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We study the behavior at infinity in time of any global solution 6 € C(R*, H?>72%(R?)) of the
surface quasigeostrophic equation with subcritical exponent 2/3 < a < 1. We prove that
limy o ||0(t)|| 22« = 0. Moreover, we prove also the nonhomogeneous version of the previous
result, and we prove that if 6 € C(R*, H?"2*(R?)) is a global solution, then lim;_, o, ||0(£)|| 22« = 0.

1. Introduction

We consider the 2D dissipative quasi-geostrophic equation with subcritical exponent 1/2 <
a<l,

0+ (-A)*0+ (u-V)0 =0 inR* xR?

Sa
0(0,x) =0%x) inR?, (5

where x € R%, t > 0, 0 = 0(x,t) is the unknown potential temperature, and u = (uy,u)
is the divergence free velocity which is determined by the Riesz transformation of 0 in the
following way:

U1 = —Ro0 = —0,(—A) 26,
(1.1)
up = R10 = 3, (-A)"V20.
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This equation is a two-dimensional model of the 3D incompressible Euler equations, and if

a =1, the equation (S;) is the 2D Navier-Stokes equation. We refer the reader to [1] where the

authors explain the physical origin and the signification of the parameters of this equation.
The critical homogeneous Sobolev space of the system (S,) is H>72%(R?), and we have

s

= ||fll 22, YA >O. (1.2)

H22a

The local well-posedness of (S,) with H?>72*(R?) data is established by [2] and [3]
separately if & € (0,1/2]. In [4], Dong and Du study the critical case &« = 1/2 in the critical
space H!(IR?). They prove the global existence if the initial condition is in the critical space
HY(R?).

The global existence when a € (1/2,1] is an open problem. We have only the local
existence. In this case [5], Niche and Schonbek prove that if the initial data 6° is in L?*(R?),
then the L? norm of the solution tends to zero but with no uniform rate, that is, there are
solutions with arbitrary slow decay. If 6° € LP(R?), with 1 < p < 2, they obtain a uniform
decay rate in L?. They consider also the solution in other L4 spaces. For the proof of their
results, they use the kernel P,(t, x) associated to the operator 0; + (—A)“, and they use the
Littlewood-Paley decomposition. Our main result is the following.

Theorem 1.1. Assume that 2/3 < a < 1.
(i) If 6 € C(R*, H*2*(R?)) is a global solution of (Sy), then

Tim [|6()l] 2« = 0. (13)

(ii) If 0 € C(R*, H?"2%(R?)) is a global solution of (S,), then
tli_)n;”@(t)HHzfu =0. (1.4)
2. Notations and Preliminary Results

2.1. Notations and Technical Lemmas

In this short section, we collect some notations and definitions that will be used later, and we
give some technical lemmas.

(i) The Fourier transformation in R? is normalized as
@ &= expi-0f@dr, &= b e e

(ii) The inverse Fourier formula is

F'(g)(x) = (2m)7? JRZ exp(i& - x) f(&)dE, x = (x1,x) € RZ (2.2)
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(iii) For s € R, H*(R?) denotes the usual nonhomogeneous Sobolev space on R? and
(/) s (r2) its scalar product.

(iv) For s € R, H*(R?) denotes the usual homogeneous Sobolev space on R? and
(+/*) prs(r2) its scalar product.

(v) Fors, s e Rand t € [0,1],

Fllies (2.3)

Flle (24)

1 N gzocoe < N1
1 oo < N1 s

These two inequalities are called the interpolation inequalities, respectively, in the homoge-
neous and nonhomogeneous Sobolev spaces.

(i) For any Banach space (B, || - ||), any real number 1 < p < oo, and any time T > 0, we
denote by L’T’(B) the space of measurable functions t € [0,T] — f(t) € B such that

(=l f®I) € LF([0,T]).
(ii) If f = (f1, f2) and g = (g1, &) are two vector fields, we set

feg:=(sf &f)
div(f ® g) = (div(gif), div(gf))-

(2.5)

We recall a fundamental lemma concerning some product laws in homogeneous Sobolev
spaces.

Lemma 2.1 (see [6]). Let s1, sa be two real numbers such that

S1 < 1, S1+ Sy > 0. (26)

There exists a constant C := C(s1, s2), such that for all f, ¢ € H*(R?) N HR?),

178l ety < CQI N o Nl + 1F W N8 s )- 2.7)

If 51,50 < 1and s1 + so > 0, there exists a constant ¢ = c(s1, sp) such that for all f € Hs (RZ) and
g € H2R?),

”fgIIHSl*Sz*l(]RZ) < C”f“HSl g”Hbz (2.8)

For the proof of the main result, we need the following lemma.

Lemma 2.2. With the same conditions of Theorem 1.1, for all o > 0,

IRZ G2 1F (- V)O)F(w0)|dé < C16]]pg2-20 161 o [0 prova- (2.9)
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Remark 2.3. (i) In the case where o = 0, the formula (2.9) gives
IRZI?((u -V)O)F(w)|dé < Cll0]] gz 161 e 10l - (2.10)
In the case where o = 2 — 2a, the formula (2.9) gives
fRZ 8P 2F (- VIOV F (w)|dE < ClION 2o 101l ool oo (211)
Proof of Lemma 2.2. From the Cauchy-Schwarz inequality, we have

[ i moFaols< [ R DOk I ) ol
(2.12)

1/2
2(0-a) . 2 .
: (IR Jel™ 1 (- V)0)] d§> 20| ggove.

Using the weak derivatives properties, the product laws (Lemma 2.1), with s1+s, = o—a+2 >
0,51 =2-2a <1, and s, = 0 + a, we can dominate the nonlinear part as follows:

f |§|2<"-”>|¢<<u-vw>|2d§sf R (F(0) < (O)])2de
R2 R? (213)

2 2
S C”9||H272a”9||H(r+a'

2.2. Existence Theorem

In [7], Wu proves an existence and uniqueness theorem of (S,) in the well-known Besov
spaces By, .. We recall this theorem in the special case, where p = g = 2.

Theorem 2.4. Assume that a € (0,1] and 6° € H?>"2%*(R?), then there exists a constant c, > 0 such
that if

|

< Ca (2.14)

then the initial value problem (S,) has a unique solution in C,(R*, H*2*(R?)) N L?>(R*, H**(R?)).
Moreover,

t
[CICY +J 10() [ pedT < €y VE20, (2.15)
0

where C,(R*, H?>72%(IR?)) is the space of continuous and bounded functions from R* to H>72*(R?).

In use of the fact that F12-2*(R?) is a Hilbert space, one deduces the following.
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Corollary 2.5. Assume that a € (1/2,1] and 0° € H?>"2*(R?), then there exists a constant c, > 0
such that if

|

. < Cq, (2.16)

then the initial value problem (S,) has a unique solution in Cp(R*, H>72*(R?)) N L*(R*, H?>"*(R?)).
Moreover,

2

t
[CIGI[F= +J 16(7) |13 < ||6°| Vit > 0. (2.17)
0

Fp2-2a"
Proof . Taking the scalar product in H>72%(R?), we get

1
EatIIQIIEHa + 11811 < 1((t - 9)8,0) pro-ac|

< |(d1v(6u), 6>H2—2u|

(2.18)
< [1div (02) [ prz-2a |01 pra-
< [10ullppo-aa |11 s
Using Lemma 2.1 with sy =2 -2a <1 and s, = 2 — a, we obtain
1 2 2 _ 2 _ 1
SOOI + 1612, . < CallfllpesalOlee  (Ca= 5 )- (219)
Then the quadratic term can be absorbed,
L IO ss + 161Pns <0 (2.20)
50tllOll 2o + 110 2a < 0. :
Taking the integral on the interval [0, {], we obtain
2 ' 2 2
[CIOT +f 10() e edtr < [[6°)| . VEZO. (221)
’ O
3. Proof of the Main Theorem
The proof of the first part will be in two steps.
First Step (Small Initial Data)
In this case, we suppose that
0
||9 |H < Car (3.1)
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with ¢, a sufficient small number. Then from Corollary 2.5,

0ecC, (R+,H2-2“ <R2>> nL> <R+,H2‘“ <R2>>, (3.2)

t 2
[l +f 1012, < ||90| o VEZO. (3.3)
0

For a strictly positive real number 6 and a given distribution f, we define the operators
As(D) and Bs(D), respectively, by the following;:

As(D)f = xBos) (ID)f = F ' (xB06)F(f)),

(3.4)

Bs(D)f := (1= As(D))f = F (1 - x80s) F(f))-

We define ws = As(D)0 and vs = Bs(D)8; ¥(0) = F(ws) + F(vs). Then,

0yws + (—A)*ws + As(D)(u-V0) =0,
s 5 (3.5)
Otl|ws | pp22e + 2l|ws|lppp-o < ClIOI pro2e - 10l e - lws || oo
We deduce that

1205|7220 < s (0)][3g2-20 + CIIO(O) | -2 IO 101 o< lws || g2 T (3.6)

Since ||ws|| g2« < |0 g2-«, then from the dominate convergence theorem and (3.3), we have

éin’b Sup||W5||H2—2a =0. (3.7)

—YV >0

The function vs satisfies
aﬂ)g + (—A)“v5 + Bg(D) (u . VQ) = 0,

(3.8)
0| F (vs) | + 21¢**|F (vs)* < |F (1 - VOYF (v5)].

2(2-20) 2 e deduce that

#(e5)|

t
" f f 122720 g 20D | (14 VO)F (vs)|dé dr (3.9)
0/ 1¢[>6

Multiplying this equation by [¢|

2 2(2-2a) _—2t¢|*
1052000 < fl e
&[>

2
2
< 26

0
o)

H2-2a

t
o f g2 L [PC2)|F (u - VO)F (05)|dé dr.
0
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Using Remark 2.3 and (3.3), we get

a 2 t a
||716||?qu2,1 < e ¥ ”’(Jgi . + C||90| . JO e 2t-1)8" ”9”%2711617.. (3.10)
We set
t
_ -2t6%].,0 2 0 -2(t-1)6%* 2
Fﬁ(t) -¢ U‘S| Fy2-2a + C“@ | 22« .[0 € ’ ||6||HZ-adT’
® 0112 2
[ ol - Wil 19
0 6 || pr2-2a 262« = 282 7
(3.11)
+oo pt - ) +00 +00 o )
f f e 205 9|12, dr dt = f (f g2t dt) 101172 AT
0 Jo 0 T
2
1("™ e [16° ][22
= 252 Jl) ||9||H2—udt < W'
Then,
+00 sl 2' o
f Fs(Hdt < w (3.12)
0 6%
Let ¢ > 0, from (3.7), there exists 6y > 0 such that
£
lws, || a2 < 5 Vi > 0. (3.13)
Let Es, = {t > 0; ||vg, || 22« > €/2}, then
+00 9 5 < 2
Moalipadt> | sl > (5) Mi(Es), (3.14)
0

where \; (Es, ) is the Lebesgue measure of Eg,. If

) 2 p+oo
T5=<;)f o8, 12 dlt, (3.15)
0

then Ay (Es,) < Te. For i1 > 0, there exists ty € [0, T, + 1] such that ty ¢ Es,, and it results that

2
06, (fo) || pz-20 < 5 (3.16)
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Equation (3.13) and (3.16) give that

10Cto) | po-2e < €. (3.17)

Thus, lim;_, 45 [|0(f) || 22« = 0, and this finishes the proof in this case.

Second Step (Large Initial Data)

To prove the result for any initial data, it suffices to prove the existence of some t; > 0 such
that

10(to) [l 222 < Ca- (3.18)
Let 60 = a0 + 9, with

a® = ¢! <1{1/N<\§|<N}¢<90> >’

r0:=0"-4a° (3.19)
s

Now, consider the following system:

Ca-

F2-2a

our+(-A)r+(R-V)r=0 inR* xR?,
r(0) =" in R?, (3.20)

R=VIAT2,

By Corollary 2.5, there is a unique solution r € C,(R*, H*2*(R?)) N L>(R*, H>*(R?)) such
that

t 2
IO+ [ 1)t < [o?]].... (3.21)
0
Let a:= 0 - r € C(R*, H*2*(R?)), then a is a solution of the following system:
da+(-A)a+(A-Va+(A-V)r+(R-V)a=0 inR*xR?,
a(0) =a’ in R?, (sh

A=VAT12,,
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Taking a scalar product in L?(R?), we obtain

allaI: +2la)1f, <2| [ (4-vyra

<2 div (rA)a (322)
R2
< 2| Allgp-sllall -
Using the product law in Lemma 2.1, with sy =2 -2a <land sy =a <1,
(A-V)1,a) 12y | < C(@) 7] pge | All ol all o
< C(@) 7l gl allye (3.23)
< llallfe,
then, forall t > 0,
dlla®)llz + lla®)ll. <0,
, t , o2 (3.24)
. <
Ja):+ | @) udr <],
then2 -2a=Ax0+ (1-A)a, withA:=3-(2/a) € [0,1],
la(®) -2 < lla(®) " la®l~
(3.25)
3-2/a _
<[], Hace.
Then,
o /(1= 1/(1-a)
L la@las de< ||, (3.26)
Now define the set
Se = {t>0;|lalt)|l g2 > €} (3.27)
as a measurable with respect to the Lebesgue measure. We have
_ 1/(1-a)
001,50 < [ < o] (328)

B
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So A1(S;) < oo and A((S,) < /(1= ||a0||i§(17“), then there is
by € [0,41(S.) +1] \ S.. (3.29)

Then,

lla(to) |2 <, (3.30)

and then

100|220 < Ml7(b0) Ml prz-2e + ll@(t0) [l pr2-2

<Eif-;
2 277

(3.31)

Applying the conclusion of Theorem 1.1 for (S,) system starting at 6(f;), we can
deduce the desired result.
In the nonhomogeneous case, we suppose that 6 € C(R*, H>~2%), then

Jim 0(8) |2 = 0. (3.32)

We can suppose that ||0]|g2-2« < ca, and for all ¢ > 0,

2 ' 2 2
1)+ [ 10Tt < 00 ... (333)
0
Thus, it suffices to prove that
tlingolle(t)||Lz =0. (3.34)
Let 6 > 0, then we recall the operators
As(D)0 = F ' (x805) F ),
(3.35)
Bs(D)0 = F'((1 - x805)) F(0))-
We define ws = As(D)(0) and vs = Bs(D)(0). Then,
Orws + (—A)”‘w,g + Ag(D)(ug : V@) =0, (3.36)

and from Lemma 2.2,

Otllws |z + 2llws 3y < ClIOI - 101l 3o - ll205 | - (3.37)
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We deduce that

sl < llws(O)I13: +C|6°]

+co
B R e (338)

Then from the dominate convergence theorem and the following L? energy estimate

t 2
lej. +2 fO 015.dr < ||| (3.39)
we deduce that
lim Sup||ws||;2 =0,
P70 (3.40)
0tUs + (—A)avg + B(s(D) (ug . Ve) =0,
O F (vs)[* + 21¢["|F (v5)I” < |F (1 - VO)F(vs)|. (341)
Multiplying this equation by e, we have
20 2 t 20 VQ 2
ool < e 2 og];, + € [ 20 |(u- T)]  ar
’ o) (3.42)
62 || 0] 0 s 2 |
< ol [
We set
52 2 t 521112
i =2 [l ], [[ e o,
+o0 01|12
e[ ol 4, 1E°N2
fo e (2 det— T
(3.43)
+oo pt +00 +00
[ [ ermienarar= [ ([ e ar) jolg,ar
o Jo 0 T
I l6°]]:
= 0|3,.dt < L
o | el <
Then,
+00 90 22
J‘ Fs(t)dt < %. (3.44)
0
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Let £ > 0, from (3.40), then there exists 6y > 0 such that
£
llwsll 2 < 5 vt > 0. (3.45)

Let Es, = {t > 0; ||vg, |12 > €/2}, then

+00 € 2
f ||v50||izdtzf o6, 72t > (5) M (Es,), (3.46)
0 5 2

Eg,

where A4 (Es, ) is the Lebesgue measure of Eg,. If

2 2 +00
n:C)I w6, 1724t (3.47)
0

=

then A (Es,) < T,. For i1 > 0, there exists ty € [0, T, + 1] such that ¢y ¢ Es,, then

£
Hmwmm$5 (3.48)

The equations (3.45) and (3.48) give that

[10(f0) ]2 < €. (3.49)
Thus, lim;_, 44 [|0(#) |12 = 0, and this finishes the proof.
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