Math 280
374 semester 1444

1. Question [2+2]

(a) Let A be a non-empty, lower bounded subset of R and o € R. Show that:
a = inf A, if and only if, for every € > 0 there exists a € A such that a < a < a+e¢.

(b) Prove that if x,, — x, then there is a positive real number M  such that

|zn] < M for all neN

2. Question [34+3+43+3]

(a) If f:(-1,1) —» Rsatisfies |f (z)| <2|z|, prove that f  is continuous at z =0.

(b) If f, g:[a,b] — R are two continuous functions such that f(a) < a? and f(b) > b?, prove
that there exists ¢ € (a,b) such that f (c) = 2.

(c) Show that the function  f (z) = 22 is not uniformly continuous on R.

(d) Show that the function ¢ (x)=cosz is uniformly continuous on R.
3. Question [24+2+343+3].

(a) Show that if a series Y a,, is convergent, then  lim,_,oc a, = 0.
(b) Give an example of a convergent series which is not absolutely convergent.
(¢) Test the following series for convergence:
1

LY ey
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3. > n"e ™.

4. Question, [34+3+3]

(a) If the function f has an extremum on the open interval (a,b) at the point ¢ € (a,b) and if f is
differentiable at ¢, show that f’(c) = 0.

(b) If the function f satisfies |f (z)| < |#|*, forall z € [~1,1], prove that f is differentiable
at 0 and find f/(0).

(c) Consider the function defined by

z2 if r <1,
f(x)_{ 3r—2 if &>1.

Show that f is continuous on R, but not differentiable at z = 1.
5. Question[3+2]
(a) If f is continuous on [a, b], show that there exists a point ¢ in (a, b) such that
b
[ r@dr=r@o-a.

(b) Give an example of a function f such that |f| € R (a,b) and f ¢ R (a,b).



