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Chapter 2: The definite Integrals

Main Contents

@ Summation notation.

@ Riemann sum and area.

@ Definite integrals.

@ Main properties of definite integrals.
@ The fundamental theorem of calculus.
@ Numerical integration:

e Trapezoidal rule,
e Simpson's rule.
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Summation Notation

Definition

n
Let {a1, a2, ...,an} be a set of numbers. The symbol Y ai represents their sum:
k=1

Zak =a+a+..+4 an.
k=1
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Summation Notation

Definition

n
Let {a1, a2, ...,an} be a set of numbers. The symbol Y ai represents their sum:

Zak =a+a+..+4 an.
k=1

| A\

Example

Evaluate the sum.
3
[+ IS
i=1
4,
(2] -210 +1)
=

(3] kzi;(k +1)k?
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Solution:

3
Q> iP=1+2+3"=1+8+27=36.
i=1

4
QY+ =T+ + 2>+ 1)+ +1)+# +1)=2+5+10+17 = 34,
j=1

Q Xi:(k +1)k* = (1+1)(1)° + (2 + 1)(2)> + 3+ 1)(3)* = 2+ 12 + 36 = 50.
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Solution:

3
Q> iP=1+2+3"=1+8+27=36.
i=1

4
QY+ =T+ + 2>+ 1)+ +1)+# +1)=2+5+10+17 = 34,
j=1

Q Xi:(k +1)k* = (1+1)(1)° + (2 + 1)(2)> + 3+ 1)(3)* = 2+ 12 + 36 = 50.

Theorem

Let {a1,az,...,an} and {b1, bo, ..., bn} be sets of real numbers. If n is any positive
integer, then

n

Q@ Y c=c+c+..+c=ncforanyceR.
= ——
= n-times

Q Y(akEth)=> akx bk
k=1 k=1 k=1

n n
©Q Y car=c > ak foranyc€eR.
k=1 k=1

v
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Evaluate the sum.

10
Q> 15
k=1

() i(k2 + 2k)
k=1

© »3(k+1)
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Evaluate the sum.

10
0>
k=1

() i(k2 + 2k)
k=1

© »3(k+1)

Solution:

10
Q > 15 = (10)(15) = 150.
k=1
4 4 4
Q Y (K+2k)= > K423 k= (1242 +324+4%)+2(1+2+3+4) = 30+20 = 50.
k=1 k=1 k=1

o Zi:3(k+1):32i:(k+1):3(2+3+4):27.
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© > k=1+243+..+n= "2t

k=1

T2 12 A2, o2 2 _ n(n+1)(2n+1)
Q > k=174 2843 g = A

a n(n+1)72
Q@ > K=13+2243 4 . 4= 2t

k=1

| \

Example

Evaluate the sum.
100 LU, o .
Q >k Q >k Q >k
k=1

k=1 k=1
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© > k=1+243+..+n= "2t
k=1

T2 12 A2, o2 2 _ n(n+1)(2n+1)
Q > k=174 2843 g = A

a n(n+1)72
Q@ > K=13+2243 4 . 4= 2t

k=1

| \

Example

Evaluate the sum.

100 LU, o .
Q >k Q >k Q >k
k=1 k=1 k=1 )
Solution:

() %k:wzmso_

Z K2 — 10(11 (1) _ 3g5

e Z k3 — [10(11 ] — 3025.
k=1
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Express the sum in terms of n.

o kz;(kﬂ)

ekz;(kQ—k—l)
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Express the sum in terms of n.

o kz;(kﬂ)

ekz;(kQ—k—l)

Solution:

Q Y(k+1)= Zk+217"”+1 + =228
k=1

e i(kz _k— 1) _ Z K2 — E k — E 1= _ n(n+1)(2n+1)  n(n+1) n—= n(n274).
k=1 k=1 k=1 k=1 6 2 3
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Riemann Sum and Area

Definition

A set P = {x0,x1, X2, ..., Xn} is called a partition of a closed interval [a, b] if for any
positive integer n,
a=x0<x1 <X < .... < Xp—1 < Xn = b.

Axy, Axy Axz Ax,
=—=1=—1= 1 1=
Xo Xq Xz X3 Xn—1 Xr
a b

A partition of the interval [a, b].
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Riemann Sum and Area

Definition
A set P = {x0,x1, X2, ..., Xn} is called a partition of a closed interval [a, b] if for any
positive integer n,

a=x0<x1 <X < .... < Xp—1 < Xn = b.

Axy, Axy Axz Ax,
=—=1=—1= 1 1=
Xo Xq Xz X3 Xn—1 Xr
a b

A partition of the interval [a, b].

Notes:
B The division of the interval [a, b] by the partition P generates n subintervals:
[X07 X1]> [X17 X2]7 [X27 X3]7 weey [Xn717 Xn]-

B The length of each subinterval [xx—1, xk] is Axk = Xk — Xk—1.
B The union of subintervals gives the whole interval [a, b].
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The norm of the partition of P is the largest length among Axi, Axo, Axs, ..., Ax, i.e.,

|| P ||= max{Axi, Axo, Axs, ..., Axp}.

If P={0,1.2,2.3,3.6,4} is a partition of the interval [0, 4], find the norm of the
partition P.

N\
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Definition

The norm of the partition of P is the largest length among Axi, Axo, Axs, ..., Ax, i.e.,

|| P ||= max{Axi, Axo, Axs, ..., Axp}.

If P={0,1.2,2.3,3.6,4} is a partition of the interval [0, 4], find the norm of the

partition P.
Solution:
We need to find the subintervals and their lengths.
Subinterval Length
[xk—1, ] Axi The norm of P is the largest length among
[0,1.2] 12-0=1.2
[1.2,2.3] 23-12=11 {Ax1, Axz, Axz, Axa }.
[2.3,3.6] 36—-23=13
[3.6, 4] 4 — 3.6 — 0.4 Hence, || P H: AX3 = 1.3

MATH 106 January 16, 2019 9 /43



@ The partition P of the interval [a, b] is regular if
Axo = Ax1 = Axo = ... = Ax, = Ax.

@ For any positive integer n, if the partition P is regular then

Ax:? and xx = xo + k Ax.

Let P be a regular partition of the interval [a, b]. Since xo = a and x, = b, then
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@ The partition P of the interval [a, b] is regular if
Axo = Ax1 = Axo = ... = Ax, = Ax.

@ For any positive integer n, if the partition P is regular then

Ax:%a and xx = xo + k Ax.

Let P be a regular partition of the interval [a, b]. Since xo = a and x, = b, then

x1 = xp + Ax
X2 = x1 + Ax = (x0 + Ax) + Ax = x0 + 2Ax ,
x3 = x2 + Ax = (x0 + 2Ax) + Ax = xo + 3Ax.

By continuing doing so, we have xx = xo + k Ax.

Ax Ax Ax Ax
L 1 1 1 | B |
Xo Xq X2 X3 Xn-1 x,
b

A regular partition of the interval [a, b].
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Define a regular partition P that divides the interval [1,4] into 4 subintervals.
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Define a regular partition P that divides the interval [1,4] into 4 subintervals.

Solution:
Since P is a regular partition of [1,4] where n = 4, then
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Define a regular partition P that divides the interval [1,4] into 4 subintervals.

Solution:
Since P is a regular partition of [1,4] where n = 4, then
4—-1 3 3
AxfoZ and ka1—|—kz.
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Define a regular partition P that divides the interval [1,4] into 4 subintervals.

Solution:

Since P is a regular partition of [1,4] where n = 4, then
Ax:441:?1 and Xk:1—|—k%

Therefore,

xo=1 X3*1+3(§):%

x1:1+‘31=% X4—1+4(Z):4
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Define a regular partition P that divides the interval [1,4] into 4 subintervals.

Solution:

Since P is a regular partition of [1,4] where n = 4, then
Ax:441:?1 and Xk:1—|—k%

Therefore,

xo=1 X3*1+3(§):%

x1:1+§=% x=14+4(3)=4
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Define a regular partition P that divides the interval [1,4] into 4 subintervals.

Solution:

Since P is a regular partition of [1,4] where n = 4, then
Ax:%:% and Xk:1—|—k%

Therefore,

xo=1 X3:1+3(§) TS

x1:1+%=% X4:1+4(Z)

x=1+2(3)=3
The regular partition is P = {1, I T 2, T 13 a3,

Definition

Let f be a function defined on a closed interval [a, b] and let P = {xo, x1, ..., xa} be a
partition of [a, b]. Let w = (w1, w2, ...,ws) is @ mark on the partition P where
wk € [xk—1,xk], k =1,2,3,...,n. Then, a Riemann sum of f for P is

Ro = f(wk)Axk.

k=1

v
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If f is a defined and positive function on a closed interval [a, b] and P is a partition of

that interval where w = (w1, wo, ...

sum estimates the area of the region under f from x = a to x = b.

Y4

A=

lim
IPl—0 R =

P
o 0L

Z wk)Axk

,wp) is a mark on the partition P, then the Riemann

o R ——

Wy Xy

Wy Xg

X3

MATH 106
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Find a Riemann sum R, of the function f(x) = 2x — 1 for the partition
P =1{-2,0,1,4,6} of the interval [—2,6] by choosing the mark,

@ the left-hand endpoint,
@ the right-hand endpoint,
© the midpoint.
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Example

Find a Riemann sum R, of the function f(x) = 2x — 1 for the partition
P =1{-2,0,1,4,6} of the interval [—2,6] by choosing the mark,

@ the left-hand endpoint,
@ the right-hand endpoint,
© the midpoint.

Solution:

1) Choose the left-hand endpoint of each subinterval.

Subintervals Length Axy wi | Flwk) | Flwk) Ax

[-2,0] |0—(-2)=2| —2| -5 —10
[0,1] 1-0=1 | 0o | -1 -1

[1,4] 4—-1=3 1 1 3
[4,6] 6—4=2 4 7 14

4
Rp = Z f(wk)Axk 6
k=1
MATH 106 January 16, 2019
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2) Choose the right-hand endpoint of each subinterval.

Subintervals Length Axy wi | fFlwk) | Flwk) Axk
[2,0] |0—(-2)=2] 0 | -1 -2
[0,1] 1-0=1 | 1 1 1
[1,4] 4—-1=3 4 7 21
[4,6] 6-4=2 | 6 | 11 22

4
Rp = Z f(wk)Axk 42
k=1
Xk—1+><k_

'The midpoint of the subinterval [Xk—1, xK] is wk =
MATH 106

2
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2) Choose the right-hand endpoint of each subinterval.

'The midpoint of the subinterval [Xk—1, xK] is wk =

MATH 106

2

Subintervals Length Axy wi | fFlwk) | Flwk) Axk
[=2,0] 0-(-2)=2]0 | -1 -2
[0,1] 1-0=1 1 1 1
[1,4] 4—-1=3 4 7 21
[4,6] 6-4=2 | 6 | 11 22

4
Rp = Z f(wk)AXk 42
k=1
3) Choose the midpoint of each subinterval.’

Subintervals | Length Axx | wi | fwk) | flwk) Axk
[-2,0] 0-(-2)=2] -1 -3 —6
[0,1] 1-0=1 0.5 0 0
[1,4] 4-1=3 | 25| 4 12
[4,6] 6—-4=2 5 9 18

%
Rp = Z f(wk)AXk 24
k=1
Xk—1FXk

January 16, 2019
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Let A be the area under the graph of f(x) = x + 1 from x = 1 to x = 3. Find the area
A by taking the limit of the Riemann sum such that the partition P is regular and the
mark w is the right-hand endpoint of each subinterval.
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Let A be the area under the graph of f(x) = x + 1 from x = 1 to x = 3. Find the area
A by taking the limit of the Riemann sum such that the partition P is regular and the
mark w is the right-hand endpoint of each subinterval.

Solution:

For a regular partition P, we have
_ b—a _ 3-1_ 2
Q Ax=7"02 =7 =1 and

Q x« = xo + k Ax where xp = 1.
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Let A be the area under the graph of f(x) = x + 1 from x = 1 to x = 3. Find the area
A by taking the limit of the Riemann sum such that the partition P is regular and the
mark w is the right-hand endpoint of each subinterval.

Solution:
For a regular partition P, we have

QAX:";H‘?':E:g and

n n'
Q x« = xo + k Ax where xp = 1.
Since the mark w is the right endpoint of each subinterval, then wy = xx = 1 + %

Therefore,

2k 2k 2
f(wk)f(1+7)+1f7+2fE(n+k).
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Let A be the area under the graph of f(x) = x + 1 from x = 1 to x = 3. Find the area
A by taking the limit of the Riemann sum such that the partition P is regular and the
mark w is the right-hand endpoint of each subinterval.

Solution:
For a regular partition P, we have

QAX:";H‘?':E:g and

n n’

Q x« = xo + k Ax where xp = 1.

Since the mark w is the right endpoint of each subinterval, then wy = xx = 1 + %

Therefore,
2k 2k 2
f(wk)f(1+7)+1f 7+27 E(n+k).

From the definition,

n 4 n
Ro = flwi)Axi = — > (n+k)
k=1

= . s 1) (1) S (n+K) = > n+ > k
B > n(n+ k=1 k=1 k=1
_?["J“ 2 } (2) 3 k= o)
k=1
:4+2(n+1).

Hence, lim R, =442 =6.

IE=de)
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Definition

Let f be a defined function on a closed interval [a, b] and let P be a partition of [a, b].
The definite integral of f on [a, b] is

b
f — i Flwr)A
/a (x) dx HPlunl>0 4 (wi ) Axic

if the limit exists. The numbers a and b are called the limits of the integration.
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Definition

Let f be a defined function on a closed interval [a, b] and let P be a partition of [a, b].
The definite integral of f on [a, b] is

b
f — i Flwr)A
/a (x) dx HPlunl>0 4 (wi ) Axic

if the limit exists. The numbers a and b are called the limits of the integration.

| A\

Example

4
Evaluate the integral / (x + 2) dx.
2

A\
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Definition

Let f be a defined function on a closed interval [a, b] and let P be a partition of [a, b].
The definite integral of f on [a, b] is

b
f — i Flwr)A
/a (x) dx leunl0 4 (wi ) Axic

if the limit exists. The numbers a and b are called the limits of the integration.

Example

| A\

4
Evaluate the integral / (x + 2) dx.
2

A\

Solution: Let P = {xg, x1, ..., xn } be a regular partition of the interval [2, 4], then

AX:%:%andxk:onrAx.
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Definition

Let f be a defined function on a closed interval [a, b] and let P be a partition of [a, b].
The definite integral of f on [a, b] is

b
f — i Flwr)A
/a (x) dx leunl0 4 (wi ) Axic

if the limit exists. The numbers a and b are called the limits of the integration.

| A\

Example

4
Evaluate the integral / (x + 2) dx.
2

A\

Solution: Let P = {xg, x1, ..., xn } be a regular partition of the interval [2, 4], then
Ax = % = % and x, = xg + Ax.

Let the mark w be the right endpoint of each subinterval, so wy = xx =2 + % and then
flwk) = %(2n + k).
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Definition

Let f be a defined function on a closed interval [a, b] and let P be a partition of [a, b].
The definite integral of f on [a, b] is

b
f — i Flwr)A
/a (x) dx leunl0 4 (wi ) Axic

if the limit exists. The numbers a and b are called the limits of the integration.

| A\

Example

4
Evaluate the integral / (x + 2) dx.
2

A\

Solution: Let P = {xg, x1, ..., xn } be a regular partition of the interval [2, 4], then
Ax = % = % and x, = xg + Ax.
Let the mark w be the right endpoint of each subinterval, so wy = xx =2 + % and then

flwk) = %(2n+ k).
The Riemann sum of f for P is

Ro = flwi)Axy = % > (2n+k) =

k k

2 1
:8+M.

n(n+ 1))

4
s (2n2 +
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Definition

Let f be a defined function on a closed interval [a, b] and let P be a partition of [a, b].
The definite integral of f on [a, b] is

b
f — i Flwr)A
/a (x) dx HPIHnl*O 4 (wi ) Axic

if the limit exists. The numbers a and b are called the limits of the integration.

| A\

Example

4
Evaluate the integral / (x + 2) dx.
2

Solution: Let P = {xg, x1, ..., xn } be a regular partition of the interval [2, 4], then
Ax = % = % and x, = xg + Ax.
Let the mark w be the right endpoint of each subinterval, so wy = xx =2 + % and then

flwk) = %(2n+ k).
The Riemann sum of f for P is

Ro = flwi)Axy = % > (2n+k) =

k k

n(n+1)):8+2(n+1).

4 2
(2n + 5 .

n2

4
From the definition, (x+2)dx= lim R, =8+ lim %;rl) =8+2=10.
n— oo n— 00 L
MATH 106 January 16, 2019 16 / 43




Properties of Definite Integrals

Theorem

b
1)/ c dx =c(b—a),
2) / f(x) dx =0 if f(a) exists.
3) L?nearity of Definite Integrals:
@ Iff and g are integrable on [a, b], then f + g and f — g are integrable on [a, b] and

/ab (F(x) £ g(x)) dx = /ab £(x) :I:/abg(x) ke

@ [f f is integrable on [a, b] and k € R, then k f is integrable on [a, b] and

/abk f(x) dx = k /abf(x) dx.
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4) Comparison of Definite Integrals:

@ [ff and g are integrable on [a, b] and f(x) > g(x) for all x € [a, b], then

/ab f(x) dx > /abg(x) dx.

@ Iff is integrable on [a, b] and f(x) > 0 for all x € [a, b], then

/ab f(x) dx > 0.

5) Additive Interval of Definite Integrals:
If f is integrable on the intervals [a, c] and [c, b], then f is integrable on [a, b] and

/abf(x) dX:/: f(x) dX+/be(X) dx.

6) Reversed Interval of Definite Integrals:
If f is integrable on [a, b], then

/abf(x) dX:—/baf(X) dx.

MATH 106 January 16, 2019 18 / 43
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Evaluate the integral.

0/023dx 9/:(X2+4)dx
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Evaluate the integral.

0/023dx 9/:(X2+4)dx

Solution:

2
o / 3dx=3(2—0)=6.
0

o /:(x2+4) dx =0.
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Evaluate the integral.

0/023dx 9/:(X2+4)dx

Solution:

2
o / 3dx=3(2—0)=6.
0

(2} /:(x2+4) dx =0.

If /b f(x) dx =4 and /bg(x) dx = 2, then find /b (3f(x) = %) dx.
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Evaluate the integral.

0/023dx 9/:(X2+4)dx

Solution:

2
o / 3dx=3(2—0)=6.
0

(2} /:(x2+4) dx =0.

If /b f(x) dx =4 and /bg(x) dx = 2, then find /b (3f(x) = %) dx.

Solution:
/ab (370 — 820) = 3/; F(x) dx — %/abg(x) dx =3(4) - 2(2) =1L
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2 2
Prove that / (< + x> +2) dx > / (x* + 1) dx without evaluating the integrals.
0 0

MATH 106 January 16, 2019 20 / 43



2 2
Prove that / (< + x> +2) dx > / (x* + 1) dx without evaluating the integrals.
0 0

Solution: Let f(x) = x® + x* + 2 and g(x) = x> + 1. We can find that
f(x) — g(x) =x*+1>0 for all x €[0,2]. This implies that f(x) > g(x).
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2 2
Prove that / (< + x> +2) dx > / (x* + 1) dx without evaluating the integrals.
0 0

Solution: Let f(x) = x® + x* + 2 and g(x) = x> + 1. We can find that
f(x) — g(x) =x*+1>0 for all x €[0,2]. This implies that f(x) > g(x).
From the theorem, we have

2 2
/ (x> + x> 42) dx > / (x> 4+ 1) dx.
0 0

MATH 106 January 16, 2019 20 / 43



The Fundamental Theorem of Calculus

Theorem

Suppose that f is continuous on the closed interval [a, b].

X

Q IFF(x)= / f(t) dt for every x € [a, b], then F(x) is an antiderivative of f on
O

b
@ If F(x) is any antiderivative of f on [a, b], then / f(x) dx = F(b) — F(a).
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The Fundamental Theorem of Calculus

Theorem

Suppose that f is continuous on the closed interval [a, b].

X

Q IFF(x)= / f(t) dt for every x € [a, b], then F(x) is an antiderivative of f on
.

b
@ If F(x) is any antiderivative of f on [a, b], then / f(x) dx = F(b) — F(a).

If F is an antiderivative of f, then

/ab Al e = [F(x)]j — F(b) — F(a).
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Notes: .
B From the previous corollary, a definite integral / f(x) dx is evaluated by two steps:
a

Step 1: Find an antiderivative F of the integrand,

Step 2: Evaluate the antiderivative F at upper and lower limits by substituting x = b
and x = a (evaluate at lower limit) into F, then subtracting the latter from the former
i.e., calculate F(b) — F(a).
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Notes: .
B From the previous corollary, a definite integral / f(x) dx is evaluated by two steps:
a

Step 1: Find an antiderivative F of the integrand,

Step 2: Evaluate the antiderivative F at upper and lower limits by substituting x = b
and x = a (evaluate at lower limit) into F, then subtracting the latter from the former
i.e., calculate F(b) — F(a).

b
B When using substitution to evaluate the definite integral / f(x) dx, we have two
a

options:
Option 1: Change the limits of integration to the new variable. For example,

1
/ 2xv/x2 +1 dx. Let u= x*>+1, this implies du = 2x dx. Change the limits u(0) = 1
0

2
and u(1) = 2. By substitution, we have / u'’? du. Then, evaluate the integral without
1

returning to the original variable.

Option 2: Leave the limits in terms of the original variable. Evaluate the integral, then
return to the original variable. After that, substitute x = b and x = a into the
antiderivative as in step 2 above.
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Evaluate the integral.

2 5

o [1(2X+1) dx Q /0 (sin x +1) dx
3 T

Q / (x> +1) dx Q /r (sec® x — 4) dx
9 T

2 3
9/ — dx / sec x tan x + x) dx
"4 o [ )
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ample

Evaluate the integral.
o /21(2x+1) dx o /Og(sin e 50) g
Q /3(x2 +1) dx (5] [:r(sec2 x — 4) dx
2 1 T%
Q/lﬁdx Q/O (sec x tan x + x) dx J
Solutizon:

1)/ (2x+1) dx:[x2+x]2_1:(4+2)—((—1)2+(—1)):6—0:6.
2) (X2+1)dx:[%+X]Z:(23l+3)70:12.
Y A Y S S VR Y

Jusy
2

4) (sin x+1) dx = [fcos x+x]0 =(-cos T +%)—(—cos 04+0)=7 +1.
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5)/ sec’ x — )dx—[tan ><—4x}7r (tan m —4m) — (tan T —4%) =
ry

—47r—(1—7r) —3r —1.

6)/ (sec x tan x+x) dx—[sec x + 2}

T2
&3

= (sec 5+ 2))—(sec 0+9)=

jus
3
0

MATH 106 January 16, 2019 24 / 43



5)/ sec’ x — )dx—[tan ><—4x}7r (tan m —4m) — (tan T —4%) =
ry

—47r—(1—7r) —3r —1.

6)/ (sec x tan x+x) dx—[sec x + 2}

T2
&3

= (sec 5+ 2))—(sec 0+9)=

s
3
0

2 . 2
|ff(x)={i3 ;i;g, find /lf(x)dx
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5)/ sec’ x — )dx—[tan x—4x}7r:(tan m—4m) — (tan T —4%) =
ry

—47r—(1—7r) —3r —1.
6)/ (sec x tan x—i—x)dx—[secx—i— }

© Wi

24T —1=141T.

2 . 2
|ff(x)={i3 ;i;g, find /lf(x)dx

Solution:
The definition of the function f changes at 0. Since [-1,2] =[-1,0] U [0, 2], then from

the theorem,
2 0 2
/ f(x) dx:/ f(x) dx—l—/ f(x) dx
-1 -1 0

0 2
:/ x2 dx+/ X3 dx
—1 0

4

-5+ 50,
1,1
3 3"
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2
Evaluate the integral / | x—1]| dx.
0
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2
Evaluate the integral / | x—1]| dx.
0

Solution: ( )
) —x-1) :xx1
|X_l'_{x—l x>1
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2
Evaluate the integral / | x—1]| dx.
0

Solution:

o) —(x=1) x<1
| x 1|_{x—1 x>1

Since [0,2] = [0,1] U [1, 2], then from the theorem,

/02|x—1| dx:/ol(—x—i-l) dx+/12(x—1) dx
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2
Evaluate the integral / | x—1]| dx.
0

Solution:

o) —(x=1) x<1
| x 1|_{x—1 x>1

Since [0,2] = [0,1] U [1, 2], then from the theorem,

/02|x—1| dx:/ol(—x—l-l)dx—i—/12(x—1) dx

Mean Value Theorem for Integrals

If f is continuous on a closed interval [a, b], then there is at least a number z € (a, b)
such that

/ f(x) dx = f(z)(b— a).
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Find a number z that satisfies the conclusion of the Mean Value Theorem for the
function f on the given interval.

Q f(x)=1+x% [0,2]
Q f(X) = \37)?’ [07 1]
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Find a number z that satisfies the conclusion of the Mean Value Theorem for the
function f on the given interval.

Q f(x)=1+x% [0,2]
Q f(X) = \37)?’ [07 1]

Solution:
(1) From the theorem,

/02(1 +x%) dx = (2 - 0)f(2)

x372
[ 3}0 2(1+ 2%
%—2(14—2)
g—l—i—z2

This implies z° = %, then z = i\%. However, —% ¢ (0,2), so z = % € (0,2).
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(2) From the theorem,
1
/ x dx = (1 - 0)f(z)
0
37 a7l
2=

This implies z = 2 € (0, 1).
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(2) From the theorem,

This implies z = 2 € (0, 1).

Definition

If f is continuous on the interval [a, b], then the average value f,, of f on [a, b] is

b
fav - bi— a/a f(X) dx.
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(2) From the theorem,

Find the average value of the function f on the given interval.

Q f(X)=x+x-1, [0,2]
Q 7(x)=vx [1,3]
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Solution:

4

() fa‘,:2—10/02(x3+xfl) dx:%[%+§fx}§:%[(4+272)7(0)} =2

MATH 106 January 16, 2019 28 / 43



Solution:
2 X4 2 2
O f= st [t exae=i[f o3 o <122 0] =2

3 3
° favzgfll/1 Vax=12[xd ] = am
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Solution:

2
Ofa‘,:flo/()ngxfl)dx:%[
0
Q =5t /fdx—gé[ :

From the Fundamental Theorem, if f is continuous on [a, b] and F(x) = / f(t) dt

%+ﬁfx}2:%[(4+272)7(0)] —2.

where ¢ € [a, b], then

d/ f(t) dt = [F(X) F(a)} = f(x) Vx € [a,b].

This result can be generalized as follows:
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Let f be continuous on [a, b]. If g and h are in the domain of f and differentiable, then

d h(x) , ,
*/ f(t) dt = f(h(x))h'(x) — f(g(x))g'(x) Vx € [a,b].
dx Jg(x)
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Let f be continuous on [a, b]. If g and h are in the domain of f and differentiable, then

d h(x) , ,
*/ f(t) dt = f(h(x))h'(x) — f(g(x))g'(x) Vx € [a,b].
dx Jg(x)

Corollary

| A

Let f be continuous on [a, b]. If g and h are in the domain of f and differentiable, then

h(x)
@ &/ H(0) de = F(HH() Wxe [at],

a

QL ( )f(t) dt = —f(g(x))g’(x) Vx € [a, b].
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Find the derivative.
o d%/ Vcos t dt
1X2
d 1

= dt
*J ti+1

2

%(x/ (£ — 1) di)
&

%/ Vit+1dt
x+1

©

© ©

eﬁ 1—1t2 dt

(6 o Xcos (£ +1) dt
,sz 1

(7] %lxmdt

(s smx\/1+t4 dt
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Example

Find the derivative.

2 sin x 1
Q<L / Vcos t dt X dt
1 X 1 1— t2
2 X
X 1 d 2
d a
(2 P dt cos (t°+1) dt
dx 0 t3 e 1 dx . ( )

2

2} dix(x/x (£ 1) dt)
3)(
0%/ Vt+1dt

2

|
d
4 —— _dt
dX/,X t2+1

sin X

= V14t dt

Cos X

© © 0 ©o

Solution;
X

1) i‘i/ Veos t dt = \/aos X (1) = /o5 X.

2

X
1
d — 1 _ _2x
2) EZ 341 dt = (x2)3+1 (2X) T X041

2 2

3) d%(x/x (£ —-1) dt) :/X (£ -1) dt +x(2x(x® — 1) — (x* — 1))
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3

4 £ Vitldt=0—/(x+1)+1=—-vVx+2
x+1
sin x 1

d _ 1 _ cos x __
5) o 1 1—1¢2 dt = 1—sin2 XCOS X = o2 X—sec X.

6) £ [ cos (t*+1) dt = cos (x* + 1) + cos (x* + 1) = 2cos (x> + 1).

—X
2

7) d 1 dt = 2x + 1

dx o241 xA+1 x2+41°
sin x
8)% mdtzmcosx—i—\/msinx.
Cos X
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If F(x) = (x* — 2)/: (t+3F'(t)) dt, find F'(2).
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If F(x) = (x* — 2)/: (t+3F'(t)) dt, find F'(2).

Solution:
F'(x) = 2x/ (t+3F'(t)) dt+ (* - 2)(x +3F'(x))

Letting x = 2 gives
F'(2) = 4/2 (t+3F'(t)) dt + (4 —2)(2+3F'(2))
= F'(2) =2(2+ 3F'(2)).

Hence, —5F'(2) =4 = F'(2) = —¢.
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Numerical Integration

Assume P is a regular partition of [a, b]. We divide the interval [a, b] by the partition P
into n subintervals : [xo, x1], [x1, X2], [X2, X3], ..., [Xn—1, Xn]. Then, we find the length of
the subintervals: Ax, = 2=2. Using Riemann sum, we have

b n n
b—a
f ~ = —
/ (x) dx ~ Y F(wi)Dxi - > flwr)
a k=1 k=1
where w = (w1, w2, ...,wn) is a mark on the partition P.
¥ y »
= I';»"‘ 155
e Wl (e W N PR y=fw
|| "] gl | A1
AU e A
& i L 1 ! D IRE b
i i Pl i ! . R b
1 ! o i ! o Lo b
P i Pl i ‘ . o b
i ! i [ } Lo g i
IR ; o e i
I | [ ‘ 1 b TR il
o i Pl i ! Do P P
HEEE L | : N RN |
Tpxp Xy Ip-gdn Koy Xy Li-1%n g Xg¥y Xy Yp-1"n g
z b o b £ b
(A (B) (€)

Figure: Approximation of a definite integral by using the trapezoidal rule.
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As shown in the figure, we take the mark as follows:

@ The left-hand endpoint. We choose wx = xx_1 in each subinterval. Then,

b _ n
/ F(x) dx ~ ¥ 3 Flxe).
a k=1

@ The right-hand endpoint. We choose wx = xx in each subinterval. Then,

/b F(x) dx ~ ? Z F(x0)-
a k=1

© The average of the previous two approximations is more accurate,

bz_na[i f(xk,1)+if(xk)].
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Let f be continuous on [a, b]. If P = {xo, x1, ..., X»} is a regular partition of [a, b],
then

/b ) e b;na [F60) + 2F(0) + 2F(x2) + ..+ 2F (x0-2) + F)]-

Error Estimation

Theorem

Suppose that f"" is continuous on [a, b] and M is the maximum value for f"" over [a, b].

b
If ET is the error in calculating / f(x) dx under the trapezoidal rule, then

M(b — a)®
Er|< ——2/
[Er IS =
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2
. . . . . 1

By using the trapezoidal rule with n = 4, approximate the integral / — dx. Then,
1 X

estimate the error.

Solution: )
. . 1 .
1) We approximate the integral / — dx by the trapezoidal rule.
1 X

a) Find a regular partition P = {xo, x1, X2, ..., Xn } where Ax = @ and xx = xp + kAx.

We divide the interval [1, 2] into four subintervals where the length of each subinterval is

Ax =1 =1 a5 follows:

xo =1 X3=1+3(%):1§
a=1+1=1} x=1+4(3)=2
x=1+2(3)=11%

The partition is P = {1,1.25,1.5,1.75, 2}.
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b) Approximate the integral by using the following table:

Hence,

k=1

k Xk f(Xk) my mkf(xk)
01 1 1 1
1] 125 | 0.8 2 1.6
2115 0.6667 | 2 1.3334
3 1175 | 05714 | 2 1.1428
4 |2 0.5 1 0.5
4
Sum = > myf(x«) 5.5762

/zld ~1[55762]—0697
L X X~8 . = U. .
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b) Approximate the integral by using the following table:

k Xk f(Xk) my mkf(xk)
01 1 1 1
1] 125 | 0.8 2 1.6
2115 0.6667 | 2 1.3334
3 1175 | 05714 | 2 1.1428
4 |2 0.5 1 0.5
4
Sum = > myf(x«) 5.5762
k=1

Hence,

/zld ~1[55762]—0697
L X X~8 . = U. .

2) We estimate the error by using the theorem:

1 U -1 ! 2 " 6

Since f/(x) is a decreasing function on the interval [1,2], then f”/(x) is maximized at x = 1.

2(2—1)3
Hence, M =| f(1) |= 2 and | Ey |< 52(4)3 = & =0.0104.
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Simpson’s Rule

N P,
Py Pn1_4o
- r — f(x) ‘,/,
— _/
e S
:
1
1
]
1
i
1
:
1
1
1
:
1
1
i
:
1
:
i S
Xg X3 X Xn—1 *n e
a b

Figure: Approximation of a definite integral by using Simpson’s rule.

First, let P be a regular partition of the interval [a, b] to generate n subintervals such
that | P |= @ and n is an even number.
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Take three points lying on the
parabola as shown in the next figure.
Assume for simplicity that xo = —h,
x1 = 0 and x2 = h. Since the equa-
tion of a parabola is

y:ax2+bx+c

, then from the figure, the area un-
der the graph bounded by [—h, h] is

h
/ (ax® 4 bx + ¢) dx = g(Zah2+6c).

—h

P1(0,31)

Po(~1.y0) /\E(h. )

—h

Thus, since the points Py, P and P» lie on the parabola, then

yo = ah®> — bh+ ¢
n=c
yo = ah®> + bh + c.
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Some computations lead to 2ah® + 6¢ = yo + 4y1 + y». Therefore,
"o, h h
/ (ax® 4+ bx+¢) dx = g(yo +an+y) = g(f(Xo) +4f(x) + f(xz)).
—h
Generally, for any three points Px_1, Px and Px+1, we have

h h
§(Yk—1 + 4y + Yiy1) = 3 (f(Xk—l) + 4f (x) + f(Xk+1))-

By summing the areas of all parabolas, we have

/abf(x) dx =

+

(f(xo) +4f(x1) + f(xg))

Wl wl>

(f(X2) + 4f(X3) —+ f(X4))

+ g(f(xn_z) 4 (x-1) + F(xn)

= % [f(xo) +4F(x1) + 2F (x2) + 4F(x3) + ... + 2F (xn—2) + 4F (xp_1) + f(x,,)]
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Let f be continuous on [a, b]. If P = {xp, x1,...,xa} is a regular partition of [a, b] where
n is even, then

/a ’ f(x) dx ~ (”3;”") [f(xo)+4f(x1)+2f(><2)+4f(><3)+...+2f(><,,_2)+4f(xn_1)+f(x,,)].

Error Estimation
The estimation of the error under Simpson’s method is given by the following theorem.

Theorem

Suppose ) is continuous on [a, b] and M is the maximum value for f*) on [a, b]. If Es
b
is the error in calculating / f(x) dx under Simpson’s rule, then
a

M(b — a)®

Es |<
| Bs < g0

MATH 106 January 16, 2019 41 /43



3
By using Simpson'’s rule with n = 4, approximate the integral / v x2+1 dx. Then,
1

estimate the error.

Solution: ,
1) We approximate the integral / v/ x2 41 dx under Simpson'’s rule.
1

a) Find the partition P = {xo, x1, X2, ..., Xn } where Ax = (b—;a) and xx = xo + kAx.

We divide the interval [1, 3] into four subintervals where the length of each subinterval is
Ax =371 =1 as follows:

xo =1 x3 =1+ 3(
x=1+1=11 xa =1+ 4(
x=1+2(3)=2

The partition is P = {1,1.5,2,2.5,3}.

b) Approximate the integral by using the following table:
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k Xk f(Xk) my my f(Xk)
0|1 14142 | 1 2
1] 15| 18028 | 4 7.2112
212 22361 | 2 4.4722
3|25 | 26926 | 4 10.7704
4 |3 3.1623 | 1 10
4
Sum = Z mkf(xk) 27.0302
k=1

3
Hence, / Vx2 +1 dx ~ 5[27.0302] = 4.5050.
1
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k Xk f(Xk) my my f(Xk)
0|1 14142 | 1 2
1|15 ] 18028 | 4 7.2112
212 22361 | 2 4.4722
3|25 | 26926 | 4 10.7704
4 |3 3.1623 | 1 10
4
Sum = Z mkf(xk) 27.0302
k=1

3
Hence, / Vx2+1 dx ~ 2[27.0302] = 4.5050.

1
2) We estimate the error by using the theorem.

Since f®)(x) = —(15x(4x* — 3))//(x2 +1)°, then f*)(x) is a decreasing function on

the interval [1,3]. Therefore, f*)(x) is maximized at x = 1. Then,

M =| f®(1) |= 0.7955 and

(0.7955)(3 — 1)°

E.
| 1< —go(ay
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