Chapter 1: Syslems of Iimar equutions Smiakrices

linear equation 2
An equation is called linear if Hie powers of all vaviables in

the equation ave 1, and iF-does viot involve any product of variobles

Examplese

{2x+3y_22=3 —> linear
3Xaly=5 _s vot liviear
X-Yz+2y=1 —s Vot livieqr )
Xi-2Xs 4 3%5=7 — linear

A e R R T an e . S T ey e o wm R e
-

’Geweml porm Por livear equahom :

o-—-‘--—.-—-—---l--ﬂ—tl—l—--———ﬂ—ﬂ--.‘-- -

Oaxl + O‘zXz* et CnXn = b
_yWhere X, X,,.... X, called variables (unkowns)

leo‘zf-—--,an end b called CoeprcoMs CCOVFSFOMS)

SPQCEOII porte
2%+3y-0 s colled MOMogemeous liviear equattion

Ocssun Alall as0 U U3,



lInear Sys%emsz

A Pinite set of linear equations
2X,+3X; X3 = 1
X) - 2X,43%3=2 > system ok livear equations or liviea system
X 42%g= 5

S\/Si-em of livieay equation

P

One Solution No Solution }me;rely wany Solutions

¥ il there is ot Jeask ove solulion of e Systew1 ik is called Consistent

% if the gystem has no soltion its called inconsistent
X-Q(/::O

2)(_%3 -0 howiogeneous hiviear gystenn

X+H:O

|
/// s

I O T //

Ove solution vio Selulion }mp{yﬁ}ely mauty Solufions




E xercise g
1. Bivd the solution for tne systenn

X+23: £
580 Ahawdl (o 559 1D s
2X+qy= 9 }W‘ Al Z'%;Jﬂl,ld)ugl
- -2aequabion 1 5 -2x-Hy-_8

2X+Hy- A4

bbb atsiWlo L 071
-y Ine System has no solution
2.Lind the solution Por Fhe syshm
3X-y-=3
XtY=5
33Xy~ 3
X+ Y25
Yx=8 _[x=2][9-3]
-y (2,3) isasolution, the system has one solution

3. Pind the solution for the systenn

3)(-2}/;@!
6x- Uy- I8
% -QQCH - - 6% Lly:' -18
6X - L‘\y:_lg

0 =0 3 Tne systen has mPinitely vnany solvkions

leb]ézth |x=,§_.t+3| » (263,0)

ar F-03(3,0) is solulion




how we Use the matrices to sole linear system P

Elemewbry Row Operations (e.r.0)
1. multiply a row by non zero copstant

9. Tutterchange two Yows
3, Add a multiple of ove equation fo another

On )(, +OlzXz+ ....;G,,,X,, = b: |
Cin a;g ... Chn By

a"‘rxl-tamzxz-:-...-r(llm,,}{,,_-bm QAm, O’mz.-. O.wﬂ" [‘9"'
Augmented matrix

LolF)3l wmabrix i oz, livear Systenn el €
e lewentary rowc;&bbscéwlm AUQWIQVI"Qd J/,f

o Jevathions —~ z maotltrix

T;igngblo:r Pormn
| diagonal
I 5 556 1 221610 0,5 BIGo 0581 Fl i d 53 G




nglw the’ pollawfiag;sysf?n?l. ol livear equation:.

2X -7,32 = 13

X+ 2t £ -3

AX+y-2Z = -2
stepd [2 -1 3 13

© 2 o :3-3 /\"AUngew}Od Makvix

Q_j@ 1A
Step2 ¥ 0 adpbyssc A Note!!
xQ:.,-zQHD.\‘ 2 a4 .0 b 6ol 5505 9 Guien JE (2.
Ry 300 [0 5 3 5 Catd ol o 355

o (5) -1} 7

Step 3. 12Iga@dyal e

ps-—) Qz-ps 2 -1 3 113
O -5 3 :

0 O’-I,"lg

Stepd Back subshitution

2X—V432: 13
Sy Y=l
uz-=1z > 22,_.3!

"5y+q.: f€] —}Cg:ﬁ
0y4249=13 3[x-1)




@ Colie the following system of linear equation

X, +UX; 4 X325
XH- Yz +5X3 =12
3Yf4 Xz 4 Xs = g

Step/ Avgynented Matrix

[ 4 1;5

[ 5:'19

3 |} 1} 8
skp2 R -R. <, L4 15

QS—)'BQHQS\ 0 -3 -H;-J
\ O - 9 1 <F
Step3 M -liRk f1o4 0 1B
o -3 4 17

‘S{’qu X+ 4 Xz 4 %3:6

-3X2+L,x_;:.7_
“5;3)(3 :.:;‘-? > Xs:196

> Xs- -2.33

- Xj:5




6 1 3 2| JpiEstse Uil 10 Lasls JLe
0 o o O S s JLV) o Hriangular Porm A
=>( near system has inkinitely w;anyso\bﬁvﬂfw
D) 5o (pJ8l 2upl CYolall s 9)pD yod) )  PLI el &
X+3y+22: o
Y.52a 2
let 2=ty Yy=2+3k 3 X:=-2.1t |
(-2-1k,243E, ) Y10 ddcGs «

l 2 2 4H
o ) =32 | 0l L, JCONS Ll
p © 0 9 S Iweayr System Moais 1o Solution

120 QIDLs EuPl, O LS5 955 50 c ) £



Og Por which valtes of o will the Pollowing systenn
has s 10 solution? exactly one solution? inme'My many 3012

7(4-23..32:14
3%-Y45%=2

Hxs Y (0214) 2 = 042

.53 =5 .8 - Skept
o=l & & Auvgwented Moifrix
4| aiv a2
ySkp2 R -3R.R: I 2 -3 &
Ry s -U B4+ o -7 4 -0

O - a2 a-"
>3p3 R 5 Ry L. 2. 2. %
O -2 A4 -0
0O © 0% o-4
_>Nla:!-1 | 9 <2 4
o <F 14 10 | _y whinitely many 3olvfions
D 0 O O
Soko=4 /2 -3 4
o “F 14 -0 |y pno soluhom
o o o .8

S 0 4 exacHy owe salutiorn (Unigue)




GaUSSiun E liminahon

> Idduced Row Echelon Porm (rre.f)
we say the matrix is m reduced row echelon form Ccre.f) if
the following conditions holds

1. The Picst nonzero number in e row is a 4,amd we call it leader f

not leadead _ .

- )

fonaill S al) (ool 31 13T ¥)

e b . e s g b am — ——

0 04 2 O o0 10 2

o 1 6 0 0o 0o 00 © /.,Zm);‘:o}ﬁ_b‘qé

23 01 0 qge3y¢
o o 0O 0 o1 ©03 | };}O,,u;,piq,é.uyﬁmgmﬂf
(bl o) (b ei®) | gediuboted |

S

3. Every leading 1is bothe vight ol the oue above it

e — e e e e e e T e am g

(/’\.0 8 2> (4\3?, 3 A\l bsd,cie 060 ! *!
0 1.2 14 001,01 = = |
0 01 3 o0 0613 :5,3,%@@»5),,@1&50)@1_

;
4
(b ) (o couk)

(
e = = 2 - o - e ——



4. Each column that contains a leader 1, has 2005 eWwhee else
10 14 1
91 0 2)
0 o 1 3
(o) (psd
f@\gpmgwn Jeodlert fscsy <3, !

»A matrix that has the Fisk Hivee P{DPQrHes is called vow echelon form

(1 ooq) (14-3 7) (04-2 a1>
0o 1 0 7 Is) | 6 2 O 0 0 138
o o0 1 -l o o | 5 o 0 0 009
N v
rref re.p rref
(1 1 0) (O 0)
o 1 O
o O 0 O ©O
A +
v.e.p rreb

GaUssioM Elimina hon
Used to copvert Mafvix fo yow echelon Porn

Gavssian Jordan Elivninatior
Used to converk Maifrix to veduced row echielon Pormn



2 Dyt (_;em?w&(ue» Cref @m’pjgwgé;r‘w 20,000 59>

Q Suppose that Hre aUngVlfOcl watrix foy a linear system
ivi the unkinowns x,9,2. has beer veduced oy elementary row

opemh'ons Fo 2 ] © 05
o 1 03

o © 1 %#

what is the solvtion of Hhe sysfem .

rref Sopsceananl) (1 bW ¢
back substifvtion s X=5,Y-3,%2-7 _y (5,37) unigw solution

Q) if the augmented Matvix for a linear system wiinn

unfinowns XisX2,X3,Xy 15 %

| 2 o0 o4
o o | 35
o © o 01

What is He solution of the syshem

O£ 1 so the syskem has o Soluhon



froe variables and leadding varables ¢
_y leading varables s Tne vanobles whose columns ivt Hre (Cref
contain Iec:dimg 7»;%;&(@;9%;@1;%&1@
y Free variables % Tpe yariables whose columns ivi H/f«eur.r.e,f
does yiof contain a Ieoedimgﬂ

X Y b

1 0 1 X 5 leading varioble

O o 97 Yy, fre variable

Q what is the Soluhion of Hae sy.shem

| 034
o | 2.5
o © 9,0

> bock 8ub X+32-4
Y+ 22-5 Since Mafrix in riref

Yolal) os (e ,ﬁ il a8 G Le
the systen has infinitely many solufions

XY leading voriobles

Z_) P-{qe \/alﬁ'OtbQ

——— o p— e R
— — g ——

: ! , ;
le{_ 2/: L/ X:H-Bt‘,y: 5_2':‘ ‘___\l P{gemnbb,}gpa)) Up)-QJ'U"'J\ :
(4-3t,5-2¢, L) -

Pree votriable,® 3l O £ utie Sl U0 4& ¢



C.)q 8ol fhe inear systen by Gauss Jordan elimination

3X-Y+Z47w= I3
-2X+Y -2.-3W= -9
2X+Y- W= -8
R > (1 Va3 /3
-2 l -|
g 1 B
V<
Ro20 [0 Y5
s\ 0 V5 2%
| 5 4
3 [o 4 A
o B %
A o ©
R 5P P 7o 4
Ry> 3 Ras s\ &6 O 9
4 o ©
2,5 Ra P o 41 ©
o ©0 1

3 -\ 1 F B
iy -2 1 -1 3 ' 9
-2 4 0 =fi -8

Y3 1373

-3 9

-F =

s 13/3

54 -3

% %

%3 13/3

5 -1

% %

4 4

5 -

-4 ,«,

4 o X+ 4w =4

1 O U.& w= O

-4 | 2 _ q W11

the sys has inkmany solufions

gt , R4k




Hoymogemoobs Liviear Syg}ems

A Systen of linear equattions is said ko be homogeneos
iL Hae constantt terms are all Zerop
Examples 5X+2y =0
Sx=Y 20
- Every homogeneous system of livear equafion is consistent
W0 Sler X ssg) olg 4l 0.0, “Nomogeneas s allses! ol

X;20 , X220, %n=0 3 cou5 UbJsANA S0 20

f,f'riv}al Qolution”
Y il Hhere are another solutions, Hxaey are called nontrivial golubions
“Hivial" <52 520,015 J> Ul 50, homo linearsys L ool I 05 X ¢

3o JD BABL L) (p ¥ o

inﬂ;nifely many solukions ¢, Yo\l /,«5@,(] AL JASCLLQ 5 -



@) Solve the Syistenn

)(+2y_‘2,=0 \ 2 -l O
2X-Y432=0 > 2 -1 % 0
3x4—y+2z-.-.0 32 1 2 o0

2 A o)

R, N O (®)

RV S5 5 8

o Back sub Jsscss)) (2 ¢
el Mpog) o) b0 s

0
( 0 >
(l 2 -l O> P many a3l (s «
0

P23

sSolutions

-6

200 N o
-1 0
0 (0]

S, g )0t CYoted! )Auﬁ
SO s o) o) B LSS

il ., .. 3.

= Pre wvariabe
let 2-F

)(+2,:O
Y-2-0

xeok  gsk oAt kb E)




@z Solve the system

-~

X—Q}’_l. Z. =0
X +}’+32=D
2>r+y_ z:. O




() solie Hie Systonn
S+ 2y-Y8 =1
2%+ %Y 1 8/2-0
Vi + VY +10/2=5




Hah‘r'ces and Malrie operalions

C[M Om ee o Qi
Q,, & WO

A= Uy Me number ol rows
. Nanumber of-columns
th amz o g s G\’mrl A :D:‘J]mxh

Ex: if Ais 2x3 maitix such that Clij=2i-y , find A

A:‘ Cl” alz Ghz 01“12-1:1 /@;3—; -1 1022:2
Clzy Cz; Qas Qo 220, UOys 2 L U2z = 1

mxr YXx N : . xn

2ol 56 e GGV e AB Gad512) (p L o>
Sl So el (o 5yapd) sas Syl ¢ A5X
5o 305 (8 (1p22) 29,{0 0,07 Il AUS Y SVl 9,007

c:;:u(-:d‘ o2l 5.8, c_))_;>34



O,Lef' A: {2 | 3) /B: 5 | pu’ldAB,BA
-l 4 2 3 2)

AB 5 Az Baa o not possible
T

BA - Bzxg‘__s/i,zx; > IDOSS; ble - QAZ)«B : C- (Cu C:z CB)

Ish Co Caz Gas
KL G T R P A 395215,8,8 3 dodliep & Dok Prodvuet
»C2: 5+4:=9 A 30015, BN Spicy Oot produtt
_)t;g = 1542 =1% A)C:nbi,,p!, 33753 ool o Dot papduct
_y Coye. 6-2:4 A 3 Y, 91, B LBy iw Dot Produek
3 Co= 348= 11 A S5 BIS sp < DOF Product
3> Gz Qy=-i3 A )UG)JJBBJQQJJPJI o Dot product

Oz let A:(' 2 3) /8'-' 2 4 pfﬂdABDMd@A‘

252 5 5 iP possible
6 -2
Ases 83::2 - Fossibe  (AB)pys = /32 18>
23 13

Boz Asxs Fossible (BA)zys - /-6 28 14
7 3% 1Q
Note thot AB #BA 0 14wy



CD; Ae o SR 4 [ 5 lp C= Ag
5 2 - -2 piﬂd C,,,ng + Ky
4 2 2 >

_y Trace of Matix
IP A is a square matrix, then trace of A tew is the -

Sum of e entries on the wain diagonal of A

Ex: iP A= /6 2 1\ Piud A
g 3 6
\4-9 5
brid): -345:=8
_y Transpose ol a miatrix A+

P A-/3 -2 ten A (3 5 6)

5 4 2 4 =z

6 2



Exeil A- /2 .—,> ,3{3 q> Bord s

\s 4 3 «b

1. (A:BY
A+B - (u H) 5 (B [ 3
3 -2 2 -2)

a a4

A-&B‘t:( 3) _______________
14 -2 No*e @+8) Al g*_;"

- ————

3 w(AB)
AB: & '3) - ,"V(AQJ:BLI_B:JQ

6 -5

4, tr(Be)
BA - (33 76> _y r(BA)-33-14=19
0 -4
(Noke bCAR)-tr (81);

5 h(A8) . __Z“_____:___:f_"_'
6. lr{A)+t(® l!\}Dfe H CA)J,h’CC%) Fr(AHQ)}

—— e — — e = = _._..-._..-._-

742 :q




p(operb'es of franspose
A AT A
2 (A+B)";AZ Rf
2 (KA. KAY . Kk is comtont
4. (AR): B'AY 5 cualasinG

General pfoperl—ies of Mafrix

1' A+Q; 8+A mzj b‘}(_;‘w 6/1_§
2. A+(Be = (AtBl+C 3G (s 50 oD (s

hich o f Hhe Pollow vy Srottement
3. AR - AB)C (;g aﬁmw e Follo nY

Z{- A (Gi’c) z AB '."AC

5. (B:)A- BA:CA @

6. if KA-O Hen k=0 orA-o

“lrve or False
10 Aand 3 are hwe Malvices such Hhat ABzo, then Azo oo

‘FEJ/S@! _s Por example A- (’ O) B=(o o) /21)::0 but AB=0
20
[

o © o

2. if Az0,Band c are Matrices sveh Fuat AB=AC then B=c

False s Por example A=(o 1) ,B=<, ,) c(? r
AB=AC but B4c &% 4 2 4

./ 3 4
| & &



Dfagoﬂql Matrix
let A be a square Malrix, we say A is diagonal Makrix

i0 all the entries yot on the waivi diqyonal are zers

| o o
0 o o0 Diagomal Morkri x

o o &

5 o ([
OF 0 Not Diagoww/

o o &8

Identity Matrix T
All entries ovi the wain diagonal are 1,and all other
eNtries are Zews
I(! o) e
O | 1, Very ii/npoﬁam Note || II
I
: |

1
— — — A O, — -

S Af( >( ?9 A

'No}efl/tqf TA-AL-A}

— — — — — — — ———



fVlVQKSQ OP a moatrix

DGPM[HOW% i A s o squarre Mafn}x’o,nd ik a matax & of
Fhe same 8ize Can be found such that AR -RA-I. then A
is saud fo be invertible (vion simgular) and b called invere of A

A is sad to be &wgvlqr il it doest hove iviverse

In anothor Form AA™- A'A-=T wherel is fde_wﬁ'fy Mot

Qu/es por Ix2 Matrices
A-,:__.I__ F“‘@ where A:[}l b
detA) 9'9 s o

C’F/L;J]&é’”-"j U{’wlq,ﬂ_,

o P delhyz 0 tnen A is inverhble(non singular)_y ., <l o

_,}l’l O]eE'CA):O i'hel/! A IS S}Vtgulqr,} d’/ﬂ:" CUU:_\_J c___sf
O, let A- (5 -5) Pind A ifl exist
] 2

deth): 6w - (50 - 17 #o Gnvettible)

A L2 5)
72 \-1l 6



l_inear sys}em % Md}rfce_s porm

Exownples write e following-Systena in Mattices Forv
2X —-y.p 32:=5
Ex ""2}" Z=1

A:(Q -1 3>_., coelPiciont Matrix
g 2 -l

)(@) b:(ﬂ

2y e Can write the Sys!@m as AX:=b

2 . 3> X (5)
8 - . \Lj i lle

2x3

Examples it A=/2 5) . ?3) _3)

lind " the solution For the systen AX=b
Sep1 A'AX - Ab 4 swmce AA-T

ool TXLAB 4 TX-X st ypie
L= Ab
Aﬁbz (_Iil(_—_’;}: (__1,ca| - X (3) ‘C‘Iq




properhcas ol Tnverse of Hie Matvix

/." IQB OlI/ld C are both inverses @PA 5 then B=C
2. 1f Aand B are invertible matrices  (AB) - B~ A"

sExample: it AL/1 2 l) 8-

H 4 5

= M 2
and ¢ =(AB)", find Cyy
c=(AB): B A"

C23 =A)&JL.JJ’J,9-?Jbﬂ>JQL;JI(_;.leO£ ot Product Lo Ls
- @)XN)+BX5)+HD) = 4l

3. (AL
.,)Examplo n - A"__: (q 2) {ﬂivd (A-r)—l_
. z 1)
AT A - 4 5)
(2 -1

4 (Ao A



5 A AA. A (n>0)

o — e ey Sk g
nfactor ,”\/Oh? A%T |

o — — e —

b A (AT)L A (nv0)
# (kA)-’: LAY  whereK vion zero constant
K

Qi (A%2r) - (3 5) Lind A,
2 4
Step 1 & L (0 rblis | ol sgai pds

((AT+20)")" . (3 5)—*

2 4 (__—» detf= 12-10= 2



() £ A B (AR) ar inverfible Matvices, sShow thal
AAB)BAD . T

/ i
I multiple o) GlSILY )
[ cbhboice !

Aﬁgp@") B(A+R)". [ Aid vatkeof il 0o 0 |

J(AA AR B (A4B)
- (I@B (A+R)!
(T ABB) (A+B) = (B 4AT) (AB)"
. (AFB) (ATR)"
ces I

(3]

-—}—l/_:(/e o)/ IQ:({S@ g
A, are Fwo Maitrices of samte size, (A+B): Au2AL:B?

False  (A+B) 7 - (A+RYCA+H2)
.~ /qg+-%ygtié%ﬂ'+£%2

#2A8

AB=BA 5,C 1 5,5 S



E lewentry Matvices

_>MOHLKJ')( /Dr,@ ave Said o be Yow equivalent- i one can

be obtaived Bom other by e.r.o

A wsndl) (s €10 /ol G pos B as,n0dl (s Uptd) oL sl
rowey A8 OLspbll duen e @il

Examples A =(3 6) , Q:( 2) A AB roweq.?
O

Por Malvix A 2 5 :

%’Q-;(l 2)
2 5

(! 2) =B <0 A,Q are yow equ:'vmfelﬂfmafn'ces
_2Q+Q2 © |

I%W (= o5 5.0 5 €10 shsh e 2L avsaedl ¢
riy . '
E lemenkry Matrix .5

2 0 B8 W 3 o
>34 not elementary
O | ' 0O 3 312

| © g 6.1\ 6236 v
51 fs Bty H | O
| & ¢



ébwa};ﬁ (M@Mgei&ﬂg{eﬁﬁfy) EA o P > £
A 2yl e (B Julis) oo G o 2uks s

Examples I:I/(s O> ( ) |
,wwb“‘*"”
15 20
B (2 20)
AN Yo A ol (= 51 Jos L) &
Now fo find inverse of the Matri using exo

Step1 (Al
905 o)) T dogpediite g sl &
Step2 O I A lwlopldse o
ero sub
Seps (I 1A
Frperd sl s T, L) S ple) Vs £



=241 l O q 5

9]
20243 0

5%9?2.-&.!2 8 I v & &
orern/ © 1 3| -2 1 0 e s o o
J)E,?OO)Q)J_ggL(b
ksl B 2 5 |4d 9 |
2o>
wg &

o =] 1=5 21
Q

3034 12

0
Step3 A /-40 16 9

fg. /1 0 © | =401k 9
3




Q) bind inverse of A-

b = N

= N O




NOFE g
1. Every Efemam_far}/ Maltrix s invertible( sual L) )

9 The Inversol Eis E

_f_l;l-eom/l ; Equ;ua/enf statewmen/s

IR Ais an nun matrix, thenr Hie Pol/owfwy Shafemtentts
Oye equ}va(enf, all Trie or All Lalse

1. A is inverhible

2. AX:=0 has owl;/ Hhe [vivial solution

3. terrebolAis L,
4. Tne Matrix A can be written as Product of clemetary yatrices

To Solw liveqr Systemr Using Lnwrse

Skep 1. Pind A
skp2  fom AX=b
AAK -Ab
X =Ab
TNeorM 8 if Apen is inverhible Matriy, tren Poreveny
nx4 makviy b, the Sy.Sh?WT AX-=b has onesolvtion

Whlclfl 1S X:: Ab



1A
Skep 4 0 0
( .8 418 10
o o |
Step2 <3 1 2 shkp3 A7 /-
by exxo ( Yo -4 o0
Y Y

o ik AR=/4 24 12\ Pind b,s

| 2 B3H
2 5 { =21 C
AB-C
AAR - AC Fiua s JJUj))g}] A_g.uufwg)lwdoH%dud

IB=AC , B:-AT S . @Y -0aXe)10=[-1)

3. ipx- (x) b= (g) Lind e Solution of AX=b
Y
%

I\
A Ax-Ab

YX=Ab=/212\/4 -
Y 0 )6 )7 (-'
Vi Y -1 )\ 7 X2, Yn) 2




QuTrve or False

1. leF A omd B be two woatriees it Aisinverhible

and AB=0 +hem B=0
Twe  ABR-0O
AAB = A0
I3-0 5 R:=0
2. let A B and C be matrices,if A is Invetible
ad AR=AC then 12=C

Tree AR - Ac
A_A’?):A'AC

(3, consider He sysfen
- X+l Xz 4 X3 = boi
X, +9%-2X:=b2  Solve Hresysten if b=0,b21, b0
6XI+LI X.Z "8,‘3: bg b{:—3/b2=q/b.?='5



Diagonalfprf‘.'qmgulqr and symmetric matrices

D}agom[ Maltrices g
The square wiatrix Alis Diqgowo:{ iP all evfries not on hie

VAQY? d:’ogowa/ are zeroes

3 oo
Jolgowol M aitrix
O 0 F

S A DiOtgoml Matrix js wiverkibe if all of its diagonal enfries

Qare nonzero

D—': %:{, o ... O Wihere D 1S Diagoan Makrix
o M, ...o0
© o Vi

1n Gereral DK: o
0
e
Exompe A-=/2 o0 oo A-/% o0 oo
oo 7o s el
o O o 4

oo 09



Tf:famgvla r Matrices

— Upper friomgular
P all enfries below the main Diagona) aive Zero s

2

o O | yUpperfriangular
o O
- Jowev Hiovgular

P all entries above Hre main Diagonal are zeros

@operﬁo.s 5
11k Ais vpper — A'is lower
2. TPAis lower —3 AT is wupper
2. Tne Ploduct of lower Matfices isjower and tre produet of upper-
Moaitrices is upper
4. ﬁomgulaif Malvix s wvertible iff if< dingonal enlies ar vonzers

s it A is upper invertible et A is upper

Lyif Ais lower inverlible then A is tower



Symmefrf ¢ Moatrices

A 5’0[(;01(@ M@ih’{x A s Symmem'o iP A=

Al /5 | 3
/_,pule | & -y
alitan, 22l Jo> 3 -4 4

S Kew Symm i
A gquare Matrix A is skew Symmelric if A A

3-/0 -5 4\ SBL /05 9\ ..
5 © 3 -5 0 3
4y -3 © 4 3 O
Irve or Lalse

IF Ais skew symmetric then h(h)-0
True  upis Skew sym ) ¢ ajl el
A= 0 Lbadss Ol s ba!
Tﬁeom 2 ip Aond gyre SyVMVMEfﬁC MQHI‘CQS wi the sawme
Size Hrensg

1. A" is symwmelric
5 AR and A-@ are Symmefiric
3. KA is Symmef'n'c_



Trve ov False

1. TP A is o squore Motrix , tnepy A+A"is symmetry ¢
Symmehg_ 24,000, % Honsfase ;1S 31
Trve  (AeAT). AT AN, A4AT
2. A_AT is symmetric
rise (A-AD- AT A - _(A.AT)
Skew symmetric y of Symwmetiic
3. AAT s symmelvric
Troe (AN (AT) AT pAT
e VS 0 1 O SIS
U. il Ais invertible symmeltic malrix, then A-''s symmelric
Troe (A).(AT). A A=AT
so A'=()"
axd)l b ¥ Ivomspese
@ Pimd ol DfO(goVIOLI Matvix A that catisVies

A2 /9 o o
D 4 o
o 0}

A-i(AZ)'f: q O O _> A2: M O O _)A:. {g o O
Sl L sps [ O 4O o W o o Yo o
o> Vo !

o o |1 o o !



CD Find all Voiles of o amnd b which Aand B are
both not 1nvertible

A= CH'b"[ 9] ) B:: 5 (%
9] 3 0 2a-3b-F

not invertible means det -=o
def(h) - 300+3b-3=0 _, G+b-1 L a=1-b
dekB)- 100 .15b-35-0  2a-3b=7
20-b) -3b:#
2.2b.Sb="T

-5b:5 _[b=-1] [0=2]

TI’E/Q or False
1, [I] /s an {demh'r‘/ motlrix
Troe

2. Tne System x4y -3
-X+ay¥= b has ppo solution ifo=-2

False , if b=-3 then Sysfem has infinitely wany doluhions



Cl/\ap}er,? Deferm:'nan/'s
21 Delermivonts b}/ Cofactor Expansion

_s Minor of entry G (M) «
Oelermivants ol the submatry that rewains affer deleting
Fne i vow and din colupmnin

- Cobactor ?P ewf‘rj/ Ay ( Cip) Note !
e DM My =« My M, Ciy only for

square Malvice

'S

TP A= (35) then defca) - ad -be

Q, let A- Z 3 2IX . Lind Mz:,Mzz,M.eZ

18 2 and Czn Gz, C_;z
4 & 3
M.’?l..’ 3 -f. = Qf > Cz,- - C-I'_)Jq__ _q
6 |
Mz 2 ""| = ad Cos 2 = ')4—2: -0
-4 |
Msz: - s > G- -8




> IF Ais vam Moatvix, then =
Ruied s def(A) = QG4 iy Cis o .2 CliyCiin @) anbiss 5222
QUIQJS deé(ﬁ): OIIJCIJ-i-OZJCgJ-I-._..-&Gﬂ)ChJ &FXJC}}CAEJA’J}:L_{I

Qa ,Q{'_As 2 4 3 ,Pfﬂd detcA)

-5 6 1
3 4 2
1 izl
) 79» 7?:: Qua Cia O[G Ciz
de—Qfél_Z-J—51+3_55
i g 32 2 4

. 2(8) -ucn) +3(-38) . _4é

2 i1z22
dek(A)= +5 2 i/ +6I§ 'i/ _}jj/
. 504+ 6(-5)+4 - 46
3 0=1
dJetR)- 2(2;; +5 (:‘j} . 3}: lz/

2¢8) + 5(-4) +3() = 46

11

¥ g2 22 SN 20 s ap)l ool b



o F\ find dekcA)
5 8 6
oy 0 H
US@ d:.2 def_/q: O::.C;z _{-O{zgc.zz .{-C{gz C32.
) +8@)q/3 7—/.,_ O

4

&x40- 320

-
-_——

@4 lef 8: | 2 6 o
32 54 \ Find det@)

p 6 0 4
23 0 F I

det A = Uy Cyy 4 Qg2 Coas Qo2Ca34 Cloy Can
O 4 éc-:)’/é - f,/+ 0+4c_:)'*/gz ‘

use i-=3

3 %1
390 7

-50

1

|




Tneorms LP Ais vixn diagonal or vpper Hiamgvlar or
lower iangular Matrix thens

dQ‘,—(A) = Ol" 0!22 Cfgg i GMM
o) sl (e Srg2pdl oLl o Jps 22201 sl

QIFA=/1 1 11
02 22 Lind 141
0o o0 33
o0 0 o4

Ais upper Momgular_)ml - )(HBW) =24

D TP |oxw o o
0 X3 0|9  find x

9 o X

dQ{'—: (2)(-’-0 ()(4-3)(?() =0
v vV ¥

X=2 Y3 X=0
True or false s
1. for any squave Maheix A and scalack , dek(KA)- Kdet(A)
Flse  Por Bampe A=G ), 3A= (5 12) ., detl)-u detGA) 35
2. for omy square Matrices A,  Jet(A+B) -deH(A) sdeh(e)

flse  for Erample A<(23), B=(21), AtB-(3 12
det@)= -3 , dlet®)=5, det(MB) - 2




2.2 Evalvating deferminants b/:/ vow reduction
5> Q{opg rties of defermiviants

1. let Aasquare Matrix, il A has arow of Zers or
Colummn of Zeros . Hen def(A) = O
2. let A asquare Matrix , det(A) - det(AT)
2. IP Matrix B results from A by multiply one yow or one
caumn off A by scalar K Hren defB)= kdetCA)

Example if A= 25> Ba2f2 B
4 -3 12 -

det(A):- 26 , det®) - -78- 3 det(A)

H. deb(kA) = K'det(A) , nevumber of vows
Example £ A= (;-’ Z{) 5 3A :'(g ;g o
ckb(A) -4 , detBA)-% — detB3A)= 3°der)
5. TP Malrix B vesults fovn A byfwferchomge Ao fows or
Fwao Colulmns, Hrem deH(B)- _d@ECA)
Example A=/73 5) + B=

detA-2  detB- .2



6. TR Matrix 13 rasults From A by arddr'mg a mulkiple of one
vow to another yow oraddfwg a mulkiple oF ore column Fo

ayother then deb(A)-det (@)

Example A =/6 3) , B=/6 3 A
4 5 H (2 > 304302

doH(A)-30+12: 42 . detB- #4242

7 TP Als asquare Matix with bwo propottional rows
or fwo Propertiona Colvmns , thent deF(A)= o

/'Dlﬁ,gé;tés%\ﬁ),_éjlpl ) ;Q:s_bgg P i ((se3 2 519}‘”9‘0 CAJLQ'JV_SI
Example A.—<6 3)
H 2
detA=12-12z0 5(=21)

¥ Tne Matrix Ais imvertible iff detA+o

d@"(/q-‘): .
 derA)

. Y- A{Q ee Sguare Moatrices of soume Size ,dohar)-del(Adetie)



Q) it Aand B are 353 matrices ,det(A)=2, dek(B)- -4 Pird
4.deH(AB")

det(AR-) = det(A) deH(@-)

=det(A).L_ - 2.-t._1
def(B) 4 " 2

2. det(5A)
detBA) = 53del(A) - (25)@ - 250

3. deH(2 4283
dek (2428-3) - det(2A)det(A) det@™)’
. 23 det(A)det(A) ) 3
(Bt Qemz))

— 85\2)&2/\!_—‘_:_1

—

- 64 2

6 H -8

O, IPA- /2 15 >,Pmd det(A)

2 2 -4
CJQ{'(A) =0 (G :QG)




, Rind det(A)

< 9
det®) - (1)(-N } | 2 q)
¥ o | 4
dek(B) -det(A) 2 o

(- | 2 4 5> USINY b=4

-20 + Y4 6 C'"ylﬂbw _

Qq let A-‘-‘. 0 0 Qs
0 Qs 0233 Show ,‘hul— d@)l(ﬁ) -0z Upz q”
Ay 0z Qs

B: 0,91 O’BZ 033
0 (U2 Q.z deZCB)ﬁ 031 ¢ O:g [UPPQF !‘“9)

0 0 O/ A e owseb (b= ¢

) SO d@E(A):_dPE(Q); -z Cez2 Az,



@

(!

2.

2.

4.

abc|:-6.~nd

de p

9h i
9 h 1
d e #f 26 (b fod)
a b c
de P
9hi = -6 ( Ganepbudes)
abec QI
O+d  bre C+f 5 MG ( det gsinX)
-4 e f > ( CDoepds )
9 h i et - 6
-a -b -c
2d Ze 2€ = Clo)-6)- 60

59 5h

Si

|




2.2 Chamers Kule and p;nding inverse

Cj ::(—I)'i*‘j Mij Cj 3 cofoctor of entry O
. C ¢ Malrix of cobactor
- CT: ddfofnf‘ DPA @(A)

Tﬁeorm g if ‘A is invertible matrix thew

At 1 adiA)
dek)

_use adjointt method to Pitd A ibexist

JStept deb(A) = 2(2)) -())+3(-6) - 33
debhyz0 _y exist

5 SteP2 Pind C 33lep3 Pind CTadjca)
c=f2_9 .6 CT. 21 -8B Y

-3 -4 Ip 9 -4 1l

4 =l N -6 o )

> 3fepey A-L&J&A@d)‘m)
t Cor o 0°Mar - C-003) =18




Q Pind A'ib exist for A=/2 4
D 2 9
L 13

Moteg A Oth CA) = detth 1

0O 2 5

QA 2 ) prA ﬂ./ldb_u

32.. Coz = (2)(-D -y
dlet(p) deM




Cmmer’f PU’Q

DQWIEWI ber > 1FHe Moty A ls ivvertible then
He S)/Sh-?WI AX=b has unigue solubion

3 we can use Cramers Kule to Bind Solution

Xz def(Ax) , Ax: b aXOWeaos,s daulisaclidsae)
detCA) '

Y= deHAY) , Ay: b Yomdaonslini Siliiasaedl
s y > Y Meltosss Sl (e sl aggadd

s %%%A%, Az: b Z W9\ 2058 i) s aﬁ;uaa;}:,,p_u
Qo A=/1 -4 1\ ,bf6N\ .X=/X
4 4 =2 -l Y
e 3 = -20 4
Solve tnre Syskm Wsiviy Clamers Rule
SShp 1 detA. -55
S%p2 Ay /6 -4 ()e.deHA,n): 4y 5 x= - V44

53
-1 1 2

-3 2 =3



Ay:(' 6 |>_,<Je+o4y)=a_, Y= -8

4 4 2
9 =20 3
Ae /1 -4 6\ _ defCA)= -230 5 2= et Az =230
defA 55
4 = -
5 2 =B \

D iPA=/0, b <\, detA 20
a. b: C, Ll B _ [ 3k
Cs by Cs ' (g) ' (;Z>
Pind solukon Por AX=b
A.- /3b b1 ¢
3b: b, C, |sdekAd=0
%b; by
Ae  [O0 B C N
Oz 3b, Cz> o det(Ay) = 3detCA)
Cz 3 Cs

Aé— = Qi _ b’ gb(
B b 3p, P> deF(Az) =0

Qs bz 23bz

X=10 Z=0 - detCAy) _ 3det(p) .
d - deRA) - defm 3




CD} A‘: 2 5 q /Q'e,"(A):B ,X:()(),b:/E;)

Y [
| 4 b < 2
BT L
”1 X_:, Sy ,‘9; T 2.:33 is soluken Dp AX: b, P:'ﬂdsg

Z: C!Q {‘CA?) 2 S
dlef (A)

I 4 [
> S22 2

As - /2 5 3) S det(Az)= 13

o 7 2

Q. Pind valves ol K for which A is inverhible

Az f/2 1o
K. &k
2 4 2
det(A) = 2 (4-uK) -1 (2k-2K) + o
= & =ik &TlK)

for invertibe  8(1-k) zo

A is inverhple ik K#|
A iy voF inverkive it k=1




Chapter 4: General Vector gpoce
L) Real Vector spaces

- Vector Space s A vion emply set of ohjects on which two operaltions

are defived (addition , Scalar Multiplicalion).

3 Object s Anything thatcould be defined (numbers,Functions, Makies..)

IF Hre ﬁollewmg conditions are safisties by all objects U,V,w

inVand all scalars Kaud |, then we all Va vector space

and we call tne okjects iV vectors .

1. Usv inV/
81V (o s 5np0 ples SN 050 V bl ppesslpzics) «
2. av . Vau
3 UsCyaew) = Q) 4w A_JL»Jf»ﬂLﬂlo*_Up
7 4
U. Theve exists anelement O, called a zerovector For V' sueh trat

U0 - 0+U= U Forall Uin/

5. forall U inV, Hhere is an object CVYin Vealled o neyetie of U

Such tHhet  U+lu)= CorL=0



6. Kuinvy
F o K(ueW) = Kue kv

8 (kl +kz.) U :k[ U-f- sz

9. Kk - kkU
0. TU-U Qmember

p s the veal umbers
8 '
s the vectors in xy.plave  Gsusl, 8l |

p ; the Vectors 1y 3-SpPace

Q, let VZIR? show Hnat (R’+,.) is a Vector space
- G~

) B o RS s i o
Euja ) SV oLl B A

1..- ]Q[- U;Uéfp’, U= (UI/UZ) ,\ICV,,V.?) 6-Ku-= (kU Kls) e N
U*V: (U["t\d,UQA;Vz) EV
2. U+V=VaU F- k() = (feueku, Kusekve)
3- febwa(ou,ws) UsCuiw) Laview kUeky= (icugku) + (kw, kv)
4. Ov=(0,0) (t0=0+U=U 9
5" ""U = (_—-Uu-uz) > (—-U)i(_)-‘_ U-[-(—U):O q



Qz et W2 f(x,:‘) . xe®] [S W vector spY@ or viok

G

(R NVERT =W AR VR =TA

Q let V:-/ps, IS (R ) avector space or yiok

St

*.9.2) : X9.2 e[

T - T e T TP

Note !

(R"+.) s a veotor gpace

e o mm o S o e St ek g ——

e e T e Dt e S S

——my g TR gum S gy, v



Qy IS ME{(x) : xel] avector spuce ?
Olslue Gl; XYesplosctut CIpZ9; D

let U= (uu) , V=(v.v) , wZlww)

1. UsV= (UgV UsV)

2. UtV VU

3. Urlvw) = (W) sw

4. O, (00) e W
OutU= UsOw=U

5. -Uz (U, -U) eW
U+€u) = (0,0) =(-W+ U

6. Ku: (kuku)

7. Kl Kuskv

3. (k[-l—kz)U:((KH-kz) U, kat)v) = (KuskeU, kiviku): Kus kU

Q. Kilk): kk.v

0. 9u=U

'S0 W is Nector space




-Noizr B I e T e T T S e e e e B — —

|
f
I
(

Qs IS W: r(o,s/)-‘ ye:Pf o Vecltor apoice

(s Lot ViR il U= (U, ), VeCy,v) and Ku=(kuy,,0)

[S V awvector space or pot

W=(CU .0 72U so Axiom1o Lails fo hold

3 Vis viot Vector sporce

!

Ever)/ Dlane Pass ﬂ/ufough tHre ongim IS o Yector Spaice ":

— e - o o e e p— b = e e — T — e A S e e e e = )



O; I-P-I— K/:“ M269)= ﬂE :] : a,b,c,d @ H?f Is 'V vector space ?
\’_\A

2x2 T Bl 52552 38,20 S0
ek As (30%)  B.( %)
e [0 S ey
2. AB-B:A 3. A(B:C)=(ABMC
4 O- (9 2) 5 0+A=A+0:=A
5. -A- (‘c' %) 3 ACNCAHA:O

6 k(52 Eev

%

2.

Q.

0. 1A= A S0 Vis avector sPoge

@ What is the difference behween M, and M, @)

Ma(R) & the st ol All square matvices with real enbries

a b ] .
_,(C b) ot Mu®)



,_._NOJFQH__.__..______.__,__,.____,__ e e e s e 58 S

— e — — — — — — — — e T — i

— e — — — —
— — —

Qg Is W. f(g_‘ f) a,b,C G_IQT o Veclor spowce ?

O (28) £W , viot vector space

Nowiewor K
Qq Is w f(g G’f) . a,b,e e R] o vector space 7

Qo I M-r a ooy abeR| o vector spoce ?

i
{



H2 sv bspaces

o8 Vechoy SPace 3 sps50 VRCHON SDOCE s G Ls Subspace

Iheorms If Wis a nonemply subset ol Hae wector space V

Tnen W is asubspace of V7 iPP tue following condifions hold

1 P w w1t W ten Wiews inW iRStor oMb o
2. if Kw, e W Vector Fousld) Bl ¢
s pPoace ~

<= L0) Dy 8za2Te Dy SN OL LG mll), o) Lubidl 22 15) ¢

Q,, Let W [fo,o) . xeR[ . show Hrat W is subspace of IR*

let Uvew, U:=(x,0), V=5, 0)

O U= (xex ,0) €w  —y condition 1 bolds

@ 4. (Kx ,0) € W = condition 2 hold g

So W is subspace of R



@z et W ),, (X, x) 1 xelP|[ IS W subspoce of R*

let UVveW , UzCuw) . V(v v)

@ U+V- (U+V,i;+v) - covditipn 1 holds
eWw

@ KUs (ru, ‘iU) - condition 2 holds

eW . .
30 W is subspoce ol 1R

Q_, lef w-:'{'(x,q,Z): xzell is W susspace ot 2
et Yvew. U= (x,,0,2) ,V=(x,,0,2.)

© Udr- (xexe ,0,2432:) €W

@ kKu= Ckx,o0 kzdeW

S0 W is Sybspace of IR’
OH lef- w_'[p(G,b,C-,‘f),O,b,C(’:!P'f 1S W scolospoce o4

U'-"- ()(:/XRIXJ/ 4)

33U = (3x,,%:.3%,3) 2 W  So no subspace 1o




Gtk M- fabye): - 20-b, a,be ©T IS M subspace of 10°7
UveM L, U=(@,b.C) - (&,b,,20-b)
V:(C,, b.,G) - (O,b:, 20.- b.)
L Uev: (Qe0s, babs, 20au00)-Bby) e M
2. Ku: (ka, , Kb, 2k0,-kb) e M
S0 M is sulaspoce of IF’
Qs Let W f ( A g’) ,obe e[ is W subspa® of M, (iR) 7

€

ot ABeW, A-(3 b)), B-(% %)

1 AR (OMO& bao+bz) e W

C:+Cz

5 KA. ({co:. Kba\ o
I Oa) e W
30 W is subspuce of M,, @)




CD? lek W_—_ r A(.'_MMG()) : Ais Upp@lf f"’iagvlaarr IS\V

-SUJQ.SPC{@ 010 Mﬂn (@)
let A BeWwT | A upper , B upper

1. MB ew (uppersupper- vpper)

2. Khew ( Kbppér: vpper)

3o W is Subspace

@g leb W [Ae Mun = Ais symmelic [ [3 w subspace of Ma®




Qq One of e Pollowimg is ok True

Al W: [(aub,c): ack ! is subspace of 1R

B) WL [(ab,C) : b=2cta | is subspace ofiP?

() W={AeMa, - tr(A=0f is cubspoce of M

D) WETAeMan: Ais lower [ is subspoce of Mpn




Qo loF W be the 3ot of alf point (x,9) jn K sweh that

X%0,¥20 is W subspoce of P2

* BF Uavrews oy =€, VE Ca2)

. UsV. (3,3)ew

9. kKU 5 -0 = (-I,-1) € W ynot subspuce

IS ——————
! e et G g B
e — —

Scbspaces of My

¢ the sef of vixn UpRY Iriogular  mallrices

» He st of nxin lower H{omgvlo{r ma frices

& the seF of wmxn digonal matrices

¥ The set of nan symwetic watrices

—— -
— — — — —
—

-
bl S



Subspoice of polynomals
2®) weans Hne set of all polynomials of degree v or less

where Mo

Example 1230 2 The sek o b all poly of degree 2 or less

Note !
‘(/:Q IS a Vector spoe Por aill 30

CD,” let W be Hhe setol all polyromials of the Porm OorOnx+axias x*
where 0,02 , Is Wo subspace of B

W: [ QoQx4 O x% Qax% Oh= A T
e pgeWw 5 P=Qo+QiXx4+0X%0s i
q: ’Oo+b;)(+b;Xib3)(3
I R0. (Qotbs) + Qb)) X 4(Cltb)) x74 Qa+ba) X3 ”

2. kp. kao+ Kaix . KOux% Kogx3 v

30 W s sybspace



inear Combination
A vector Wi is linear combiviation of He wectors Vv ...
if itean be expressed iv the Pormt w=k V¢l Vour -
Examples U:=<3,1>, Va<2,4)
BU -2V _y liviear combinatior
Q) let S=f(1,0), (o,1), let = (75), Is b 1.C o} S
!inearg%r?fmh'ag_u BLen LuLC»Ls S opls ﬁLéZJL,U Z:gl:(gﬁ CL 1
(75) = #1,0)+5(2,0 550 U livear Compimation o kS
Q, leF, 8- 2),¢-L0f,u=€35) ,is U 1.Cof 8
(35) 7 k(1,2 +Ke(1,1)
3:K-k:
5-2k4Kz
8=3Ki Kzg N
(35) = ._;8_(/,2) -.:?'_(..1,{)

3o Uis LCoPS



G let2-fe,0,(2,20 0= is ULCof 87
(4,5) 2 K10+ Ko(2,2)
L= Ki+2k,
5= Kes2ke
-1=0  (noSolvkion ¢ zupiaupl daes)
So Uispot LC of 3

Q"‘ lef Sz r(",fo)/ (o, ’;’)z(’/"/’)f, L= (2;513)/ Is Ulcol 87
(‘2/5/3) lp': ’(,(l,f,@) + b(ofi,f‘) + Kg(f,é?,f)

2= ,<1+I(3 | o0 | ; 2 I o | 2
5-kKi+ f 1 ] O 5 5 > o L -1 3
3: Kz4 K3 o1 iz o ol ©

kg:o, Vs 3, K“-_Q

<o Uis L.Cofs
05 lef S= [r( [’2/_[)/ (2,3,1),(1,3-4) f e (5,%7‘),15 U 1.C of SV |

{S,L{,?) S? Kt (|z2,—l)+ }(z(Q,B,J)-J-iG(l,B,-‘-l)

. 2 115 |l 2 1 5
5 3 3.4 o1 4 6)
-1l HL 7 oo 0 -k O#-16 (no solukion)

U not ) C ok g



ok IQFS:“g :2> (?i) (;;)f,u: _223),[3 U I.ColS
(3 965G

2 = 3K 4¢3
5-" 2’({-{-2}\’94-’(3
2z 2K, . 2k3

M= k: +L'Jk9-l—5kg



Q; lef S= ]r S4XRHK", 1- x+3x?,3+2,\f+5xj’/?

lot = 6+lix+6x2, IS q L.c obS

6+ X+6X% Ki(24x+4x2) 1 Ko (1-x+3%7) + K3 (312x45X%)

6= 2k 4 Jras B L2
= K, -Kz 4 2K x Jol2o
b = 1tk + 3K, +5K; X *Joleo
2 1 3 46
I B ;2

(
6 4 3|5



Spom(S)
Kules S gdoms V' if QUery elewent i Vean be written
Os LCoFS 5 we denoe this by V2span(s)

Ql let S-F(1,0), (N1, Is S spans *
S o Us sl 102 apls 2 S piw IO 0 01301 G0
ot Ue R?, U= (o,b)
(0b)< K (1,0)+Ks(01)

C =k{ ’ b = Kz
e,b) = 0 (1,0)+ b(o,1)
:}E—&J&é—b(ﬁj( B)AF%:BJA,&ULQ Qﬂk;,\b

S0 S spans K*



O et Sz 1 (1,1,0,(3,2.-0.¢0,-3)T is S spans £°

ot Ve®® i (ob,e)
(b)Y = K(1,1,0)+¥. (8,2, -1 +Ks(1,0,-3)

O =K +3K> +Kz [ 3 1 o«
b= ki+2k, s | 2 o b
¢ - ki-ks -3k, [ -t -3 ¢C
| 3 t Q Il 2 1 q
PR o I 1 a-b| o 1 1 ab
R.ANO 4 4 a-¢ ~ugbB\ 0 © 0 0-C-4%d
075 -30 tHo-C

The system has no solution
So S ot spans P’ or W spants
Note I
i Hhe syslemt is eomsi[srwr fhen 1RZ sPon(s)



Qg le‘S; r({oé)’ (:3 ?),(foi),(i o')f Is S soons M@ ?

lof Ae MP) 5 A- (S‘ )
((c:l 3): K, '00[)+ L/?(.'o ?)Jrks(,oal)Jrk‘* (! o,



Qq let - [0 x4, 2x43, 2% 2xe5f, 1 S S;):mspz
Pe 1 & p- axdbxac
OAXGbx +C = K KD 4G (2x43)+ K3(2X42x45)
O = K4+2ks
be 2Ke42ks

C o k{+3k2+5k3



43 livear Independence

\ ‘
LQIL S: [PV,,VQ,V_?,-,-?,'!Q KV:H(ZVH_-__:O hos Ol/)ly

tivial Solution then S_s Livearly Independents
wikinity many solufion

i OWE’I’LA/:ESQ S J_imearl/depemdemf

Q) ek $-pci2), (41 Is S LD orLTsek in”
’<I(,/2) + ](2(“{,.?) =
kl -K>=0

2}(;4-3‘\/2::'0 5. k!:O/KQ:O
So S=1.1
Qz leb S= 1,20, ¢1,1,-3) ., (15,-1) ,L.Dor )T inlR’?

\<| ([/2;() +k2 ("l/!/“g)-l' 1(3([/5, "f] = (0/9/0)

[<l~kz+K330
I L*y) @
2 +k45G-0 5 [ 2 1 50 (Mhdeffﬂ)}dﬂ > Lol
soh;h;?sﬁor =i
_2 -] O e
K, - 3Ks -ks -0 b3

det(A) =0 _y Notintertivie y ik womy solvtion

| \nourly dependent



:Y( ( ) fisSiL;ehmMz

Ki(b4)ske(8!)416(1 0) =0
IG+K3 =0

k;—l— k} =0

K=o k-0, ki=0,ka0 SO unigue Soluhiorr 5 L.1
Criviat)

Koakz=0

Qx)q S= IPXiS, ox” x+l, X+51 Is L. se} mE
K (% 33D+ Ko CX X404 Ka(x45) =9

K\+2k220 :
L 2 @ | 2 © o
-K>+K3 =0 o -1 | o1 - 0
3K, +Kz+5K3 =0 g | 5 0o ©O ©

Hhe sys hos infiyilely moy <olubon »Sis Ld

wWe Con Write one elewent o} S ois o bviear coymPination

Notes IF
dependent

ol Fre otiter elements then S is liveafly

I Q) Note that (45D = 2(x%3)- (2xZX +0)
so S Ld



©5 IQ" S: fl(”g,off—f)/ (5,-"/2)/(1//,3) f Is S LI i1 )P?
kK (-3,04) 4 b (5,-1,2)4#:(1,1,3) - 0

-3 5 |}
o -1t 1] =8%9#£0 _ ,
4 o 3 A is Tnverhible_y Unique Soltion —y, ). T

Q
" Qé for which ral voilues of A do fhe ﬁoILoWMg vectors form

| ividor | Iy deperdlent set (11 2

v ()(/ -—--/—-—)x \é" (I )/ Vg..(__,/_____,/()
Az [A o4 ot
A det(M: 23 4.2 .0
= 2 - S
_-;_21_ :..2'__ A 8/{3- 6A-2-0

(A -D(HA+2) (244 D=0
A=l -t
2



Q; let & - [y(/\,.,?j), (3.A,4), (-1,3,6)T then one of the
fo}low}@ is Tre

A) 1 A::%., then s is liviearly dependent
B) If A-1, Hhen s is liviesdy Jndependent
c) If /(:_é_ Hen S s imeaﬂ}/ [ndependent
D) TP /\:2, Hiem S is ]jmec«rﬂ/dppemdem

A 8
2 A 3| = Al6A-12)-3(-3)-1(8-58):0
5 4 06 6A%-12A+9 -8 +5A4=0
6A*-Fh+1 =8
A=, A=t 5 linearly dependent
ons is A
S(/mmary

Ie}- SZ rVHV;J,V,;,--u r % pn
ST Kvikvey ...z 0 has nvial solukon _y S HVIec:r!}/ [dlepe s teut
_}IP l(t.V;-}-)QVz-t-,- :(@,b...) hO(.S GwySOIUHOH_) S SPO“/)S Qn



L4 Coordivates omd Bosis

We gay S ie aBasis for Vibks
1 Sim liveody Ividependent
2. S spons V

Q Ssly(l,o),(o,z)f , Is S bosis oR ¥*
1. X(,0) +k(0,1) -0
detA -

| o). J.o=1 detAzo 50 S liveorly Ind
o |
2. K,o)+k(o,) = (a,b)

=0, K= b so Sspans V
a(1,0)+b(o,1) -(a, b

S is basis for >

Q S ]J(I 1) (333f 51001313 0{2 P
4. ka,0+k(3,3) =0

K143k - ( )4 det()=0 SO L.d
l<;+3kz _),WO!‘ bosis



Q. S=f,2) ¢,0f Ts S busis for P

1. K(,2)y k0,0) =0
Koo lono (1 ;)., dof- -1 #0 so L.1
2K+ Kz=0 2 |
2. K(,2)+ k(1,0 =(a,b)
Kt kz za 5 gl Solutions 5> bas La Ll Le
2Kt 1G = b adsail st oy pas STl Le
O - number (2o
S spans Vo Sisbosis Por P2
Qq K f(f,O/O),(D, ,0), (0,0) [ Ts s basis Por R3

] - Ql@f‘[l OO) = 120 soL.I

o 0
0 o |

2. K, (J,D,O)—i’ Kz (0, I(O)-i—kg(gzo,’) = (C(,b,c)
k=0, Lieb, =0 80 55pansv_>5i3 basis for P’
O, S=F,2,0, C01),00,1,0f Ls Sbaosis bor R



%Y}/ Lmportant Notes

18- feLo),to,nf - Standord basis of ©*

2 S lp(l,ﬂ,o), (0,1,0), (0,0, | _y Standard basis of {3
2 S-f 1, x, x*] _y standord basis for I

4 S PLx,x3x2] _y standard bosis for 1

& S A O)/ o 1\, /o o\, /o o f,,,grofwdardbasisoPMzz
O 0 (00> (!D)OJ')

C)ﬁ S:]ﬂ X! X3l 2<-7{-2Xr, Is S basis Por B



-1 2

(. Is S:r(g,_g) ) ( 3). (1 ofbasis Por M, ?




Coordinate Vector

LP S=Pv vy is abosis of V
OI/)d U: KV;-}L’2V2-I-k3V;+ am- H/)Ql/i
Us - (K ko ks, .) 1s coordiviafe Vecfor of Uvelahive koS

Q’I let S - f(f,o),((),f) ! be abuasis Pofpf Pind U where
U=(%£3)
(723)- K (1,0)+ k(0.0
K7, k=3 5 Us = (23)
O, ek S-fci2) 0P be o bosis for R Pind Us where
U= (25)

(2,5)= K(1,2)4 K:(1,1)



Oé' S: r(’/’/o)z (2/[//)/(}/3xf)r s bbsis Poflpg
Pind Us whent v=(8.3 -2)

QS - [ 3x41, x5 , &1 is bosis for I, Fivd Us when
U= 3X35x-7




Qﬁ b r('x3,’5), (1,4,3), (2,-1,5) [is basis for ¥2
avid Us= (2,-1,%), Fiud U

U= 2(1,2,5) - (1,4,8)+3(2,-1,5)

= (7,-!,'7)

@5 S ]p X2, X%, 3%-2 Pis abasis For o
Vo (3,-24) , Find V

Ve 30ax_2) - 20x%)+ 4EX-2)

- X4 I5x_)é



Lf 5 D 1YeNSion

N\otes
5852 0y ot VRClOT SPUOICE Bass o SSTotelpbin ¢
oLl ss Lot LSL Usl BOsis
Exanple  S= 119,001 bosis lo?
S=10,2).04,0 [ bosis foF R?
S, S 3eslin pololl sl bt
Iﬁ IMeNson &
. number of Veclors i a basis o V7

oY
2. number of Pree porameters in ¥

yPree Dorometers
iP - (G/,b,(’)_)Pfeo Povometers = 3
P U= (a,b,a) 4 Pree paroimelers -2
F o= (@,b,C), c=2a 3 Fre Poromelers= 2
P A (2 ) Ly Pree pormmeters - 4
A - (91 b) _y Pre Darameters= 2

I a



.;Dim(@’):i > Dim(Man). n?
5 Dim(R?). 3 5 Dim(Mmp) = mn
3 Dim (R™)=n
3> Dim(B)- n4l

@ pmo| O’rﬂ"?dg ) dim (R) , dim (M)

dimd?) = 3 S e 5=Ff,x,x*f (2 elements)
dim(2) - 4
lef(Mzz):Lf

Cb‘? ler W - H(&,b,(,d) r a=2b, C:BQ/)P Pind dim(w) and basis of w
> dim(Wl 2 (2 Pree pammeters)
> to Pind basis

er—) U—' CQbrwad/d)
(2b,bb,3d,d): b(2,1,0,0)+d (a6.3.1)

((21,00),0,031NY is basis forw
Qs let M=f(abc) : atbic =0f Lind dim (M) and basis of 1
N dimM) = 2
o U= (a,b,- (b))
(a,b,-a-b) = a(1,0,-1D+ b(o,1,-1)
*c1,0,-0,00..-Df is basis of M



CZ W= [" (g qb)/ Of,bef?f Find dimalw)
dr‘ﬁ\ W= 2

Q. fnd Dim(m |

0. We={(qubcde): 01+b+c+d+@;of

L. w=[AeMs : A isupper Hiangular]
¢. w=[AeMss: A is lower Hiongular!
d. W= Ae Man: Ais diagona!

e. W- TPAQMVM: A:AT Y




G lek wbe Fhe Set ol all polynomials q in £
such that gin-o , Rind dim(w)
Jew = Q= O+ X+0,x?
OF Qlo+U 402 =0
Q{z: "'O(O-O’l

SO Q?IWIC\N) =2

Theorms
1. TP set s has wore thoun n elelementsof v then S 1 .d
2.TPsehS has fewer Hian n elements, Fhen S doesn’t sponV
3. IPdmE)- 1 |, elewments of S=11 tnen S is o bosis
it s s L.Lor Spans V'
5Gs BoMn Bt S upls s < IS, diniVzp S 1!
C llsazaaY) bal, b bydis s b S

Exomdles S- '(23),0,5) 7.1 S basis Por ¥2
dimRL 2, and,S hos 2 elewents
K (2304 ke(1.5) -0
(2 l)_g) det(A)= 240 so L.L

3 5 | ‘
So Ibs abosis



4 ek w subsce ok
dimw) & dim (V)
> ik dimd)= dimGw) then W=V




L6 Change ol Basis

LotV ke avector space, A-{o.0,, .. P and B=[b, b b .. 7

be Fwo boises Por V' then e can write WweV aS

W:- CQ+C0;.... Wi - (¢,G...C0) ycoordivaR Yeckorofw
avnd Also - reloFive to BossA
W: kf b;-i- Kg bz+ - WQ. = (KI/ Kz, - Kn) .}COOV.Q].IV\Q‘b VQChﬂroFW
W , relufive bo basis B
(ch g5l ,»é:sc_sléfl.{aﬁ:m

Rasis pre) L.C Jlw

Whiat Is the velation between \Wh, @

Wa- By, W 2., shonstion matrix Pt B ro A
W = Bm@ Wa B’a—}es komsitionr Watrix brom A to B

IOOUU bo fivd [?B—M ;'%ea @

Q,, let B.—[P(l,o), 0,0 oud A=IC10),c1,2) be two Busis for P?

@ Find %—)Kb 2>A

58 |
- [6:4] (l’ ') SIS

Skep2 %dﬁl > (1 o;/!—:\)—jx:}c’('sé}p?
[I":a-)ﬁ‘_) O, i e



--_.-—._._._,___.—..___-.y__..-_..._.._

Q let - f(( O)r P H el 5 )r be Fwo Rasis for ©*
ek = ( ) Fivd (g ,Up and explount the relation befwesin flapm

> (2) k(e k(o)
K.=3,K::5 3 Up=(35) or 2]

> (2)=a()(d)

3= Calx ) CIZ’P/ C2:2 -—)U'A:' C1'2> . (zl)
5=C+2C

from Tst example | o - ( £

UB=B«-98(JA -’(12>(z =(‘5'

NO)[EJ s I} PfﬂSWO fraust hon Maltrix brom Ao 3 for

Pm:h? dimensional Vector S;DC@VH/?GH Pnfr's the rVaV’(St'T[Oh
N\uh’;x from 5o A



QB SF {(é)z(é),(é)f, S = XFV,,\@/\/;JQ  Syand$; basis for 07

e (112> / Pind Us, Qivew thoit E_;sf (-J: fé)

| 4 2

(
3
2
Qq - A B. Ir ($) ’(%H)j , leF wek?, W,g:(_22>
%—3»8: (i ;5) / Rind Wg , \NJ
W = %—)é W '
Bordo” > [ 7100)5(03002)



Q lef B-1P,R] oud A-[q,,9,] be buses For B where

2. 2x, R:3-x,922-2¥,Q, = L3¢

Q. Pind bawmsition Mafix from 8 foA
b, bind hansition Matriy frown A te B8




11‘.7 Pow space, Column SPace and null space

).Q]L A: Olu Qz ... Qi A
OJ'ZI 2 PN - I

§ TN & TR Clmn — b
! \7 NG
Cl C}, Cn

Row Space g Span (60 stin f

Column SPlice s Spavt T"Q,q,_-.gf
null Space - solution of AX -0

O, A:(l =2 5‘!) ,ﬂi'l/’d

= = & 3
3 1 1 &
I. row space S [ (12,55, 2,-1,1,3),(3,0,1,6) |
2. Coltmn space span [[(1:2,3), C2,-1,0, (5, 1,1), (%«fré)f

2.null space

X|+2Xz+5)(34LfJ’q:0
2)(;-)(24_ Xet 3Xy =0 /\/O/-Q/I for HfifS@

BXi ¢ Xz = Jz+6Yy=0 _yVow space is Subspace of 1P
> Column space 13 LubsPace of R*



BOLSQS por YouJ Spo@ and Colummn 5@&(@

lef A: I A 5 2\ find basis for row spa.Column space
2 | 380 avd null sporce
-l 3 2 2
| 4 59 l 4 5 2
ety O FFH | Lol o 1 1 W
it © 7 7 4 s\ O o ©O o

S{I%%J lgOtSrS /NQ/: (Bausian E—JPW@M&F(‘@ 217_9,&)]/1,3 (95220 &
S’(I,H,s,z),(o,f,w?)f bosis for fow gpace

C@%ﬁ?& 2 Rasis LJ%JJPB) B3) sl \@G%li@c__s?:; t;JJ,g,ggﬂ &
U CL2,-1), (44,1,3] basis for column Spuce

L
Prbm AX:O / )/I :-QS',‘?k/ Xz = -S__;l_l-/)(g:’s"‘, X‘-l:{.‘
¢ \
null space (98-30t, s 2t 8, £)

IOUISIS [201' V“/” -SPOICP it [p ("q( "l/ ’r D)f ('%/ﬁ, Q/a') T
2



H8 Rank Muliity

S Diw (1ow spoce) = Dim olumn space)

(kK (A) = dim (row space)
mvHHLy (A - divmm (noll space)
number of columns ol A
S k(A)'{-VH/“”}/ (A - N
oy o K(A) - ronk (AT)
5 K(AD nullity(AT) = m

f rows (A)
e o <ol (AT)

Alsos  vank(A)= number of leading iviHhe maltvix cesult
When we write A in cef
mey(/lf): nUibiber of Proe paranefers 11 /A(.X-‘ O

Q, let Abe 5x3 walyx (P voank(B)-=2, find nulli by, nulity AT
.9+V1(/{(1.[‘y(;4): 3 -2 Vl(/”ll'y(:tq): 1
241Ul (AD) -5y pollily (AT)-3



& Ais 26 Malvix whotis the [argestyalte for romk(A)
3, A bas of wost 3 leqdling
Qs Ais 623 Makix, what is He largest Valor for rank(a

3, fokh - rankdT) A has ak sk 3 |eauding

QL, Als Zx5 Matvix, what s the largest Valve of pullity (A)
avid smallest Verlve of nultiky(A)
(ANKCA) + NIl (A) = 5

K (A) >smallest value - o Nullity largesk=5
E E Synallest=2

lorgest vorlue = 2

®5 find largest poss:ble voilue off YoinkeA) and smodlest
Possible Male of nullity(A) for

A Lxé



Qe Complete Hhe foble

CledQﬁg

size ol A 3x3 38x3 33 5xb &5 Hxy 6x5

fonk(A) 3 2 1 2 2 o 5
o ivn (fow)
dim{column)

Auliby(A)
Nl H/(AT)



’)—4 Eiaen Valves and E‘aen%chrs'

how toPind Eigen Values ?

e =

- (et (M- A0 o]

- . e s e o

)\ : ei9en valve ,/4: wxn yaltvix /\/o%e_/_l
[- Idemhbw Moatrix {-Xi; 'j -/Z —O-_,_.
| (0 A
Ql LeF A : 2 ;) ,ﬁiwd eigey vales ol A Ii:/q}’“’(é z
M-A- (ﬁ-z -2) 1 g A
o AS
deb(Al-A) = K-3)(A5)-0 =0
A:3.5

Q Jot ﬂz ({ 5), Livid e tgen volves o A
2 2 B

det(A1-A) =0
=2 AL 5 -0
-2 /‘(+2

= (/(.. l)(AJ,Z) -lo=0

IR &Ly
A A -12 =0

</<+[4)(A'3) =6
Kt 3

Nole!
Kih-12 =0 calld
Charactaestic equation




how to find Eigen Ve chafs?

—> | (AI /A)XA =_Q_E XA s Eigen Vector

Noe“
(KT-Ax e sl csip il 4 £ (XA

530, sid (AL Ao P IB A=) £« (R)

Q), Find egen valves and eigen veclors For A (ﬁ A
A= (A2 -
RIENCE:

5 deb(AL-A)= (A-DCA-1) =9
A=2 ,A=4

3 Por Az2 ket xm
(RI-A) X =0

(5 2 )(2)-(3)

Ml/- X2:0 -2 \;,J(;,'_o\.)\g! t
=" ) ’ e
X,=0 , )(1_.1/7 So %= <o> let t=1 “)Xm-(o)

_y for A=4 let Xe (%)
(2 ;')(:Q:o

2% =Xa2P i 2 10 lot X1 => Xha=( )
XZ_Q)(l ~ Az (2)(& a A (2>

E Lt X Lols




Q, Find eigen values and egen vectors for As (g ‘v')



Q5 bind eigen Vailues and e'gm veckors for A=(2 |

Sy
5 Al-He <A_2 /\[LD

I

det(A[-A) = K-2XA-H)+1=0
/(2_6/\+84l=0
A2 6A+9=0 |

A3, 3

Notel!
lP— Al . /(2 then s

1. Solve (AI-MVXy=0 2 to P.md Xx
9. So\W (AI-A) Kae= %> to Pind X«

—> Pov A=3, X,gl:(g)

(4 :)0)-()

U.b -0 W (8] 21

> X (j) P
C N
¢ -dz=1 Xh, = (CC_J = <"!’)

d:-e-1




O‘ Piml eigen va [ves and eigen veclars por A= (o o -2)
I 2 |
) o §

AN /([—A: (A O 2
-1 A2 -1)

4 0 A-
S deH(ALAY = A thdths)y —0+2(A-D) =2 deHLA: MW )
-1 A3

Lo A (R5A46) 24-4=0 ol
A3 5A% 6A +2A-H=0 s (R2) (fr3ha2)20
/(3_ 5/‘\2-}8/(-Lf:0 -.:.(A_z)(/(__z}(/(_l'):g
A:l,2,2 a0
- Por A=1, Ry 2 (a
b
C
|
| e = 1‘1 ) o250
PR R S Rab| & 4 14°®
-] 0 -2 : ’ Ql* Rs . s ‘[t 7
0 +2C =0 S0:=-2 -2C> (,2)
-4 C 20 >b:=C Xhe g Y




Pind eigen Values awnd eigen vectas



Og let ?(M:-' AL 2A% A4S be the ¢ haraclerski :
ol Matrix A « equatioh

1. Find det (A)

S‘W\CQ /1\3—2/\3-/\-}5 1S H/]Q (ho“f eq

—> SO obf{/\IﬂA> 3 /(g_ 2A%L A4S
"9 pmf /\:.D &@PC"AB-’-’ 5 RQMQMb -
G D deb(A) =5 d@HKA)r Kﬂde(A),n:num
o yows |

det(R) -5

2. Is O eipn value of A

D(0) - 5 #o So its not eryey volve

A squove Matvix A is invertibk iff f=0 1S nok

“Theorm :
eigen Malve of A

Ip A s &fmgoml,UPfer of lower  fne the 0 yen Vouves

Theormn:
N the Wiaun di'agomml

ol A are Hreatvies ©

pind €gen Valves of A

/(— |, 8,5, F S e A s lowsey
|



Notes :

4 TP A eigen Valves of A Haen ANis dgen valves of AT, (k>0)

~>counskant

2. I_Q A eigen values of A, Fnen A 18 €Qen Valves of A+el

A s

3. IF A is invertible and A is eigen valve of A, tnew )

dojen vedlue ol A

C)o I} 2,5,-3 are the eigem values of A Bind

e eigen varlves of B When R-A" 3l

s % Ay
A (A
Qigen valves of B :(_zf_f- 3 /(SL){ 3 ,@L}i 3

-23 314 -8

g —_— —

125 97



52 Diagomlizahom

Ip A and B are Square malvices , Hnen We oy /2 s

similar 10 A 1L there s un invertible wiatrix PP sueh that

(3. PTAP

')’P(OPQﬂ'h'es bor Siwiilar viattrices
IP Aand B are sivilar, then g

1. AQH/I& 2 hove Same determi nont .
2 Aand R hove Same Frowce .
S A and 3 have Sume Qﬁg@m vorlves.

4 Aand B hawe Same rank and nullity,

5 A ow1d 2 have SQWNE chaaclerstic equation .




poop :

1. P R giwilar to A 5 (3- P-AP bor some wiatrix
ol (B) - det (P-AP) = gHP) deHA) JokP) - ceHCA)

2. B=PAP

h) = e (PAP) = e (PPAY = tr (TA=Fr(A)

apiniiioﬂ:

WQYO{UWQ Moaifrix

Similar o di mgono
Ther eXist D, Psueh Hhott

) Matrix

D: D",QP ,W’MQFQ D i3 c{f'Oigpy]od
[Iheorm :
IF Ais v palviy, then A is diagonalizable L A has

n hmar}v i nidepevdent elgen Vectors

&W’J)},ﬁ 0 csolth é\j%%?'ng P, - ?)j-g o P[T/@;’ c§{ =
| G




Q et A: [i 2] ,Ls A diagonal.'zaue? IF yes
find Doand P suweh that D= P AP

AI-—A 4 /ﬂ,g -9
0 A-LJ Pgr A:[ ; PTV f:?o
% ( 0 -1 ;' 9) o 0[0)
det(hi-A) = (A-3)(K-4D =© x a-s620 3005
Azg A:Li P{/\‘z(ol) =(0!J axl\zz (5;) :(.l;) |

A is 2x2 outd have 2 €198/ Values owd 2eigen veclors

so A 1S diugomah'zadafe

-y To P‘f;/lol D/p

Xh: XA-,, 3/11‘;0
’D:(OQ)MZ

o 2
/\I‘A s /\-2 -1 .:;Ol{" /(_:.'2l
< 0 /(—'2) (% -OI :l%)
deb(AL-A) - (k-2)(K-2) - (2 0

Py

sivice A has 1 e19en Jadoe
,—)A 1S ot di(}lgomalr'zalole




for Az1 > [f] eigen Lector
for A=2 _9[[0] owrd [;] are e.igem vectors

3 Since A is 33, d A hove 3 eigen vectors

A s d iugom@l/r'zab@

/. 1
| Iheotm :
1? A 1s nxn ya
Tron A is diagonalizekie

bix ond A howe w distinet digenvailve,




Noles

1. LP V 5,V wre éigem vectors COrrospomdfw9 o fo the
o n

\Jo = SPOV! (v v, .-Vl s called eigensporce

CJ‘[W\(W(J) Nl— N
Qi e ),»5-‘)
Fors

2. Jimlw) is colled geomelri e mulfiplicity bor £, (G.m)

os o bacCtor

3. The s of tiwes Fhat (A-Ae) appears
for Ao (A.m)

n 0[@('(/”:_/{) Is cotlled Af?j@bhc yultipl fo}y

m foral At A then Als dfagomh'Zab{e

4 1P Gm-A



C‘MPM 6 : Inner produet spaces
61 Inner products

Delinition ;
An inner prduct on o real Vector space V7 is o Punction

Haat agsociates a feal number LU,V > with each pPaiy of
Veclors 1t Vin quet Way the P@IIOWEM9 coniditions hald g
.L LUuND) = Qv us forall YveV
2. LurwH- <uwdws for Uuw iV
3. <Kuvd =k<uvs uyveV
4, Jyvs 30 and uvp-0 e Ve
Soup sl Vintsgo mpbsdS oy function,o ner product vl ! ¢
(eall s 25250 CONSHIIK-6 LS & CA 05 o Jlgulls L85 &io
p(b‘,“x/ﬁ: " DA
PV Ly Meruy 1,2 KU V> o



O, \&V:Qz,u,v in Vsueh that U=(4,0) V= (U, 1) and

K<U,V> = UVa Ve, Showthat LUV is iner product
Bauv)

1' <U/V>: U,V.-{-Uz[/é - \/]Uj“f‘l/ZUz = <\/,U>
2. let weR® o w=(w,, Ws2)

UtV (U, Usls)

<L;+V,w> = YW Vg « UeWer U, Wa
/_,_/"
<V/W>* <V,W>
i ’(U: (kui/f(ui’)

Ko, vy < lcuvi KuaVe = k (WY ) = e G vp

4, uv) = V&V’ o
RIS AVA AT
Viz0 ,\Ve-0
& Vz (©,0)

=) <U,V> IS ey Ploduek




T g
Q’- IQ’L %:[f\)/ U= (v,,0,Us) , V= (Vy Ve M) , Ik
CUVY - 2uys U505 , IS <uvd 1P

1. Luyp = <vup
2. lef UUEQS—) W =Wy, Wz, We)
U+V: (U;-\-V, / UZ-\‘VZ/ U? .tv;)

CUWY = 2UW 420V, , LW Vowe » BUsWz+ 5Vs Vs

—<UWH VW

3 - 1<U = (KU; / KU?«IU_g}
KU V> = 2KUY, 4 KU Ve +.5KysVs = K (20 + Uz o+ 505H) = Ky V)

O <yupe 2V VW e54 20

0 Cvy>=0 3 VA WAOW = o

Vo, \z=0, VieO

So V= (0,0,0)

ke LN 1> 1ner dyoduet




QJ J—e{_ V: pg Y U': CUuUz;Us) , V= (V;,Vz,vg) / _Lp <U,V> z UJV;-I-U;Vg
Ts <uwy TP?
Iﬁ U= (O,!,O) then L, Uy 0
but U/OV
so Its pot LP

Oq ’Qf T/:@, P,q el/. Pz Qp+ O X402 * ,qzbo+b,x+b,;<z
P> - Ao bot 04)o, 40l ,Show fhaf <Po> is Lnner Pocket
1 <P.9> = Oobot0,bi+0z by = %00t bOy4 b2, = <q,p>
2. = Cp4C X+Cp x?
P4q = otbo 40 %+ Oz eb)x?

< 13_4% y f > - QDGO'f bQCO LQ_LC_LE_”{— !D,Ct ’-{—/qzc g'?_‘_ b) Cz-iz

—

s

PP <Q.r>
3. LKp,ad> =KOobe + kaby ¢ kasbe = I< (Fobot Udor+Asbz) = K<PG>
4. <p P> = f+Q402 20
P Q+o%0/ -0
Q=0 ,Q,-0, 0z =0

So £oq>n LP




_ .
Qs M M’E , P eV , Bk EPCXW(KHY = <Pas
IS <P,C{> Tuver Provuck

\ {

1. Zpa>= [Pads=)9Pdx = g

2. <puq, 0> = | Praqe dx
= P>+ <q,c>

{

3. <Kp,q> = (Kpadx = K B dx

-

I

q. <P,P>:£t320’x >0
Iﬁ<(%9>_:0 __)QD:O,GM:O/O;:O

SO <-r:>/q % is Ll

NO]'PS.'.' \e}\/ ivwer ploduetspace |, ¢y w ¥
l. LonV>-<Wo>=0
2. U= <y LUmw
3. LW = KD
H Cuyw)s <y wd-<yws
5. dy,v-wd = CUVD>-<uw>



D(’Pini how ;

LelL T/{a@ ey p{oolod Space, et VU in V,%Mewg

1. 101% < o>
2!&-11 is called Hae yorm 0P U ( /ep?gﬁlﬂ)

2. d@wy) . lv-vll

5d V) is called the diskance between U and V
Notes 1

1. llull >0  foroali <V~

2. lkull =1kt vl K scolar

O lek Luv> ke tie Euclidean inner pduct-ont P2 auad

lot U=C1,D  Ve(3.2) . we (-1,0) , K=5 .

covpute <yywd . lull, d@-v). <ikku,v> Note))
L LS o <340 -3 Euclhidem .Wt@ﬂms
e Wi <uuS> - Gl 1alaD LN = Ul Ve
il = /2 ! %fb&ﬁ‘ v
3. dluv)= tu-vi|

2

UV ((2,-) _y VP, Lu-v,uvs = =5
Nu-vil={5

A, LKy,v) = T B

- 5.5-25



Og UB V: pz, ovelR ,vu=Cu%) ,v=Cl, k) suwch fhat
LUY> = 20,14 30:Ve . Fiud llwil where w = ¢4,-2)

Wl cw,w> . 414 2,3 CIX-2) = 94
”WH: ﬁﬁf

O; loF bz 2 PP 9> is inner prduet geh thot
<Po> = Ubos At , Pind UPH and <Pq> where
Pz 3-2x+5x?  , 9= 5. 2%
1. iph*= <pp>= QB+ (-2 +B)(s) = 38
Ipl = 38

2. £29) = (3 +(-D@+(BX2) = 5

Oq [ “Uﬂz’-l, -3 <y uv»=5. tind l2uesvl]
1 2043Wl1%. <2045V, 2045V >

{20,205+ S8V >+ <BY, 20 > + <5V,5v>
LB UU> + 10uyv 410KV UD> 4 22 LV, V>

W

—

= 4z, 20cur> 4 25 VI

H (16)y 20( )+ 25@)

—_

2 329

-
p—

I 2045y1] = V22



62 Amgle and 01’?14030:40”)1 i1 trmer Product spoiCe

=R

lhew‘m : CG.UC](I)/- schwarz inequality
le} V be ivmer produet spoce, tek Uu be Vaetors WiV tiey,

| Zuwdl € lun v

O. Can You fivd an inner oroduet on Vector space V-
Such that Lu,vy =8 . lull=2 aud lIvil=3
gy 23
So ans 18 Mo
Debiattion: cose= <uvd

tou (vl

O‘ ]Q\'QW) be e Euclidean wner Droduet on I 7p u=(2-40
Ve (3,2,4) ; [ll[/ld the O(I/tgle )oefweg_n Ueand V

C80= LYN> . b -2+4, 8
(ot [ V6 VA  VéVA

WQO(W‘?: JRAVAY od ware vecfors 1n feal inner p(odoci‘

spoce V' tHaen
1. WU+ LI oy

2. dlyuv) € ddv,w) + dlw,v)



D?Pimiiion M V be real iywer prodvetspace, fef 1/

be Vectors i V, we oy U and v are orthogonol it Lyvr=0

Qs let LUV be Euclidean wner Product on R
1f U=(3,-2), V= (4,k), find k sveh Fat Ui are or Hhogorad

ZUNS = 12 22K z0

2K |2
fic=¢)

QH let Q: Do+0,x+0,x7, 9= botbi X+ b,x* in B, ip
<P Q> = Oobos Oibys Oebz 1 e Product on J_Dz, e
D= 2-3x4x? D= 5t6x+8x 2 e R and P ofthogonal ?

<P/q/> = 10 - B3+8 = o 0 13‘ ;D?. ore Ot’fhogohm

O,; IP HUH:S, Ivii=4 apd Yu ofthegonal, Liad UV

ULI"QV“ - H\)”z-k 2< L’,«V> +1\V{jz
= q + O+ 6 =25

NUaVile V25 = S



D(’Fum ton et S- f"v,,vz, | be stbset of iwner prodved
SPOCe 7(/, We say S‘ is orthogonal sek iR <v,y>=0

Por 124

e 55 Ve Vi _ \
Q‘ ek S- Y (1,0,0), (0,1,0). 0,0 1 Is S ofthogonal teh?
2% % 5B
Vv, V> =0 _> go S is or fhogona] set

<-V2/ V}> =0

A A 73
Qa kES=V01 10, (oo, (5,0 T IS orhogenal sk ?

<\/,,Vz> g l«0a®© = 1 so S ot Qi’ﬂfzogonal&e#

DPF;\/H. tioya ’9{" S; TPV. Moo VP be subset of i nner Ploduct
SQQ@@ Vwe qu S\ is oMhpvorpal set ' Fs

1. <\4,V:j'>:8 Lor 1 2)
2. <\/E,V,'>.:/]



oV AV
'l“) ‘ (;é—— /-F':) f.1Is S ofNnermal set ¢
z

08 1@",?:' Ip (

1
iz [z
<\4,V7> = ._\__. —'\E..:O
<1\4,\/,> = %+*?:1 So f-;'s ot Hoviorma) Set
ZV, W) - : IO

apu/llfl on et Vbe inner produck space, lek Wbe subspoce
o1 e define orthogonal complement oo as

W fueV: <yws=o for all weW]
Q., le b W= {Coyb,c,d) : € = 2asb,d=4Haf Pind whand basic For w>
_y Skep1 Find basis For W
weW - (a, b, 204b,Ha)
-a(l,0,2,)+b(0,1,1,0)
{ (1,0,2,4) (o,1,1,0)1 basis bor W

_) shep2 Pind solukion of the basis

. \02/—\ :O) xt+2X3+Xq:O
ot tol?® Xa4 X320
Xq-t /x_g.:s\
¥
\/x,,-g > W {P(_:;s-at, =,s,t) |
X,z 2.4t

—> SteD3 Rind basis For Ve
C-E'QE/-S/S,tD: 5 (‘2,""/ -*,9)"!": (—L{KO,O/I)
190’-318 pr— Wi_;{(-?/—f{f/o)/(_q/g/a/})f



O.o PMd o basis Por or fhogonm! oomp\@m’em ol the subspace
Spomned by fine Vecfors

\/f": (2/’/ 3) , Vo= ((1,-4,2), Vo= (4, -5,15)

3y Stept v
_y shep2 2. |8 ,. 6
-l -4 2 2 O
(
“ -5 13 ; 0O

sofuFior [ (-2k 6 t) 7 = W™

) Step3 € (-2,1,1)

ﬁ('Z‘, i I) /\) basts For W‘-L



ChE: linear Tvanstormalion (tiner Map)

Debinition:
IP T— V__)\U 18 a P@mcHon Prowl U@Cl‘of gpace Vh) vector

spoce W, Tnen we say 1 s linear TravsPormation itf &

1. Teuw) = T« Tw forall uv in V'
2. WKU) = KTw) | kis scalar

Nole |\
I8 V=W, f#en | is called livear operor

O, Let To Ma R such tat TO = br(h) , show Hnak T
i3 linear Trowsformation

lot A,Q E.Mn
1. TCAB) = (pB) = M+ (@) = TIH4T(R) v
9. TUKA) = t(kA) = Kir@®) - KT(A) v

> 1 is liviear trowsformation



O, TP T My sveh Hiak TEA) = dek(A) . Ts T iear banfimation
le{_ A,Q <3 Mm
1 T(AB) = det(A+B) 2 det(A) 4 det(®)

X
9. T(KA)= det(kA) # kdet(A)

X Note))
_y Tis vot livear Travsformation .09 .05 st g

linear

TransFormalvg— 0 L‘:“d
NOH’S :

1 let Ve oty vectoy spoce, lef 1: VoV suda Hiod e v

Por all eV, then Tis lvear TramsPormationn , and we call T fne
Id@t/lh'}}z opevaifor on V.

2. 1-1[’ T: V.)W steh that Tew=0w ,-ﬁ/lem Tis called Zero hownsformorHon

Q) Lot To@% R thot Toup) - (21, 9-2), Show Trnak T is

livear [ransbormation

let UVe pz_)

U= (x,9) , V=(X2,4.)
1. Tuw)

-~ (2(XI+X2)-L%\+V2/ gr{'Uz -Xl—Xg‘)

(mg”zxﬁgz, Yy =X+ Y2 X, )
l(u) + V)

2. l<U = <txt,]<\dl)

FI_.G:U): (2KXI+K%/ Kyl'Kij : K (ZXIJ'BI/BJ"XT}: KT_(U)

5 1 is linear hanstormotion

UV (R, Di4Ye)

\

W

n



Qq Ifr) T: QB_) R* sueh that T(x,g,z);- (x+22,9Y-2) . Show
that Tis liviear tonsformation

[Qt_ U/V (‘:_lps —% LU= CX.,UU«Z;) » = (XZ/UL;ZZ)

UtV (Xt Xe, e, 204Z2)
1. TCW) = (Xitke 422042%Z2, Yot Yo -20-22)
. (X422 4 X222, Y1-2, 4 Y:-Z2)
= 1CW) 4 (V)
2. TV = (kra2ts, , Ky, -Kg)) = K1)
_y Uis livear Tvomsbormation
Q; leJr'I":E_,“\?., sveh Hhat ). xp, show that '\ is
livear Tramsformation
et B,R 8%
1 TRR) = PPz X(RR) -
TR 1R
2. Tk = XKe = K&p) = KT

—_—

5 kA8 lineayr TroamsPomnation




05 IPT: R 5 Py swh tnat T®)=P, sShow Fhat T
is liviear Fronstormation

let P,B eR
1. TR (R.:,P;.)\: P.\-': g\ = WQJ+WP:)
2. T(k)= () kB = KTED

3 T is hivear tamsformation

o o
O; BTk SR sueh that [G)- § Peoax, show that

Tis linear Hamsoriama tiom
leFD B e F
1. T(R+R) = S(r’hemx p L‘iP{dx ¢ Sadx = TR @)
2. 1 (Ea)= ljm dx = I jip:dx = KK T(R)

_>T 1S Il'mew h YO nsforimation




Delinition :
lef [: VW be a liviear Hoansbormation
1. POLW9€ (T) = ‘PTV : V@Vq

el ois P puz
2. Kermel (T fv s ¢ Ty=0g

O g1 Lip 5, Gl pplis 2 s

Q] \QJFT pz_y,’f?? uch “/lonL TZX,y)= (x+y,x,2x-g) be

o inear towshormation, 1s U=(5,2,1), V= (3,1,4) in vange T ?

1. U:(S(Z,])
SEOG XY 55 025 (Xty, x, 26-y)e (5,2.1)
el
X+Y=5
A= SOV %54 > X=2. Y=3
age G O S |
S (5,212 n Range
2.v=(3,1,4)
XxY -3
:'.ll ’ :'_2
coq Xt

2x-Y=H  tfest tuis equation 2-2£0  (means o solvtier)

so —y (3,1,4) not n vange



Qz let T+ ® 5 2 sveh Hat 1(xy2) = (X8y,Z+2)) be
a linear hansformalion , tind Kernel (T)

we need to Fivd (x,v,2) sveh that T(x,y 2) = (0.0)

(X-3y 2421 - (0,0)
K-8y -0
. e > fet Ysb , x=8t, 2= -2t
5 Kemeld>- (3, ¢,-28) « teP]
% Tocheck kF t=2 _ (6,2,-4)
1 (6,2,-4) = (0,0)
Notes !l e T5vsw is o linear ransformation, then

1. Ker(T) is o subspace oft V
2, vounge(T) is o subspace of W

3. dim(range®) = vauk(T)
4. dim (erM) = nwlity (7)

5. ranker)+nllity M = dim V



Q, JR T_Qg_) P aveln Fhat TGy D= (z-x,y12x,22.4y)
bea lwear pap ind rank(r)
5 fivd  Ker(T)
F Rl oy Ga
Yi2x=0 _y Y:-2a
22,4y =0 Kb, M2k, 2k
Ker (M) =f (£, 2L ¢) : teR]
Uity (T) = dim (icer () = 1
(oK (M) +nullity (T) = 3
vank(T) = 2
O,,l IQl‘T'QQ]Dg sweh that 1Y = xp

1. Is Xel in Romge T

2. Bvd ker(T)
3. hind vankr)

1. 1) - x|

X=Xl > Pz lg é@ > (4l WOI"MQOWZ%T

L
X
2. (M=o » B,
XP=0 5P.0 > 0+0x40x%:0
Ker(T) = Yof
3. pullity(@)=0
onk(T)+ 0 = 3
ok (1)=3



Q; lek 8=f1,0,(1,07 be basis for IP%and le}
TR R* be a linear Womgformatior sucin Fhat
TCL0D= (2,-1,3) ,TCL0)=(53,-2)

Pind 1. T(23)
2. T(a,b)
(7,3) = K.(1,)+Kz(1,0)
F= Kt ke

3:Kl > KZ:Z_l

(7,3) = 3C10+#(1,0)
T(33)= 370D +4i,e)
= 3(2,-1,3)+4(5,3,-2)

e (Zéfq/l’)



Mid Eyoawm /il 2021 by Avas AbuZahro

1. Agsume that li_»v@%) exist aud M—Bé P& ¢ &
X X2

S 1ox 3

et mbso -

A~>2

A, 2 B2 C. -2 d. -9 E Fco)
= 3

2. Cowven e -\3x-1 avid 9o - L., find Domain foy0o

-
X1

3. The Punction Pod = x3sinix is symmeliic about

A X-axis b. y.axs C. Y=X . Yz=-x Q. origin

Ll. e Vel Hcal Ol&(/mpfofe ol P—Gc)___ 3-x is(are) :
|2x-3]-x



g. 1F X>0 , then sec(mm'.g_ =

6. TP log (6-X) =2  thenn x-
A. -2 or 3 ) b, -3 or 2 C. -3 on\y d, 3on1;v e..Zow\y

7. The lunction Fod - XL hog emovable discontinvity ot iz
XL X

w1 kot (35_)

X[~



Q- [f %% 6".6-0, huen x-

10. Pud Domain P - cos (xas - 1036(4-53

1. Given Poo. 2 lnfxs 1 L tren P60 -



12, i X ssiGeD

P&%j— __z-__x
z 3

At
3. Q;\/\C\ QHV}S&@ p(x)_: ..3+2

W, TP cso: 3, B<BCR. Hey SN 28 =

2



