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We looked in the last chapter that

∫ trdt =
tr+1

r + 1
+ c ,

where r − 1
However, this is not true in the case r = −1 becuse we will get 0 in
the denominator. So, in this chapter we will look at this problm.
.

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



We looked in the last chapter that

∫ trdt =
tr+1

r + 1
+ c ,

where r − 1
However, this is not true in the case r = −1 becuse we will get 0 in
the denominator. So, in this chapter we will look at this problm.
.

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Def:
We define the Natural Lograthmic Function as

ln ∶ (0,∞)→ R, ln x = ∫
x

1

1

t
dt

where f (t) = 1
t dt is continuous function on any interval not

contains 0. So, it is integrable on interval from 1 to x .
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Remarks:

The function domain for ln x is (0,∞).

ln x > 0, x > 1 , ln x < 0, x < 1
ð

ln 1 = ∫

1

1

1

t
dt = 0.

The function ln is defferentiable on its domain and we can
apply the fundamental Thm for calculus:

d

dx
(ln x) =

d

dx ∫
x

1

dt

t
=

1

x
, ∀x > 0.

The function ln is incrasing.
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Properties of Natural Logarithmic Function For a,b > 0 and r ∈ Q:

ln (ab) = ln a + lnb,

ln ( ab) = ln a − lnb,

ln (ar) = r ln a,

ln (ab)r = ln abr ,

limx→∞ ln x =∞,

limx→0+ ln x = −∞.

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Properties of Natural Logarithmic Function For a,b > 0 and r ∈ Q:

ln (ab) = ln a + lnb,

ln ( ab) = ln a − lnb,

ln (ar) = r ln a,

ln (ab)r = ln abr ,

limx→∞ ln x =∞,

limx→0+ ln x = −∞.

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Properties of Natural Logarithmic Function For a,b > 0 and r ∈ Q:

ln (ab) = ln a + lnb,

ln ( ab) = ln a − lnb,

ln (ar) = r ln a,

ln (ab)r = ln abr ,

limx→∞ ln x =∞,

limx→0+ ln x = −∞.

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Properties of Natural Logarithmic Function For a,b > 0 and r ∈ Q:

ln (ab) = ln a + lnb,

ln ( ab) = ln a − lnb,

ln (ar) = r ln a,

ln (ab)r = ln abr ,

limx→∞ ln x =∞,

limx→0+ ln x = −∞.

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Properties of Natural Logarithmic Function For a,b > 0 and r ∈ Q:

ln (ab) = ln a + lnb,

ln ( ab) = ln a − lnb,

ln (ar) = r ln a,

ln (ab)r = ln abr ,

limx→∞ ln x =∞,

limx→0+ ln x = −∞.

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Properties of Natural Logarithmic Function For a,b > 0 and r ∈ Q:

ln (ab) = ln a + lnb,

ln ( ab) = ln a − lnb,

ln (ar) = r ln a,

ln (ab)r = ln abr ,

limx→∞ ln x =∞,

limx→0+ ln x = −∞.

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



ln x

Figure: ln x .
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Derivative of Natural Logarithmic Function :

d

dx
ln ∣u∣ =

1

u

du

dx
=
f ′(x)
f (x)

, ∀x ∈ I .

d

dx
ln x =

1

x
,

d

dx
lng(x) =

g ′(x)
g(x)

.
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EX: Find the derivative:

(1) ln (x4 + 5x + 4) ,

(2) ln (ln x).
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EX: Find the derivative:

y =

5
√
x2 sin4 x

x3
√

2x
.
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Integration of Natural Logarithmic Function

∫
dx
x = ln x + c ,

∫
g ′(x)
g(x) dx = ln ∣g(x)∣ + c ,

∫ tan xdx = ln ∣ sec x ∣ + c ,

∫ sec xdx = ln ∣ sec x + tan x ∣ + c,

∫ cot xdx = ln ∣ sin x ∣ + c ,

∫ csc xdx = ln ∣ csc x − cot x ∣ + c .

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Integration of Natural Logarithmic Function

∫
dx
x = ln x + c ,

∫
g ′(x)
g(x) dx = ln ∣g(x)∣ + c ,

∫ tan xdx = ln ∣ sec x ∣ + c ,

∫ sec xdx = ln ∣ sec x + tan x ∣ + c,

∫ cot xdx = ln ∣ sin x ∣ + c ,

∫ csc xdx = ln ∣ csc x − cot x ∣ + c .

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Integration of Natural Logarithmic Function

∫
dx
x = ln x + c ,

∫
g ′(x)
g(x) dx = ln ∣g(x)∣ + c ,

∫ tan xdx = ln ∣ sec x ∣ + c ,

∫ sec xdx = ln ∣ sec x + tan x ∣ + c,

∫ cot xdx = ln ∣ sin x ∣ + c ,

∫ csc xdx = ln ∣ csc x − cot x ∣ + c .

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Integration of Natural Logarithmic Function

∫
dx
x = ln x + c ,

∫
g ′(x)
g(x) dx = ln ∣g(x)∣ + c ,

∫ tan xdx = ln ∣ sec x ∣ + c ,

∫ sec xdx = ln ∣ sec x + tan x ∣ + c,

∫ cot xdx = ln ∣ sin x ∣ + c ,

∫ csc xdx = ln ∣ csc x − cot x ∣ + c .

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Integration of Natural Logarithmic Function

∫
dx
x = ln x + c ,

∫
g ′(x)
g(x) dx = ln ∣g(x)∣ + c ,

∫ tan xdx = ln ∣ sec x ∣ + c ,

∫ sec xdx = ln ∣ sec x + tan x ∣ + c,

∫ cot xdx = ln ∣ sin x ∣ + c ,

∫ csc xdx = ln ∣ csc x − cot x ∣ + c .

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



Integration of Natural Logarithmic Function

∫
dx
x = ln x + c ,

∫
g ′(x)
g(x) dx = ln ∣g(x)∣ + c ,

∫ tan xdx = ln ∣ sec x ∣ + c ,

∫ sec xdx = ln ∣ sec x + tan x ∣ + c,

∫ cot xdx = ln ∣ sin x ∣ + c ,

∫ csc xdx = ln ∣ csc x − cot x ∣ + c .

Dr. Nasser Bin Turki Natural Logarithmic Function Math 106 Lecture 7



EX: find the integral:

(1)∫
x2

3x3 + 9
dx ,

(2)∫
1

x − x ln x
dx .
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Thanks for listening .
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