
The Final    Math 487    471 

 

Note:  

               - Write your answers in the same order as the questions. 

               - Write legibly. 

 

(1) Evaluate the following integral using residues 
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 (2) Evaluate the following integral using residues 
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(3) Find the Laurent expansion of 𝑓ሺ𝑧ሻ ൌ
ଵ

௭య ିଶହ ௭
 in the infinite annular ሼ𝑧:  |𝑧|  ൐  5 ሽ. Use the 

expansion to find   ׬
௭యௗ௭

௭య ିଶହ ௭ ം
  , where 𝛾 is the circle |𝑧|  ൌ 6, in the positive direction.     (6 marks) 

(4) Let 𝑓ሺ𝑧ሻ ൌ 𝑢ሺ𝑥,  𝑦ሻ  ൅  𝑖 𝑣ሺ𝑥,  𝑦ሻ be analytic on D, show that 𝑢௫௫௬௫ሺ𝑥,  𝑦ሻ exists in D and 

continuous.                (5 marks) 

(5) If 𝑓ሺ𝑧ሻ ൌ  𝑢 ሺ𝑥,  𝑦ሻ  ൅  𝑖 𝑣 ሺ𝑥,  𝑦ሻ is analytic on D, then find the Cauchy- Riemann equations 

on D in polar coordinates, then find 𝑓 ᇲሺ𝑧ሻ in polar form.      (5 marks) 
 

(6) Find ׬
௅௢௚ ௭ ௗ௭

௭మ ି ଶ௭ ାଶ

 
ఊ 

 , where ( )Log z   is the main branch of the logarithm and 𝛾 is the rectangle 

that joins the points ቀ
ଵ

ଶ
,  2𝑖ቁ, ሺ2,  2𝑖ሻ, ሺ2,   െ 2𝑖ሻ, ቀ

ଵ

ଶ
,   െ 2𝑖ቁ in the positive direction.     (6 marks) 

(7) Let 𝑓ሺ𝑧ሻ  ൌ  
 ୡ୭ୱ୦ ሺ௭మሻ ି ଵ

௭ర . Show that 𝑓ሺ𝑧ሻ has a removable singularity at 𝑧 ൌ 0 and use the 

uniqueness of Taylor expansion around 𝑧 ൌ 0 to find 𝑓ሺଵ଴ሻሺ0ሻ .       (6 marks) 


