-algebra By}, and let PP be the uniform distribution on [0, 1].

Then X,, = n*1(0,1/n) converges pointwise to 0 but Ep(X,,) =n — ooc.

We say a sequence (X,,) of random variables on a probability space (2, F,P) is almost
surely increasing, decreasing, or convergent if there is a measurable Q C Q with P(Q) =1so0

that (X, (w)) has this property for all w € €.

Theorem B.2.10 (Monotone Convergence Theorem,).
Assume that X, is an almost surely increasing sequence of integrable random variables on
(Q,F,P). Let X(w) = lim,,—,00 Xp(w) for w € Q (might assume the value o).
Then
Ep(X) = lim Ep(X,).

n—oo



B.2. SOME BASIC NOTIONS FROM PROBABILITY THEORY 211

Theorem B.2.11 (Majorized Convergence Theorem,).
Assume that the sequence X,, of random variables on (2, F,P) is almost surely converging

to a random wvariable X. Furthermore assume that there is an integrable random variable
Y so that | X,,| <Y almost surely.
Then

n—oo

Often it is not enough to know the distribution of a single random variable but one also

needs to know how several random variables are “related to each other”. For that we need

the “joint distribution”.

Definition: Assume X1, Xy, ..., X,, are random variables on (Q, F, ]P’). The joint distribu-
tion Px, . x, of Xi,...,X, is a probability on B(R™) defined by

Proposition B.2.12 . If f is the density of the joint distribution of the random variables
X1, X5..., Xy, then the distribution of each random wvariable has a density. Indeed, for
i=1,2,...,n, define f; by

00 (o)
fi(x)_/.../f(.]?l,l'g,...,.xi1,$,$i+1...$n>d$1...d$i1dl’¢+1,...,dl’n
—00 —0o0
N——

n—1 times

(i.e. one integrates out all variables of f(x1,...,x,) but x;) then f; is the density of the
distribution of X;.
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One of the most important concepts in probability theory is the notion of independence.
Definition. Let (2, F,P) be a probability space and let Fy, Fs, ..., F, be sub o-algebras of
F. We say that (F;) are independent, if for any choice of A;, with A; € F;, fori=1,2,...n,
it follows that

(25) }P(ﬂAi)z [T,

Assume X7, X, ..., X, are random variables on (Q, F, IP’). They are called independent if
the o-algebras F;, with F; = {X; '(A): A € B(R)}, for i = 1,...n, are independent. This
means that for any choice of By, B, ... B, € By it follows that

n

(26) P({X; € B, X5 € By,...X,, € B,}) = H]P’({Xn € B,}).

i=1

Proposition B.2.13 . For random variables X, Xo, ..., X,, on (2, F,P), the following

properties are equivalent

a) Xi,..., X, are independent.

b) The joint distribution Px, . x, is the equal to the product (in the sense of probabili-

.....

ties) of the single distributions Px,,Px,,...Px

n*

c¢) For any bounded measurable functions gi,ga,...,gn: R— R
Ep(g1(X1) - 92(X2) - .. gn(Xn)) = Ep(g1(X1)) - Ep(92(X2)) - - - Ep(gn(Xa)).

Under the additional hypothesis that Px,

.....

d) The density of Px,

-----
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Proposition B.2.14 . Assume X and Y are two square integrable random variables on
(Q,F,P) (i.e. Ep(X?) < 00).

Then XY is integrable and if X and Y are independent then Ep(XY) = Ep(X)Ep(Y).
sFrom this fact one can conclude that if X1, X5,...X, are independent and square

integrable then

Var(z X;) = Z Var(X;).

=1

Finally we want to state two crucial theorems, the first one formalizes the following well

known fact:

If one repeats a stochastic experiment often enough independently, and takes the
average of the outcomes (more precisely: of a measurement of the outcomes), then
the average of the outcomes is close (the more trials, the closer) to the expected

value.

Theorem B.2.15 (The Law of Large Numbers).

Assume that (X;) is a sequence of independent integrable random variables all of them
having the same distribution.

Then almost surely

n—oo N, 4

The next theorem says how fast the convergence in the previous theorem is occurring.

Secondly it formalizes the following principle:

If a random variable X is the sum of “a lot of” independent random variables all



214 APPENDIX B. PROBABILITY THEORY

of which have expected value zero and all of which have a variance of the same

magnitude. Then the distribution of X in close to a normal distribution.

Theorem B.2.16 (Central Limit Theorem).

Assume X1, Xo, ... are independent, Ep(X;) = 0 for i = 1,2,... and there are numbers
0 <r <R so that

r<Var(X;) <R all i=12...

denote 0? = Var(X;).
Then

lim P | { —=— € [a,b]

n— 00 n 1/2
(£)
i=1

Finally a more quantitative version of the Central Limit Theorem due to Berry and Es-

/b =*/2 gy = N(0,1)[a, b].

E\H
)

seel.

Theorem B.2.17 (Berry-Esseen).

Assume € N and X1, Xs, ..., X, are independent square integrable random variables having
mean 0. Let 0? = Var(X;), fori=1,...,n
Then for all a < b

P (Z X; € [a, b]) - N (0’.2:0?) (Ja, 0| <
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B.3 Conditional Expectations

Definition: Assume that X is a random variable on a probability space (2, F,P) with
E[p(lX’) < 00.
Now let F be a sub-o-algebra of F, i.e. a o-algebra which is contained in F.

Then X: Q — R is called conditional expectation of X with respect to Fif
1) X is F-measurable, and Ep(|X|) < oo

2) For any A € F

Ep(1;X) = Ep(1;X).

Using a theorem of Real Analysis, the Radon Nikodym Theorem, we always can insure the

existence of conditional expectations and show that it is unique up to almost sure equality.

Theorem B.3.1 (The Radon Nikodym Theorem,).
Assume that p and v are two measures on F, a o-algebra on the set ) and assume that v
s o-finite.

The two following statements are equivalent:

1) For every A € F it follows that:
p(A)=0=rv(A4)=0
(we say that v is absolute continuous with respect to p ).

2) There is an F-measurable function f:Q — [0,00) so that:

v(A) = /Af(w)d,u(w), forall Ae F

(we say that the Radon Nikodym derivative of v with respect to v is f).
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Theorem B.3.2 (Ezistence and unigeness of conditional expectations).
If X is a random variable on (Q, F,P), with E(|X|) < oo, and F C F is a sub-c-algebra,

then there exists a F-measurable random variable X with
(27) Ep(14X) =Ep(14X) forall AeF.

This variable is unique up to almost sure equality, i.e. if X, and X, are F-measurable
random variables both satisfying equation (27) then X; = Xs.
We denote X by Ep(X|F).

Proof.

First assume that X > 0. Define v(A) = Ep(14X), for A € F.

Now v is a measure on F which is absolute continuous to P. Also the restriction of
i to the sub-o-algebra F is absolute continuous with respect to the restriction of P to F.
Therefore we can apply the Theorem of Radon Nikodym to both restrictions and obtain an

F-measurable random variable X > 0 so that for all Ae F:

Ep(1;X) = v(A) = Bp(1;X).

Note that this implies that Ep(X) = Ep(X) < 00
In the general case we write X = X+ — X~ and obtain by above argument F-measurable

and integrable random variables X+ and X~ so that for X = X+ — X~
Ep(1;X) = Ep(1;X %) — Ep(1;X7) = Ep(1;X %) — Ep(1;X7) = Ep(15X).

To show uniqueness of X assume that X 1 and )2'2 are F-measurable and satisfy (27). For

£ > 0 the set A= {X; > X, + ¢} is F-measurable and it follows that
0=Ep(14(X; — X3)) > cP(A).

This implies that P(A) = 0, and since € > 0 can be chosen arbitrarily small we deduce from
Proposition B.2.3 that P(X; > X,) = 0. Exchanging the roles of X; and X, we also deduce
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We start with some general properties of conditional expectations.

Proposition B.3.3 . Let X and Y be two random wariables on (Q,F,P) with
Ep(|X|),Ep(|Y]) < co. Let F C F be a sub-o-algebra. Then

1) Fora,b € R: Bp(aX 4 bY |F) = aEp(X|F) + bEp(Y|F) a.s..
2) If furthermore Ep(|XY|) < 0o and if Y is F-measurable then

Ep(Y X|F) = YEp(X|F) a.s.

3) If X and F are independent then Ep(X|F) = Ep(X) a.s..

4) If X <Y almost surely then

Ep(X|F) < Ep(X|F).

Proof.

The first assertion (1) can be shown by simply verifying that aEp(X|F) + bEp(Y|F)
satisfies equation ( 27) for the random variable a X + bY". Also if X and F are independent
one needs to verify that the constant random variable Ep(X) satisfies equation (27). This

shows claim (3)

In order show (2) we first assume that Y = 15 for some B € F and observe that for any

AeF
Ex(1415E=(X|F))= Ep(LinsEr(X]F))= Er(LinX) = Ex(1515X).

This proves the claim in that case and by assertion (1) the claim follows for all random

variables of the form Y = """, f;1p,, B € F and R, forn e N,i =1,2,...n.

For general Y we can find a sequence Y, of F-measurable random variables so that each

Y,, has only finitely many values, |Y,| < |V, for n € N and lim,,_., Y,, = Y almost surely.



218 APPENDIX B. PROBABILITY THEORY

For A € F it follows by the Majorized Convergence Theorem B.2.11 that
Ep(1;YEp(X|F))= lim Ep(1;Y,Ep(X|F))= lim Ep(1;Y,X) = Ep(1;Y X)

which proves the claim (2).

In order to prove claim (4) assume that X <Y almost surely and define
A={weQ:Ep(X|F) > Ep(Y|F)}.
A is F-measurable and
0 <Ep(1a(Y — X)) = Ep(lA[EP(Yu?) - EP(X‘%)])S 0,
which implies P(A) = 0 and finishes the proof of claim (3). O

Unfortunately Theorem B.3.2 is one of those theorems asserting unique existence of a
certain object without giving a hint how to find it. We will describe the computation of

conditional expectation in two important situations.

Proposition B.3.4 . Assume that X is a random variable on (2, F,P) with Ep(|X|) <
00. Assume that the sub-o algebra Fis generated by the sets Ay, As,... A, € F, which
are mutually disjoint and whose union s all of ). Furthermore we assume that all of the

A;’s have strictly positive probability.

Then
~ - Ep(14 X
Ep(X|F) =) 1,41-%-
i=1 v

We now turn to a case important for stochastic processes (2 = R", F = Bgn,
Let P be a probability on Bgn.
We define the following sub-o-algebras Fy, Fi, Fa, ..., Fa.

Fo=10,Q} [the “trivial o-algebra”]
Fi = all sets of the form A x Brn-1, A € Bgr

F, = all sets of the form A x R" 2, with A € Bge
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in general:

F; = all sets of the form A x R" 7, with A € Bg,.

Proposition B.3.5 .  Assume F:R" — R is Fj-measurable. Then F' only depends on

(1,...,2;) (i.e. Fis a function of (x1,...,x;)).

Proof. For j = 1 (other cases similar). Assume F' being Fj-measurabel and define

g: R" =R by g(xy,...,2,) = g(x1) = F(x1,0,...,0). We need that

{(x1,...,2,) ER" |0 # F(x1,...,2,) — g(x1)} = 0.

Since F' and g are both Fj-measurable also F' — g is Fi-measurable, thus there is an A € Br
with
AxR" = {(x1,...,2,) ER" |0 # F(x1,...,2,) — g(z1)}.

Assume A # () and pick x; € A. For this x; it follows that F(z1,xs,...,2,) # F(x1,0,...,0)
for all (zo,...,7,) € R"! in particular for 25 = 23 = 4 = --- = x, = 0. Thus

F(21,0,0,...,0) # g(x;), which is a contradiction. Now since A = @) also AXR"™ = (). O

Proposition B.3.6 . Assume X: R" — R is a random variable and P is a probability
with density f: R" — R.
Then Ep (X]ﬂ) is a function in x1,...,x; (by Proposition B.3.5) and

Ep(X‘E)(Il, Ce ,ZEj)

_ f"'ff(xla--wxj;ZjJrla---7Zn)X(SE17~--7xj7zj+17~--7zn)dzj+1-~-d2n
f"'ff(ﬁ(]l,...7ZL'j,Zj+1,...7Zn)de+1...dZn

[Note: the denominator could be equal to zero, but then the numerator must also vanish,

a.s.

in this case we define this fraction to be 0.]



220 APPENDIX B. PROBABILITY THEORY

Proof. We will not prove that the function

X- (I I)'—)f...ff(l'la733];2]—}-1;,Zn)X(xl,7IJ,Z]+177zn)dZ]+1dZn
: Tyow- :
) bl f“‘ff(ajly---axjaZjJrl’"'7Z?’L)dzj+1---Zn

is almost surely well defined and F,-measurable. Let A x R"™7 € F;, i.e. A € Bg;. We need

to show that
Ep(lAXR"—fX) = ]E(le]R"—jX)'

EP(lAXRnj'X):/.../1A(l’1,...,xj)X(ﬂf1,...,xn)f(x17...,xn>d$1...dxn

[Note: Laxgn-i(Z1,...,2n) = La(z1, ..., 2;)]
:/---/1A($1,...,x]~)
—_—
j-times
/ /X Ty, Tn) f(@, . Tn)dTjr . day, | day L. d
tlmes

. dxn}

/ /1A$17._‘7 U S X () [, wn)dag

[ [ flrr,. o ap)dejg .. day,

[/ /fa:l,..., Tp)dTjqq . .dxn] dzy .. .dx;
:/.../1A($1’...,{L‘j)X(Il,...,ZL'j)
{//f(xl,,x Yzt .. dxn} dxy ...dz;

I/"‘/1A($1,...,l’j)X((El,...,l’j)f(&?l,l’Q,...,Q?n>dl’1dl’2...dﬂﬁn

n-times

change of order of integration

= Ep(lAXRn—jX(.Tl, PN ,.ﬁEj)).
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Thus we showed
Ep (X|F)=X as. O
The following result is a usefull inequality for conditional expectations.

Theorem B.3.7 (Jensen’s inequality).

Let X be an integrable random variable on a probability space (2, F,P) and let FCF
be a sub o-algebra. Secondly, let ¢: R — R be a convex function for which p(X) is also
P-integrable. Then it follows that

(28) E(o(X)|F) > o(E(X|F)).

Proof. Define for zop € R

(if ¢ is differentiable in z¢ then D~¢(xq) is simply the derivative). Now for o € R the
straight line:

Yy — 90(1'()) _ D_QO(IO)v or
r — Tg
y=xD"p(xg) — 20D~ p(x0) + ¥(20)

is a tangent to the graph of ¢ at (xg, p(z9)). One of the equivalent conditions for convexity
of ¢ is the condition that the graph of ¢ is above every tangent line.
Thus for any z, xy € R it follows that ¢(x) > D~ () — 20D~ p(x0) + @ (z0).

Applying this inequality to the random variable X (replacing x) and the random variable
Xo = E(X|F) (replacing o) it follows that

P(X) =2 XD p(Xo) = XoD™p(Xo) + (Xo).
Taking now E(:|F) on both sides we deduce

E(p(X) | F) > E(XD"¢(Xo) — XoD ™ ¢(Xo) + p(Xo) | F)
— E(X|F)D"p(X0) — XoD (X0 + p(Xo) = p(E(X|F)).
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O
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B.4 Distances and Convergence of Random Variables

We already introduced one notion of convergence for a sequence of random variables. Recall
that a sequence of random variables (X,,) on a probability space (2, F,P) is converging to

the random variable X almost surely if

P{we Q: lim X, (w) = X(w)} = 1.

n—oo

In this section we will introduce two other notions of convergence. We call Lo(IP) the set
of all measurable functions 2 — R. We will identify two elements in Lo(IP) if they are almost

surely equal. Note that Lo(P) is a vectorspace.

Defintion. A sequence (X,,) C Lo(P) is said to converge in probability to X € Ly(P) if

(29) For alle >0 lim P{w € Q2 |X,(w) — X(w)| >¢}) =0.

n—oo

The following two estimations relate P(]X| > a) to expected values.

Proposition B.4.1 . Assume X is positive a random variables and ¢ : R — RS a

positive, increasing and measurable. For a > 0 it follows that

aP(¢(X) = a) < Ep(¢(X)).

Applying this inequality to ¢(x) = x and to ¢(x) = 2%, and to the random variable | X|

implies that
1) (Markov’s inequality) P(|X| > a) < 2Ep(|X]).

2) (Tschebyscheff’s inequality) P(|X| > a) = P(X? > o) < SEp(|X]?).

Proof. Note that alsx)>e < ¢(X) and integrate both sides. O
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Proposition B.4.2 .  For XY €Ly(PP) define
dr(X,Y) = Ep(min(1, | X — Y)).
Then d(-,-) is a metric on Lo(P), which means that dr,(-,-) > 0 and

1) dry(X,Y) =0 <= X =Y almost surely, whenever X,Y €Ly(P)

2) di, (X, Z) <dp,(X,Y)+d, (Y, Z), whenever X,Y,Z €Ly(P).

Moreover (X,) CLo(P) converges in probability to X €Lo(P) if and only if
lim, o (X, X) = 0.

Proof.  Note that for XY €ly(P): PX =Y) =1 <= min(l,|X -Y]|) =0
a.s. which implies (1). Secondly, it follows for numbers z,y and z that min(1, |z — z|) <
min(1, |z —y| + |y — 2|) < min(1, |z — y|) + min(1, |y — z|) which implies claim (2).

Finally note that for X,Y €Ly(P) and 1 > ¢ > 0 it follows from Proposition B.4.1 that

1 1
P(|X = Y| >¢) =P(min(1,|X —Y]|) >¢) < —Ep(min(1, | X - Y|)) < -P(|X = Y| > ¢).
€ €
This implies that

lim P(|X — X,| >¢) =0 <= lim Ep(min(1,|X — X,|)) =0,

n—oo

which proves the last assertion. 0

To state the next result we will need the following notion: (X,) C Lo(P) is called a
Cauchy sequence with respect to the convergence in probability if for all € > 0 there is an
N € N so that P(|X,, — X,,,| > ¢) < € whenever n,m > N. Equivalently this means that
(X,) is a Cauchy sequence with respect to dp,(+,-): for all € > 0 there is an N € N so that
dry(Xn, Xon) < &, whenever n,m > N.

It is clear that sequences which converge in probability are Cauchy. The following result

states the inverse.
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Proposition B.4.3 . The space Ly(P) is complete with respect to the concergence in

probability. This means that every Cauchy sequence converges.

Proof. Assume that (X,,) is Cauchy. It is enough to show that there is a subsequence (X, )
which converges to some X €Ly(P). Indeed, if (X, ) converges to X then for

dLo(XTn X) S dLo(Xn7X’nk) + dLo(Xnka X)

For given ¢ > 0 we can choose ky, so that the second summand is smaller than ¢ for all
k > ko and we can choose N € N, N > ny, so that the first summand is smaller that ¢ for
all k € N, with np, > N, and all n > N.

By the assumption we can choose a subsequence (X, ) so that
P(|X,, — Xm| >27%) < 27% for m > ny.
We observe that for any kg

P({w : X,, (w) does not converge}) = P({w : Z Xy (W) — Xy, (w) does not converge})

k=ko
<PH{w: Y [Xng,, (@) = Xy (w)] = 00})
k=ko
S ]P( U {|X7lk+1 - Xnk| > 2_k})
k=ko
S Z 2k — 2k0+l

k=ko

Since ko can be chosen arbitrarily large we deduce that
P({w : X,, (w) does not converge}) =0

and define X (w) = limy_o X, (w) if w € Q = {w : X, (w) converges} and X (w) = 0 else.
It follows that X, converges almost surely to X and thus by the Majorized Convergence

Theorem B.2.11 it follows that

diy (X, X) = Ep(min(1, | X, — X|)) — 0, for k — oo,
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which implies the claim by Proposition B.4.2. U
To introduce the second notion of convergence we let Ly(IP) be the vector space of all
square integrable random variables on (£, P), i.e. X € Ly(P) <= FEp(X?) < oo.
Definition. For X, Y € Ly(P) define < X,Y >= Ep(XY), the scalarproduct of X and Y.
Note: Since |X|-[V] < $[X?+Y?], it follows that XY is integrable as long as X and Y are

square integrable.

1 X |, =< X, X >1?= /Ep(X?)

is called the Ly-norm of X, and
If (X,)22, C Ly(P) is a sequence of random variables we say X € Lo(P) is the Lo-limit
of (X,) if

and we write

X =Ly — lim X,,.

n—oo

Theorem B.4.4 (Cauchy-Schwartz inequalit). Assume X and Y are two random vari-

ables with finite Ly-norm. Then

| < XY > [ <X lY ]|z,

Proof. We first can assume that neither X nor Y are 0 almost surely, in that case both
sides of the inequality vanish. Therefore | X ||, > 0 and ||Y ||, > 0. Letting X = X/|X |1,
and Y = Y/|Y ||, we deduce for w € Q from the binomial formula that | XY| < %(5@ +Y?)

and integrating both sides we derive that

1 ~ -
Ep(|XY|) < 5]E,P(X2 +Y?) =1.

Multiplying both sides by ||.X ||, ||Y ||, leads to the claim. O
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Theorem B.4.5 . || - ||z, is a norm on Ly(IP), meaning the following.
1) For X €ly(P): || X||, =0 <= X =0 almost surely.
2) (Homogeneity) For X €Ly(P) and a € R: || X ||z, = || X||L,-

3) (Triangle inequality) For XY €ly(P): || X + Y|, < || Xz, + ||Y || £,

Proof. We will only show condition (3). Conditions (1) and (2) follow immediately.
For X,Y € Ly(P) apply the Cauchy-Schwartz inequality B.4.4 to |X|-|X + Y| and to
Y| -|X + Y] in order to deduce that

Ep(|X]- [X +Y]) <[ XL, | X + Y[, and Ep([Y] - [X +Y]) < V[, | X + Y[,
Adding now both equation we deduce that
IX + Y7, = Ep((X +Y)?) < Ep((|X] + [YDIX + V) < [ X[y + 1Y o] IX + YL,

which implies the assertion after cancellation. 0]

The following implications on the different notions of convergence are true.

Proposition B.4.6 .
If X,, CLgy converges almost surely it converges in probability.
If X,, CLgy converges in probability there is a subsequence which converges almost surely.

If X,, CLy converges in Ly then it converges in probability.

Proof. The first implication follows from the Majorized Convergence Theorem B.2.11 and
Proposition B.4.2 as it was already observed in the last part of the proof of Proposition B.4.3.
The second implication was also shown in the proof of B.4.2. The third implication follows

from the Inequality of Tschebyscheff (see Proposition B.4.1). O
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Theorem B.4.7 .  The space Ly(P) is complete with respect to || - ||1,-

Proof. Let (X,) be a Cauchy sequence with respect to || - ||r,. Using the same arguments
as in the proof of Proposition B.4.3 we only need to show that (X,) has a convergent
subsequence. By the Inequality of Tschebyscheff (Proposition B.4.1) the sequence is Cauchy
with respect to the convergence in probability and thus convergent in probability to some
X €Ly(P) by Proposition B.4.3. By Proposition B.4.6 we can first pass to a subsequence
which almost surely converges to X and to a further subsequence (X,,) so that || X, , —

X ll, < 27 for all k € N. By the Monoton Convergence Theorem B.2.10
K

EP(Z ‘Xnk+1 - Xnk’2) = I}I_I)HOO]EP(Z |Xnk+1 - Xnk’2) < 00.
k=1

k=1
Letting now Y = | X, | + > 7o [Xn,,, — Xn,]| it follows that |X,,, | <Y for all k € N. By the

triangle inequality it also follows that

00
HYHLz < HanHLz + Z HXnk+1 - XnkHL2 < 0.
k=1

Now it follows for k£ € N from the Majorized Convergence Theorem B.2.11 that

1X = X llo = EY2((X — X)) = lim B (X, — Xo,)? < 270,

m—0o0
which implies the claim 0
The following observation is an immediate consequence of Jensen’s inequality (see The-

orem B.3.7 in Appendix B.3).

Proposition B.4.8 .  The conditional expectation with respect to a sub-o-algebra F is

a contraction on Ly(P), i.e. for X,Y € Lo(P) it follows that
IEe(X — Y| F)|lz, <X =YL,

In particular this implies that the conditional expectation is a continuous map on Ly(P).
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