
6: Partial derivativesCapter 

Functions of several variables-6.1 

Determine the domain of f and the value of at the indicated points. Q1) 

A)Compute the indicated expression if it is defined: 

1-𝑓(𝑥, 𝑦) = 2𝑥 − 𝑦2;                                          (−2,5); (5, −2); (0, −2) 

2- 𝑓(𝑥, 𝑦) =
𝑦+2

𝑥
;                                                     (3,1); (1,3); (2,0) 

3- 𝑓(𝑢, 𝑣) =
𝑢𝑣

𝑢−2𝑣
;                                                   (2,3);  (−1,4); (0,1) 

4- 𝑓(𝑥, 𝑦, 𝑧) = √25 − 𝑥2 − 𝑦2 − 𝑧2;                 (1, −2,2); (−3,0,2) 

5- 𝑓(𝑥, 𝑦, 𝑧) = 2 + tan 𝑥 + 𝑦 𝑠𝑖𝑛 𝑧;                     (1, −2,2); (−3,0,2) 

 

partial derivatives-26. 

I)Find the partial derivatives of f: 

6)𝑓(𝑥, 𝑦) = arctan (
𝑥

𝑦
) 1)𝑓(𝑥, 𝑦) = 2𝑥4𝑦3 − 𝑥𝑦2 + 3𝑦 + 1 

7)𝑓(𝑥, 𝑦) = 𝑥 cos (
𝑥

𝑦
) 2)𝑓(𝑥, 𝑦) = (𝑥3 − 𝑦2)2 

8)𝑓(𝑥, 𝑦) = ln √
𝑥+𝑦

𝑥−𝑦
 3)𝑓(𝑥, 𝑦) =

𝑥

𝑦
−

𝑦

𝑥
 

9)𝑓(𝑥, 𝑦) = √𝑥2 + 𝑦2 4)𝑓(𝑥, 𝑦) = 𝑒𝑥 ln 𝑦 

10)𝑓(𝑥, 𝑦) = (2𝑥 + 𝑦)cos 𝑥 5)𝑓(𝑥, 𝑦) = 𝑥 𝑒𝑦 + 𝑦 sin 𝑥 
II)Find the partial derivatives of f: 

1-𝑓(𝑥, 𝑦, 𝑧) = √4𝑥2 − 𝑦2 sec (𝑥 + 𝑧)    

2- 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2𝑒2𝑦 cos 𝑧 ;                                                     

3- 𝑓(𝑥, 𝑦, 𝑧) =
𝑥2−𝑧2

1+sin(3𝑦)
;                                                  

4-𝑓(𝑥, 𝑦, 𝑧) = (𝑦2 + 𝑧2)𝑥 

5- 𝑓(𝑥, 𝑦, 𝑧) = 𝑥 𝑒𝑧 − 𝑦 𝑒𝑥 + 𝑧 𝑒−𝑦;                 
6- 𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧 𝑒𝑥𝑦𝑧 

 

 



III)Verify that 𝑓𝑥𝑦 = 𝑓𝑦𝑥 

1-𝑓(𝑥, 𝑦) = 𝑥𝑦4 − 2𝑥2𝑦3 + 4𝑥2 − 3𝑦 

2- 𝑓(𝑥, 𝑦) =
𝑥2

𝑥+𝑦
 

3- 𝑓(𝑥, 𝑦) = 𝑥3𝑒−2𝑦 + 𝑦−2 cos 𝑥 

4- 𝑓(𝑥, 𝑦) = 𝑦2𝑒𝑥2
+

1

𝑥2𝑦3
 

5- 𝑓(𝑥, 𝑦) = √𝑥2 + 𝑦2 

IV)Solve the following: 

1)if 𝑤 = 3𝑥2𝑦3𝑧 + 2𝑥𝑦4𝑧2 − 𝑦𝑧, Find 𝑤𝑥𝑦𝑧 

2) if 𝑤 = 𝑢4𝑣𝑡2 − 3𝑢𝑣2𝑡3, Find 𝑤𝑡𝑢𝑣 

3)if 𝑣 = 𝑦 𝑙𝑛(𝑥2 + 𝑧4), Find 𝑣𝑧𝑧𝑦 

4)if 𝑤 = sin(𝑥𝑦𝑧), find 
𝜕3𝑤

𝜕𝑧 𝜕𝑦 𝜕𝑥
 

5)if 𝑤 =
𝑥2

𝑦2+𝑧2
, Find 

𝜕3𝑤

𝜕𝑧 𝜕𝑦2  
 

6)if 𝑓(𝑥, 𝑦) = ln √𝑥2 + 𝑦2, show that 
𝜕2𝑓

𝜕𝑥2 +
𝜕2𝑓

𝜕𝑦2 = 0  

7) if 𝑓(𝑥, 𝑦) = 𝑒−𝑥 cos 𝑦 + 𝑒−𝑦 cos 𝑥 show that 
𝜕2𝑓

𝜕𝑥2 +
𝜕2𝑓

𝜕𝑦2 = 0 

8) if 𝑤 = cos(𝑥 − 𝑦) + ln(𝑥 + 𝑦), show that 
𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
= 0 

9)if𝑤 = (𝑦 − 2𝑥)3 − √𝑦 − 2𝑥, show that 𝑤𝑥𝑥 − 4𝑤𝑦𝑦 = 0 

10)if 𝑢(𝑥, 𝑦) = 𝑥2 − 𝑦2, 𝑣(𝑥, 𝑦) = 2𝑥𝑦,  show that 𝑢𝑥 = 𝑣𝑦 and 𝑢𝑦 = −𝑣𝑥 

11)if 𝑢(𝑥, 𝑦) =
𝑦

𝑥2+𝑦2
, 𝑣(𝑥, 𝑦) =

𝑥

𝑥2+𝑦2
, show that  𝑢𝑥 = 𝑣𝑦 and 𝑢𝑦 = −𝑣𝑥   

 

 

 

 

 

 

 

 



Chain Rules-6.3 

I)Solve: 

1)𝑤 = 𝑢 sin 𝑣 ,   𝑢 = 𝑥2 + 𝑦2 , 𝑣 = 𝑥𝑦. Find 
𝜕𝑤

𝜕𝑥
 ,   

𝜕𝑤

𝜕𝑦
 

2) 𝑤 = 𝑢 𝑣 + 𝑣2  ,   𝑢 = 𝑥 sin 𝑦 , 𝑣 = 𝑦 sin 𝑥. Find 
𝜕𝑤

𝜕𝑥
 ,   

𝜕𝑤

𝜕𝑦
 

3) 𝑤 = 𝑢2 + 2𝑢𝑣 , 𝑢 = 𝑟 ln 𝑠 , 𝑣 = 2 𝑟 + 𝑠. Find 
𝜕𝑤

𝜕𝑟
 ,   

𝜕𝑤

𝜕𝑠
 

4) 𝑤 = 𝑒𝑡𝑣  , 𝑡 = 𝑟 + 𝑠,   𝑣 = 𝑟𝑠. Find 
𝜕𝑤

𝜕𝑟
 ,   

𝜕𝑤

𝜕𝑠
 

5)𝑧 = 𝑟3 + 𝑠 + 𝑣2 ,    𝑟 = 𝑥𝑒𝑦 ,   𝑠 = 𝑦𝑒𝑥 ,    𝑣 = 𝑥2𝑦. Find 
𝜕𝑧

𝜕𝑥
,

𝜕𝑧

𝜕𝑦
 

6)𝑧 = 𝑝𝑞 + 𝑞𝑤,    𝑝 = 2𝑥 − 𝑦, 𝑞 = 𝑥 − 2𝑦,    𝑤 = −2𝑥 + 2𝑦. Find  
𝜕𝑧

𝜕𝑥
,   

𝜕𝑧

𝜕𝑦
 

7)𝑟 = 𝑥 ln 𝑦,     𝑥 = 3𝑢 + 𝑣𝑡,    𝑦 = 𝑢𝑣𝑡. Find 
𝜕𝑟

𝜕𝑢
,

𝜕𝑟

𝜕𝑣
 ,

𝜕𝑟

𝜕𝑡
 

8) 𝑟 = 𝑤2 cos 𝑧 , 𝑤 = 𝑢2𝑣𝑡, 𝑧 = 𝑢𝑡2. Find 
𝜕𝑟

𝜕𝑢
,

𝜕𝑟

𝜕𝑣
 ,

𝜕𝑟

𝜕𝑡
 

9)𝑝 = 𝑢2 + 3𝑣2 − 4𝑤2,   𝑢 = 𝑥 − 3𝑦 + 2𝑟 − 𝑠,   𝑣 = 2𝑥 + 𝑦 − 𝑟 + 2𝑠,        𝑤 =

−𝑥 + 2𝑦 + 𝑟 + 𝑠.  Find 
𝜕𝑝

𝜕𝑟
 

10)𝑠 = 𝑡𝑟 + 𝑢𝑒𝑣 ,   𝑡 = 𝑥𝑦2𝑧,   𝑟 = 𝑥2𝑦𝑧,   𝑢 = 𝑥𝑦𝑧2, 𝑣 = 𝑥𝑦𝑧. Find 
𝜕𝑠

𝜕𝑧
  

11)𝑤 = 𝑥3 − 𝑦3,   𝑥 =
1

𝑡+1
, 𝑦 =

𝑡

𝑡+1
 . Find 

𝑑𝑤

𝑑𝑡
 

12)𝑤 = ln(𝑢 + 𝑣),     𝑢 = 𝑒−2𝑡 ,    𝑣 = 𝑡3 − 𝑡2.  𝐹𝑖𝑛𝑑  
𝑑𝑤

𝑑𝑡
 

Implicit differentiation-46. 

I)If 𝑦 = 𝑓(𝑥), find  𝑦′ 

1) 2𝑥3 + 𝑦𝑥2 + 𝑦3 = 1 

2) 𝑥4 + 2𝑥2𝑦2 − 3𝑥𝑦3 + 2𝑥 = 0 

3)6𝑥 + √𝑥𝑦 = 3𝑦 − 4 

4)𝑥
2

3 + 𝑦
2

3 = 4 

II)If 𝑧 = 𝑓(𝑥, 𝑦), find  
𝜕𝑧

𝜕𝑥
 and 

𝜕𝑧

𝜕𝑦
 

1)2𝑥𝑧3 − 3𝑦𝑧2 + 𝑥2𝑦2 + 4𝑧 = 0 

2)𝑥𝑧2 + 2𝑥2𝑦 − 4𝑦2𝑧 + 3𝑦 − 2 = 0 

3)𝑥𝑒𝑦𝑧 − 2𝑦𝑒𝑥𝑧 + 3𝑧𝑒𝑥𝑦 = 1 

4)𝑦𝑥2 + 𝑧2 + 𝑐𝑜𝑠(𝑥𝑦𝑧) = 4 



III) if 𝑤 = 𝑓(𝑥, 𝑦), 𝑥 = 𝑟 cos 𝜃,  𝑦 = 𝑟 sin 𝜃, show that  

(
𝜕𝑤

𝜕𝑥
)

2
+ (

𝜕𝑤

𝜕𝑦
)

2
= (

𝜕𝑤

𝜕𝑟
)

2
+

1

𝑟2 (
𝜕𝑤

𝜕𝜃
)

2
. 

Iv)if 𝑣 = 𝑓(𝑥 − 𝑎𝑡) + 𝑔(𝑥 + 𝑎𝑡), show that   
𝜕2𝑣

𝜕𝑡2
= 𝑎2  

𝜕2𝑦

𝜕𝑥2
 

V)if 𝑤 = cos(𝑥 + 𝑦) + cos(𝑥 − 𝑦), show that 𝑤𝑥𝑥 = 𝑤𝑦𝑦 

 

 

 

 

 

 

 

 

 

 


