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Answer the following questions: 

Q1: [4+4] 

a) Given the following joint distribution. Calculate E(X) , E(Y) , Var(X) , Var(Y) , 

Cov(X,Y) , (X,Y) , and verify E(X)  using the law of total Expectation. 

      

 0 1 

0 0.1 0.3 

1 0.4 0.2 

 

b) The lifetime, in years, of a certain class of light bulbs has an exponential 
distribution with parameter 2  . What is the probability that a bulb selected at 
random from this class will last more than 1.5 years? What is the probability that 
a bulb selected at random will last exactly 1.5 years?  

Q2: [4+4+4] 

a) Prove that each of the following: 

i) 0

(u) du

R(t)

t

e


                ii) MTTF=
0

R(t) dt
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b) Prove that: the average failure rate over the interval 
1 2( , )t t

 
is given by 

2 1

2 1

( ) ( ) 




t t

t t
  , and then derive the average failure rate for the two parameter 

Weibull distribution. 

c) The life of a product follows a Weibull distribution with a shape parameter of 
1.5 and a scale parameter of 1000 hours. Compute the instantaneous failure rate 
at its characteristic value and the average failure rate over the time interval 
(1000,2000) in hours.  

Q3: [4+2+4] 

In the reliability diagram below, the reliability of each component is constant and 
independent. Assuming that each has the same reliability R , compute the system 
reliability as a function of R  using the following methods: 

a. Decomposition using B as the keystone element. 

b. The reduction method. 

c. Compute the importance of each component if A BR 0.98,   R 0.95,  C R 0.9 and

D R 0.98   
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The Model Answer 

Q1: [4+4] 

a)  

 0 1 
YP (y)  

0 0.1 0.3 0.4 

1 0.4 0.2 0.6 

XP (x) 0.5 0.5 Sum=1 

2

2

E(X)=0.5, E(X )=0.5,  Var(X)=0.25

E(Y)=0.6, E(Y )=0.6,  Var(Y)=0.24

E(XY)=0.2, Cov(X,Y)=-0.10,  (X,Y)=-0.4
 

X,YP (x,y)
P(X Y=y)

P (y)

0.1 1 0.3 3
P(X=0 Y=0) ,    P(X=1 Y=0)

0.4 4 0.4 4

0.4 2 0.2 1
P(X=0 Y=1) ,    P(X=1 Y=1)

0.6 3 0.6 3
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X Y 0 1 E[X Y] 

y=0 1/4 3/4 3/4 

y=1 2/3 1/3 1/3 
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Y

y

Y Y

E(X)= E(X Y=y)P (y)

3 1
E(X)= P (0)+ P (1)

4 3

3 1
E(X)= (0.4)+ (0.6)=0.5

4 3



 

b) X  exp (2) 

i) 3Pr(T>1.5)= 0.0498 e  

ii) Pr(T=1.5)=0 

Q2: [4+4+4] 

a) 

i) To prove that 0

(u) du

R(t)

t

e


   

The hazard function or failure rate is given by ( )
 (t)=

( )

Tf T

R t
  

 

1
 (t)= ( ).

( )

1
 (t) = - ( ).

( )

T

d
F t

dt R t

d
R t

dt R t





 

0 0

( )
 ( )

( )

t t
dR u

u du
R u

     

0

0

  [ln ( )] ( )

t

tR u u du    

0

  ln ( ) ln (0) ( )  ,  ln (0) ln(1) 0 

t

R t R u du R       
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0

0

( )

0

  ln ( ) ( )  

  ( )

  ( ) exp[ ( ) ]

t

t

u du

t

R t u du

R t e

R t u du









  


 

  





 

ii) To prove that 
0

MTTF=  ( )Tt f t dt



  

0

( )
MTTF=-  

dR t
t dt

dt



  

0

MTTF=-  ( )t dR t



  

By using Integration by parts, we deduce that  

0

0

MTTF=-[ ( )] ( )tR t R t dt



    

at 0 ( ) 0 (0) 0(1) 0t tR t R      

lim  ( ) lim       
1/ ( )t t

t
tR t

R t 


 


 

By using L’Hopital Rule we get 

' 2

'

1
lim  ( ) lim  

( ) / ( )

( )
                = lim   

( ) / ( )

( )
                = lim  =0 

( )

                   

t t

t

t

tR t
R t R t

R t

R t R t

R t

t

 








  

Where  (t)=0 and (t) 0 as R t    
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0

 MTTF= ( )R t dt



   

b) 0

( )

 ( )

t

u du

R t e


  

( )

0

 ( ) ,  ( ) ( )

t

tR t e t u du      

The average failure rate over the interval 
1 2( , )t t is given by 

2

1

2 1

2 1

0 0

2 1

( )

( ) ( )

   =   











 

t

t

t t

u du

t t

u du u du

t t





 



 

2 1

2 1

( ) ( )
             (1)

 
 



t t

t t
  

For 2p Weibull  

( )

0

 ( ) ,  ( ) ( )

t

tR t e t u du      

( )( ) exp[ ( ) ],  ( ) ttR t R t e



    

 ( ) ( )                     (2)tt 


    

 (1), (2)  2 1

2 1

           
( )






t t

t t

 





 

c) 

1

3

 ( )

 (1000) 1.5 10

t t
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The average failure rate is  

2 1

2 1

1.5 1.5
3

1.5

   
( )

(2000) (1000)
   = 1.8 10

(1000) (1000)











t t

t t

 








 

Q3: [4+2+4] 
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  A I 0.98(0.95 0.9 0.95 0.9)

          = 0.9751

      

 

 
2 2

B I (0.98) (0.98) (0.9)

          = 0.09604

    

 

 

 D I 0.98(0.95 0.9 0.95 0,9)

          = 0.9751

    
 


