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Chapter 8: Parametric Equations and Polar Coordinates

Main Contents
@ Parametric equations of plane curves.
@ Polar coordinates system.
© Area in polar coordinates.
© Arc length.

@ Surface of revolution.
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(1) Parametric Equations of Plane Curves
In this section, rather than considering only function y = f(x), it is sometimes
convenient to view both x and y as functions of a third variable t (called a parameter).

Definition

A plane curve is a set of ordered pairs (f(t), g(t)), where f and g are continuous on an
interval I.

If we are given a curve C, we can express it in a parametric form x(t) = f(t) and

y(t) = g(t). The resulting equations are called parametric equations. Each value of t
determines a point (x, y), which we can plot in a coordinate plane. As t varies, the point
(x,y) = (f(t), g(t)) varies and traces out a curve C, which we call a parametric curve.

Definition

Let C be a curve consists of all ordered pairs (f(t),g(t)), where f and g are continuous
on an interval |. The equations

x=f(t), y=g(t) fortel

are parametric equations for C with parameter t.
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Consider the plane curve C given by y = x°.

% i

- B o5
11

Consider the interval —1 < x < 2. Let x=t and y = t? for —1 < t < 2. We have the
same graph where the last equations are called parametric equations for the curve C.

@ The parametric equations give the same graph of y = f(x).

Q To find the parametric equations, we introduce a third variable t. Then, we rewrite x and
y as functions of t.

© The parametric equations give the orientation of the curve C indicated by arrows and

determined by increasing values of the parameter as shown in the figure.
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Write the curve given by x(t) = 2t +1 and y(t) = 4t> — 9 as y = f(x).

Solution:
Since x = 2t + 1, then t = (x — 1)/2. This implies

x—1

y:4t2—9:4( )2—9:>y:X2—2X—8.
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Write the curve given by x(t) = 2t +1 and y(t) = 4t> — 9 as y = f(x).

Solution:
Since x = 2t + 1, then t = (x — 1)/2. This implies

y:4t2—9:4(X_1)2—9:>y:X2—2X—8

Sketch and identify the curve defined by the parametric equations

x=>5cos t, y=2sint, 0<t<2m.

By using the identity cos® t +
.2 y
sin© t = 1, we have

X2 y?

Y 09 Tt
4+ =1
25 + 4

()

21

Thus, the curve is an ellipse. (_s,n;\tz_iy(s,o) %
g

(0,-4)
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The curve C is given parametrically. Find an equation in x and y, then sketch the graph and
indicate the orientation.

@ x=sint y=cost 0<t<orm
Q x=1t3 y=2Int, t>1

Solution:
1) By using the identity cos® t +
sin2 t = 1, we obtain

X2+ y2 =1.

1) x4 yz =1

Therefore, the curve is a circle.

LN
NI,

©.-3)

The orientation can be indicated as follows:

t 0 5 T 37“ 27

X 0 1 0 -1 0

y 1 0 -1 0 1
(va) (071) (170) (07_1) (_170) (071)
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2) Since y = 2Int = Int? then % v
y =Inx.

10 x

The orientation of the curve C for t > 1:

t 1 2 3

X 1 4 9

y 0 2In2 2In3
(x,¥) || (1,0) | (4,2In2) | (9,2In3)

The orientation of the curve C is determined by increasing values of the parameter t.
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Tangent Lines
Suppose that f and g are differentiable functions. We want to find the tangent line to a
smooth curve C given by the parametric equations x = f(t) and y = g(t) where y is a
differentiable function of x. From the chain rule, we have

dy _ dy dx

dt ~ dx dt’

If dx/dt # 0, we can solve for dy/dx to have the tangent line to the curve C:

r_dy _dy/dt if dx

Y T dx ~ dx/dt | dt

@ Ifdy/dt =0 such that dx/dt # 0, the curve has a horizontal tangent line.

@ If dx/dt = 0 such that dy/dt # 0, the curve has a vertical tangent line.
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Find the slope of the tangent line to the curve at the indicated value.

Q@ x=t+1 y=t>+3t;att=—1
Q@ x=t2—3t, y=t>—-5t—1;att =2

© x=sint y=cos t;att=7%

Solution:
@ The slope of the tangent line at P(x, y) is

+ dy dy/dt 2t+3
== = = =2t+3.
dx  dxjdt 1 +
The slope of the tangent line at t = —1 is 1.
@ The slope of the tangent line is

¢ dy dy/dt 2t—5

T dx  dx/dt  3t2 -3
The slope of the tangent line at t =2 is —71.
© The slope of the tangent line is

+ _dy dy/dt —sin t

Y = T dx/dt ~ cos t
The slope of the tangent line at t = 7 is —1.
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Find the equations of the tangent line and the vertical tangent line at t = 2 to the curve
C given parametrically x = 2t, y = t*> — 1.

Solution:
The slope of the tangent line at P(x, y) is
+ _dy dy/dt 2t

T dxjdt 2 ©

The slope of the tangent line at t =2 is m = 2. Thus, the slope of the vertical tangent
line is =% = =1,
Att = 2 we have (x0,¥0) = (4,3). Therefore, the tangent line is
Point-Slope form: y — yo = m(x —
y—3=2(x—4) XO)

and the vertical tangent line is
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Find the points on the curve C at which the tangent line is either horizontal or vertical.

QO x=1-—1t y=1t
y
Q x=t—4t, y=t>—4
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Find the points on the curve C at which the tangent line is either horizontal or vertical.

QO x=1-—1t y=1t
y
Q x=t—4t, y=t>—4

Solution:
dy /dt 2t

(1) The slope of the tangent line is m = % =gie =1 =2t

For the horizontal tangent line, the slope m = 0. This implies —2t = 0 and then, t = 0.
At this value, we have x =1 and y = 0. Thus, the graph of C has a horizontal tangent
line at the point (1, 0).

For the vertical tangent line, the slope %1 = 0. This implies % = 0, but this equation
cannot be solved i.e., we cannot find values for t to satisfy = = 0. Therefore, there are
no vertical tangent lines.

2t

Dr. M. Alghamdi MATH 106 January 2, 2019 11 / 55



dy _ dy/dt _ 2t

(2) The slope of the tangent line is m = & = aTd = 32

For the horizontal tangent line, the slope m = 0. This implies 2t 2 = 0 and this is
acquired if t = 0. At t = 0, we have x =0 and y = —4. Thus, the graph of C has a
horizontal tangent line at the point (0, —4).

For the vertical tangent line, the slope = = 0. This implies _3t2+4 =0 and this is
acquired if t = :I: 2 Attt =

f,weobtamx———fandy—— At t = — f,we
obtain x = 31/5 and y = —2. Thus, the graph of C has vertical tangent lines at the
points (3%, —§) and (3—\/§7 -9).
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dy _ dy/dt _ 2t

(2) The slope of the tangent line is m = & = aTd = 32

For the horizontal tangent line, the slope m = 0. This implies 2t 2 = 0 and this is
acquired if t = 0. At t = 0, we have x =0 and y = —4. Thus, the graph of C has a
horizontal tangent line at the point (0, —4).

. . _ g -
For the vertical tangent line, the slope =2 = 0. Th|s |mp||es =344 — 0 and thIS is

acquired if t = :I: 2 . At t— f, we obtaln x = —7 and y— -2 Att=-— f, we
obtain x = 31/5 and y = —2. Thus, the graph of C has vertical tangent lines at the
points (3%, —§) and (3—\/§7 -9).

Let the curve C has the parametric equations x = f(t), y = g(t) where f and g are

2
differentiable functions. To find the second derivative ¢ %%, we use the formula:

Py _dy) _ dy'/dt

dx2  dx  dx/dt
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d?y/dt?
Note that 4 dx2 y #£ d2i§dt2 :

2
Find 2 and 2% at the indicated value.

Q@ x=ty=t—latt=1
© x=sint y=costatt=73.

Solution:

Q3 dy = 2t and ‘3: =1. Hence, & = /9 — ¢ then at t = 1, we have

dx dx /dt
dy =2(1)=2.
. . . 2 ’
The second derivative is % = ‘gx//;’: =2.
Q Z{ = —sin t and ﬁ = cos t. Thus, % = Ziﬁi = —tan t, thenatt = 3, we
have % = —/3.
’ 2
The second derivative is dxy = ‘zyx//:: = === t = _sec® t. At t = 3, we have
Py _
& =8
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Arc Length and Surface Area of Revolution
Let C be a smooth curve has the parametric equations x = f(t), y = g(t) where
a <t < b. Assume that the curve C does not intersect itself and f’ and g’ are

continuous. ) )
Let P = {to, t1, t2, ..., tn} is a parti-

tion of the interval [a, b]. Let Px =
(x(tk), y(t«)) be a point on C corre- P,
sponding to t. If d(Px_1, Px) is the " Py
length of the line segment Py_1Px, 3 \
then the length of the line given in
the figure is

szd (P—1, Pr)

In the preV|ous chapter we found that L = ;|:i|m . L,. From the distance formula,
—

YA

d(Pi—1, Pc) = v/ (Axc)? + (Ayk)?

Therefore, the length of the arc from t = a to t = b is approximately

Z A/ AXk)2 Ayk

Z\/ AXk/Atk)z (Ayk/Atk)zAtk

IPH—>0 IPH
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From the mean value theorem, there exists numbers wy, zx € (txk—1, tx) such that

A () = F(tea) o,y Bve 808 —8(t-1) _ iy
Aty te — tk—1 ’ Aty te — tk—1

By substitution, we obtain

L=~ f’
Jim Oz VIF 0] + [8'(w)]?
If wy = z for every k, then we have Riemann sums for [f’(t)]2 + [g’(t)}Z. The limit of

these sums is .
= [P+ s

In the following, we determine a formula to evaluate the surface area of revolution of parametric
curves. Let the curve C has the parametric equations x = f(t), y = g(t) where a <t < b and
f’ and g’ are continuous. Let the curve C does not intersect itself, except possibly at the point
corresponding to t = a and t = b. If g(t) > 0 throughout [a, b], then the area of the revolution
surface generated by revolving C about the x-axis is

SA= 27r/ab><\/w dx = 27r/abg(f) (%)2+ (%)2 dt

Similarly, if the revolution is about the y-axis such that f(t) > 0 over [a, b], the area of the
revolution surface is

b d d
S.A:27r/ £(t) (d—j)2+(d—i)2 dt.
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Let C be a smooth curve has the parametric equations x = f(t), y = g(t) where
a<t<b, and f' and g’ are continuous. Assume that the curve C does not intersect
itself, except possibly at the point corresponding tot = a and t = b.

@ The arc length of the curve is

b
dx 2 dy .2
L= = 4
G
@ Ify > 0 over [a, b], the surface area of revolution generated by revolving C about
the x-axis is
b
dx 2 dy .2
S.A:27r/ vy () + (5

@ I/fx >0 over [a, b], the surface area of revolution generated by revolving C about
the y-axis is

_ b dx 2 dy\2
S.A_27r/ax () + (5,

Find the arc length of the curve x = e‘cos t, y=e'sin t, 0<t<

NE

Dr. M. Alghamdi MATH 106 January 2, 2019 16 / 55



Solution:
First, we find < and %.

dt

dx t t_. dx 2 t t_: 2
— = e cost—esin t= =(ecost—esint

dt (dt) ( ) )

d d
di}t/ e'sin t+e‘cos t = (d—}t/)zz(etsin t+ e cos t)°.

Thus,

dx d . . . .

(E)2 (d—}t/)z = e® cos® t —2e®cos t sin t+ e*sin® t+ e*'sin® t+2e*sin t cos t
— ey et — et

Therefore, the arc length of the curve is

™

L:ﬁ/%etdt:\/ﬁ[et}jzﬁ(e%—l).

Find the surface area of the solid obtained by revolving the curve
x=3cos t, y =3sin t, 0 <t < % about the x-axis.
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Solution: Since the revolution is about the x-axis, we apply the formula

b
S‘A:27r/ y (%)H(ﬂ ?

We find £ and 2 as follows:

dt dt
dx . dx2 .2 dy dx.2 2
E:—3sm t:>(a) =0sin” t and EZ?)COS té(a) = 9cos” t.
Thus,
dx 2 dy 2 .2 2 o
(dt) +(dt) =9(sin® t+cos” t) =0.
This implies

SA= 187r/0% sin t dt = —187 [cos t]f — _18n [% - 1] —on.

Find the surface area of the solid obtained by revolving the curve
x=t, y=1t, 0<t <1 about the y-axis.
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Solution: Since the revolution is about the y-axis, we apply the formula
S A= 271'/

We find £ and 2 as follows:
dt dt

I g don g g d e
L :>(dt) =9t* and dt71:>(dt) =1
Thus, J J
X\ 2 YN2 4
() +(5) =9t +1.
This implies

SA—27T/ £/t +1 dt = [(9t+)%];=11[10\f0—1]
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(2) Polar Coordinates System

Previously, we used Cartesian (or Rectangular) coordinates to determine points (x, y).
In this section, we are going to study a new coordinate system called polar coordinate
system. The figure shows the Cartesian and polar coordinates system.

Definition

The polar coordinate system is a two-dimensional system consisted of a pole and a polar
axis (half line). Each point P on a plane is determined by a distance r from a fixed
point O called the pole (or origin) and an angle 6 from a fixed direction.

p(x1,31)
EERIEIEY

x > Pole - : >
Polar axis
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o

o

o

From the definition, the point P in the polar coordinate system is represented by
the ordered pair (r,0) where r, 0 are called polar coordinates.

The angle 0 is positive if it is measured counterclockwise from the axis, but if it is
measured clockwise the angle is negative.

In the polar coordinates, if r > 0, the point P(r,0) will be in the same quadrant as
0; if r <0, it will be in the quadrant on the opposite side of the pole with the half
line. That is, the points P(r,0) and P(—r,0) lie in the same line through the pole
O, but on opposite sides of O. The point P(r,0) with the distance |r| from O and
the point P(—r,0) with the half distance from O.

In the Cartesian coordinate system, every point has only one representation while
in a polar coordinate system each point has many representations. The following
formula gives all representations of a point P(r, ) in the polar coordinate system

P(r,0 +2nm) = P(r,0) = P(—r,0 + (2n+ 1)7), n€Z.
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Plot the points whose polar coordinates are given.
O (1,137/4)

Q (1,57/4)
0 (_17 71'/4)

Q (1,-37/4)

Solution:
(1)
Pl N (3) .
\ 4 . v i
N .
Polar axis e
1 s Polar axis
| =
/ )
o p(1—
(2) (4)
» P(L;—I)
1/,‘7‘;‘:‘-\\
/)
A3\ Polar axis
I G Polar axis
o \:4_/I ,’/ Bl
p[l,fj) ¢ = Je-1)
MATH 106 January 2, 2019
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Let (x,y) be the rectangular coordinates and (r,0) be the polar coordinates of the same
point P. Let the pole be at the origin of the Cartesian coordinates system, and let the
polar axis be the positive x-axis and the line § = 7 be the positive y-axis as shown in

Figure 1.
In the triangle, we have

X
cos § == =x=rcos 0,
r
. Y .
sin § == =y =rsin 0.
r
Hence,

Pole

x* 4 y? = (rcos0)? + (rsin ),
r*(cos® 6 + sin” ).
This implies, x2 + y? = r? and tan 6 = L for x £ 0.

r

x = rcos 0, y = rsin 0

tan0:§ for x #0

X2+y2 _ f’2

Dr. M. Alghamdi MATH 106
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Convert from polar coordinates to rectangular coordinates.

o (1771-/4) e (27_277/3)
Q (2,7) Q (4,37/4)
Solution:

)r=1and =7

4"

s 1
x=rcos 0 =(l)cos — = — ,
(t)eos § =
™ 1
=rsin 0 =(1)sin — = —.
y (1)sin 7
Hence, (x,y) = (J5, J5)-
2) r=2and 0 = .
x=rcos § =2cos m=—-2

y =rsin § =2sin m=0.
Hence, (x,y) = (—2,0).
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3) r=2and § = =2~.

y = rsinf = 2sin _32’7T = /3.

Hence, (x,y) = (=1, —/3).
4)r=4and =3,

x = rcos 6 = 4cos %:—2\@,
y =rsin 0 = 4sin %:2\/5.

This implies (x,y) = (—2v/2,2v/2).

Convert from rectangular coordinates to polar coordinates for r > 0 and 0 < 6 < 7.
0 (5a0) e (_272)
Q (2v3,-2) Q (1,1)
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Solution:

@ We have x =5 and y = 0. By using x*> 4+ y? = r?, we obtain r = 5. Also, we have
tanf = £ = 2 =0, then § = 0. This implies (r,0) = (5,0).

X

@ We have x =2v/3 and y = —2. Use x*> 4+ y*> = r* to have r = 4. Also, since

tan =L = % = \_/—% then 6 = 2F. Hence, (r,0) = (4, 7).
© We have x = —2 and y = 2. Then, r* = x*> + y*> = (—2)? 4+ 22 and this implies
r=2v2. Also, tan 0 = L= %2 = —1, then 0 = 37“. This implies

(r,0) = (2v2,%).

© We have x =1 and y = 1. By using x*> + y% = r?, we have r = v/2. Also, by using
tan 6 = ¥ =1, we obtain § = 7. This implies, (r,0) = (V2, F).
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A polar equation is an equation in r and 6, r = f(0). A solution of the polar equation is
an ordered pair (ro, 0o) satisfies the equation i.e., rp = f(6). For example, r = 2cos 6 is
a polar equation and (1, 3), and (V2, %) are solutions of that equation.

Find a polar equation that has the same graph as the equation in x and y.

Q x=7 Q XX+ =4
Qy=-3 Q y’ =%
Solution:

1) x=7=rcos § =7 = r = Tsech.
2)y=-3=rsin § = -3 =r = —3csch.
3) X* +y* =4=r"cos’ 0+ r’sin’° =4
= r’(cos’ 0 +sin® 0) =4
=rr=4.
4) y* = 9x = r’sin® 0 = 9rcos 0
= rsin’> # =9cos 0
= r=9cot fcsc 0.
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Find an equation in x and y that has the same graph as the polar equation.

Qr=3

r=sin 0
8 r=6cos 6

Q r=sec ¥
Solution:
Qr=3=/+y?=3=>x"+y"=0.

Qr=sinf=>r=L=r=y=x*+y’=y=>x>+y’—y=0.

r

@ r=6cos 0=>r=6%=r"=6x=x"+y>—6x=0.

Qr=sech=r=—1_=rcos =1=x=1.

cos 6
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Tangent Line to Polar Curves

Theorem

Let r = f(0) be a polar curve where f' is continuous. The slope of the tangent line to
the graph of r = f(0) is

dy dy/dd  rcos 0+ sin 6(dr/df)

dx  dx/df  —rsin 0+ cos O(dr/do)’

Remark

| A\

Q If g—{) = 0 such that % # 0, the curve has a horizontal tangent line.
Q If g—; = 0 such that % # 0, the curve has a vertical tangent line.

Q If % # 0 at 0 = 0y, the slope of the tangent line to the graph of r = f(0) is

rocos By + sin 6o(dr/d6)g—s,
—rosin Oy + cos Oo(dr/d0)g—g,’

where ry = f(6o)
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Find the slope of the tangent line to the graph of r =sin 0 at § = 7.

Solution: dx
x=rcos § = x =sin fcos 0 = @—cos 0 — sin’ g,
. dy
y=rsin § = y=sin’ § = 90 = 2sin fcos 6.

Hence,

dy _ 2sin fcos ¢

dx  cos? O —sin® 0
At 0 =7, % =1 and dX = 0. Thus, the slope is undefined. In this case, the curve has

a vertical tangent I|ne.
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Find the points on the curve r =2 + 2cos 6 for 0 < 0 < 27 at which tangent lines are
either horizontal or vertical.

Solution:

x=rcos § =2cos 0+ 2cos® 0 = % = —2sin § —4cos 6fsin 0,

y=rsin § =2sin 64 2cos fsin 0 = % =2cos O —2sin® 0+ 2cos’ 0.
For a horizontal tangent line,
dy

0= 0 = 2cos #—2sin> §+2cos’ § = 0 = 2cos” H+cos #—1 = 0 = (2cos H—1)(cos O+

This implies 6 = 7, 0 = 7/3, or § = 57 /3. Therefore, the tangent line is horizontal at
(0,7), (3,7/3) or (3,57/3).

For a vertical tangent line,

d .

d—; =0=sin 6(2cos 6§ +1)=0.
This implies § =0, 6 =7, § = 27/3, or = 4w /3. However, we have to ignore 6 = =
since at this value dy/df = 0. Therefore, the tangent line is vertical at (4,0), (1,27/3),
or (1,4n/3).
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Graphs in Polar Coordinates
B Symmetry in Polar Coordinates

Theorem

@ Symmetry about the polar axis.

The graph of r = f(60) is symmetric with respect to the polar axis if replacing (r,6) with
(r,—0) or with (—r, ™ — 0) does not change the equation.

© Symmetry about the vertical line § = 7.

The graph of r = f(0) is symmetric with respect to the vertical line if replacing (r,0) with
(r, ™ — 0) or with (—r, —0) does not change the equation.

© Symmetry about the pole 0 = 0.

The graph of r = f(0) is symmetric with respect to the pole if replacing (r,0) with
(=r,0) or with (r,0 + ) does not change the equation.

v
A B C
i ¥, "
(rm=6)g, ’(r 6) L /,\:VVBJ
(=n) \ / o/
\ |/ &l
f NSl
\ /9/ \ s Al
\E: ] \ 3
Pole |7 Polaraxis  © Pole \iev Polaraxis  © Poly Polararis "
] ! /
\ !t (-nm-0) \\ /
Ng.t) “(r,-6) 'a
(it
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@ The graph of r = 4cos 6 is symmetric about the polar axis since
4cos (—0) =4cos 6 and — 4cos(m —60) =4cos 6.
© The graph of r = 2sin 6 is symmetric about the vertical line § = % since
2sin (m — 0) = 2sin @ and —2sin (—0) = 2sin 0.
© The graph of r> = a%sin 26 is symmetric about the pole since
(—r)* = a’sin 20,

= r? = 2%sin 20.

and

R_ A
r*=asin (2(r +9)),

2 .

= a"sin (27 + 20),
2 .
r* = a’sin 20.
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B Some Special Polar Graphs
M Lines in polar coordinates

c

@ The polar equation of a straight line ax + by = cis r = Scos Gibsn D -

Since x = rcos 6 and y = rsin 6, then

Cc

ax+ by =c=r(acos 6+ bsin ) =c=r= (acos 0+ bsin 0)

@ The polar equation of a vertical line x = k is r = ksec 0 .

Let x = k, then rcos 0 = k. This implies r = —%— = ksec .

cos 6
© The polar equation of a horizontal line y = k is r = kcsc 6.

Let y = k, then rsin 8 = k. This implies r = ﬁ = rcsc 6.

0
@ The polar equation of a line that passes the origin point and makes an angle 6,
with the positive x-axis is 6 = 6.

Sketch the graph of § = &

4
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Solution:

We are looking for a graph of the
set of polar points

{(r,0) |,r € R}.

Polar axis ~
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M Circles in polar coordinates
@ The circle equation with center at the pole O and radius |a| is r = a.
@ The circle equation with center at (a,0) and radius |a| is r = 2acos 6.

@ The circle equation with center at (0, a) and radius |a| is r = 2asin 0.

1
N

T = 2asin@
a>=>0

r = 2asin@
a <0

J=
D
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Sketch the graph of r = 4sin 6.

Solution:
Note that the graph of r = 4sin 0 is symmetric about the vertical line § = 7 since

4sin (m — 0) = 4sin 0. Therefore, we restrict our attention to the interval [0, 7/2] and
by the symmetry, we complete the graph. The following table displays polar coordinates

of some points on the curve:

™ s ™ s
4 0 § y 3 2
0 2 4//2 | 243 4
r=4siné
2
p
/
I}
\ .
\i ‘s
PR
x Polelf 0 Polar axis x
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M Cardioid curves
1. r=a(1l+cos 0) 2. r=a(l+£sin 0)

r=a(l+ cos 0) r=a(l— cos 0)

Y,

r=a(l+sin 6) r=a(l—sin 6)

5,
2a {
=a @ 3 = "
2a
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Sketch the graph of r = a(1 — cos ) where a > 0.

Solution:
The curve is symmetric about the polar axis since cos (—6) = cos 6. Therefore, we

restrict our attention to the interval [0, 7] and by the symmetry, we complete the graph.
The following table displays some solutions of the equation r = a(1 — cos 0):

27 T

3
3a/2 2a

L o)y

0 0 3
0 a

P(w.2a)

\ Pole| " polaraxis
\ |
5 /
~
2 .

P
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M Limacons curves
1. r=a+ bcos 0 2. r=a=xbsin 0

1. r=a+ bcos 0

Q@ r=a+bcos 0
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2. r=a+bsin 0
Q@ r=a+bsind
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M Roses
1. r=a cos (nd) 2. r=a sin (nf) where n € N.

@ r=a cos (nf)

n-2 n n
v v, ¥ v

@ r =a sin (nf)

n=2 n=3 n

Sk sk

Note that if n is odd, there are n petals; however, if n is even, there are 2n petals.
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M Spiral of Archimedes
r=a#t

a=>0 a<0

1 1
Q- L
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Area in Polar Coordinates

Let r = f(#) be a continuous function on the interval [, 8] such that 0 < a < 8 < 2.
Let f(0) > 0 over that interval and R be a polar region bounded by the polar equations
r=1f(0), 0 =« and 0 = 8 as shown in Figure 44.

nof )

To find the area of R, we assume P = {01,0>,...,0,} is a regular partition of the interval
[a, B]. Consider the interval [6x_1, 0«] where ABx = 0 — Ox—1. By choosing

wk € [fk—1, Ok], we have a circular sector where its angle and radius are A6y and f(wx),
respectively. The area between 64_; and 6 can be approximated by the area of a
circular sector.
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Let f(ux) and f(vk) be maximum and min-
imum values of f on [0k_1,0«]. From the
figure, we have

SR <aAc< S[i(w) a0

Area of the sector of radiusf (uy) Area of the sector of radiusf(vy)

By summing from k = 1 to k = n, we obtain

"1
Z [ (uk)] A@kf uk) < ZAAk < Z f(Vk AOkf(vk)
k=1

W—’
=A

The limit of the sums as the norm ||P|| approaches zero,

. 1 2 - "1 2 B 61 2
@meQEanJAwﬂwyf@WwZQEVwo]Awﬂw>f[;vaﬂ
Therefore,

B
a=;3 [ oy’
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Similarly, assume f and g are continuous on the interval [¢, 8] such that 7(0) > g(8).
The area of the polar region bounded by the graphs of f and g on the interval [, 8] is

A= %/j [(F9) - ((0))°] a0
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Similarly, assume f and g are continuous on the interval [¢, 8] such that 7(0) > g(8).
The area of the polar region bounded by the graphs of f and g on the interval [, 8] is

A= %/j [(F9) - ((0))°] a0

Find the area of the region bounded by the graph of the polar equation.

Qr=3
g r=2cos 0
r=4sin 6

Q@ r=6—06sin 0
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Solution:
(1) The area is

1 27 27 20
Azf/ 3%/9:9/ de_g[e]
2 0 2 0 2 0

Note that one can evaluate the area in
the first quadrant and multiply the re-
sult by 4 to find the area of the whole
region i.e.,

= 9.

A:4<%/0%32d6):2/0%9d9:18[0]f:97r.

(2) We find the area of the upper half circle and

multiply the result by 2 as follows:

™

_,(1 z 2 _[Z 2
A72<2/0 (2cos 0) d0>7/0 4 cos

™

2
:2/ (1 + cos 20) do
0

0 do

3,

r = 2cosd

:2[0+ sin 29]0%
59
=m.
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(3) The area of the region is -

1 (7 1 B
A:—/ (4sin 9)2 da:j/ (1 — cos 20) db
2 Jo 4 Jo

r = 4sin®

:4[975in229]: i
= 4[7r —0]
= 4. I

(4) The area of the region is

1 27
7/ 36(1 — sin 0) df
2 Jo

A

27
18/ (1 —2sin 6 +sin? ) df
0

= 6(1— sinf)

—6
6  sin 20727
= 18[6' 2cos 0+ - — ]
F2cos O 2 4 0
= 18[(27r+2+71') 72]
= b4r.
Dr. M. Alghamdi MATH 106

6

January 2, 2019

48 / 55



Dr. M. Alghamdi MATH 106 January 2, 2019 49 / 55



Dr. M. Alghamdi MATH 106 January 2, 2019 50 / 55



Dr. M. Alghamdi MATH 106 January 2, 2019




Dr. M. Alghamdi MATH 106 January 2, 2019




Dr. M. Alghamdi MATH 106 January 2, 2019 53 / 55



Dr. M. Alghamdi MATH 106 January 2, 2019




Dr. M. Alghamdi MATH 106 January 2, 2019 55 / 55



	The Relationship between Rectangular and Polar Coordinates

