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Exercises 1

Q1: A fair coin is tossed four times, and the sequence of heads and tails is observed.
(a) List each of the 16 sequences in the sample space S
(b) Let events A, B, C, and D be given by A = {at least 3 heads}, B = {at most 2 heads}, C = {heads on the
third toss}, and D = {1 head and 3 tails}

. : . 1 . ,
If the probability set function assigns g to each outcome in the sample space, find

() P(A),
(i) P(ANB),

(i)  P(B),
(iv) P(ANC), HW
(v)  P(D),

(vij P(AUC) HW
(vii) P(BND).HW

Q2: IfP(A) = 0.4, P(B) = 0.5, and P(ANB) = 0.3, Find a. P(A U B), b. P(A N B"), and c. P(A' U BY).
Q3: Given that P(A U B) = 0.76 and P(A U B') = 0.87, find P(A). H.W

Q4: A survey is made to determine the number of households having electric appliances in a certain city. It
is found that 75% have radios (R), 65% have irons (1), 55% have electric toasters (T), 50% have (IR), 40%
have (RT), 30% have (IT), and 20% have all three.

1) Find the probability that a household has at least one of these appliances (P(RUIUT)).

2) Find P(R°UT®).

Q5: Let A and B be independent events with P(A) = 0.7 and P(B) = 0.2.
Compute (a) P(A n B), (b) P(AU B), and (c) P(A" U B).

Q6: Let P(A) = 0.3 and P(B) = 0.6.
a. Find P(A U B) when A and B are independent.
b. Find P(A | B) when A and B are mutually exclusive.

Q7: Bowl B1 contains two white chips, bowl B2 contains two red chips, bowl B3 contains two white and
two red chips, and bowl B4 contains three white chips and one red chip. The probabilities of selecting bowl
B1,B2,B3,or B4 are 1/2,1/4,1/8, and 1/8, respectively. A bowl is selected using these probabilities and a
chip is then drawn at random. Find

(a) P(W), the probability of drawing a white chip.

(b) P(B1 |W), the conditional probability that bowl B1 had been selected, given that a white chip was
drawn.

Q8: Find the mean and variance for the following discrete distributions:
Of)=2 , x=123

(a) f(x) = . x=5,10,15,20,25 H.W

ml»—tml

Q9: Given E(X + 4) = 10 and E[(X + 4)?] = 116, determine
(a) Var(X + 4), (b) ¢ =E(X), and (c) 6®=Var(X).
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Q10: If the mean and the variance of a binomial distribution are 10 and 5 respectively, then :
1) Determine the probability mass function.

2) Calculate the probability P(X = 0), P(X=1) and P(X = 2).

3) Calculate the probability P(X = 0).

Q11: H.W Suppose that the probability that a person dies when he or she contracts a certain disease is 0.4.
A sample of 10 persons who contracted this disease is randomly chosen. Find the following

1) The probability that exactly 4 persons will die among this sample.

2) The probability that less than 3 persons will die among this sample.

3) The probability that more than 8 persons will die among this sample.

4) The expected number of persons who will die in this sample.

5) The variance of the number of persons who will die in this sample.

Q12: Let X have a Poisson distribution with a mean of 4. Find
(@) P(2£X<5).
(b) P(X23). HW

Q13: Suppose that the probability of suffering a side effect from a certain flu vaccine is 0.005. If 1000
persons are inoculated, find the approximate probability that:

(a) At most 1 person suffers.

(b) 4, 5, or 6 persons suffer. HW

SOLUTION
n = 1000

p=0.005
A= p=mnp=1000(0.005) =5
(a) Evaluate the fornmla of Poisson probability at k=0, 1:
5“('_?’

P(X =0) = 25— = ¢ = 0.0067

1g—5

1!

5

PX=1)= = 5¢5 = 0.0337

Use the addition rule for mutually exclusive events:
PIX<1)=P(X=0)+P(X=1)

= 0.0067 + 0.0337
= 0.0404
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Exercises 2

Q1: Let X be a continuous random variable on the interval (0, 1) with density function
f(z) = 3z, for0< <1
JVET=9 0, elsewhere,

Find the cumulative function F of X..

Q2: The proportion of time per day that all checkout counters in a supermarket are busy follows a
distribution

e kr*(l—x)?, for0<xr<1
fz) = { 0, elsewhere.

What is the value of the constant k so that f(x) is a valid probability density function ?

Q3: For each of the following functions:

3

() f{x) =% ,0<x<c , (b)f(x)=13—6x2 ,—c<x<c HW
0 find the constant c so that f (x) is a pdf of a random variable X,

(i) find the cdf, F(x) = P(X £x),

(iii) find pand o2

Q4: Let f(x) = % , =1 <x <1 ,be the pdf of X. Find the mean and variance of X.

Q5: Let X have an exponential distribution with mean 6 > 0. Show that:
PX>x+y|X>x) =PX>y)

Q6: Let X1,X2,X3,X4,X5 are independent and identically distribution exponential random variables with the
parameter A. Compute P{min(X1,X2,X3,X4,X5) < a}

Maximum and minimum of independent random variables

* Let the random variables X|,..., X, be totally independent
+ Denote: X™min := min{X,,..., X, }. Then

PLX™ 5 3 = P{X; > x,..., X, > X}
= P{X|>x}---P{X, >x}
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Exercises 3 - chapter 2

Discrete
Q1: For each of the following functions, determine the constant c so that f (x, y) satisfies the
conditions of being a joint pmf for two discrete random variables X and Y:

(@) f(x,y) = c(x + 2y) x=1,2 y=123

(b) f(x,y) = c(x+y) x=123 y=1,...,x

Q2: Let the joint pmf of X and Y be defined by:

X+
fx,y) = 3_2y x=12 y=123,4

(a) Find fx(x), the marginal pmf of X.

(b) Find fy(v), the marginal pmf of Y.

(c) Find P(X >Y).

(d) Find P(Y = 2X).

(e) Find P(X+Y =3).

(f) Find P(X<3-Y).

(g) Are X and Y independent or dependent? Why or why not?
(h) Find the means and the variances of X and Y, cov(x,y).

(i) Find P(1<Y<3|X=1),P(Y<L2|X=2),and P(X=2|Y=3).
(j) Find E(Y [X=1) and Var(Y |X = 1).

Q3: HW
Suppose that X, and X, are discrete random variables with joint pmf of the form
S(xy, %) = elx, + x3) x,=0,1,2; x,=01,2
and zero otherwise. Find the constant c.
Q4:

if X and Y are discrete random variables with joint pmf

x+y

x=012..;y=012 ...,

Six,y)=¢

xlyl

and zero otherwise.
(a) Find the constant c.
{b) Find the marginal pdf's of X and Y.
(¢) Are X and Y independent? Why or why not?
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Ql:Let f(x,y) = —xy?, 0<x<2, 0<y<2, bethejoint pdfofXand Y.

(a) Find fyx(x) and fy (y), the marginal probability density functions.
(b) Are the two random variables independent? Why or why not?
(c) Compute the means and variances of X and Y.

(d) Find P(X£Y).

Q2: Let X and Y have the joint pdf f (x, y) = cx(1-y),0<y<1,and 0 <x<1-y.

(a) Determine c.
(b) Compute P(Y <X |X<1/4).
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Exercises 4

QLiLetf(x,y) = —xy? , 0<x<2,0 <y < 2be thejoint pdfofXand Y.

(a) Find fx(x) and fy(y) ,the marginal probability density functions.
(b) Are the two random variables independent? Why or why not?
(c) Compute the means and variances of X and Y. HW

(d) Find P(X <Y ).

Q2: Let X and Y have the joint pdf f(x,y) =x+y ,0<x<1,0<y<1.
(a) Find the marginal pdfs fx(x) and fy(y) .
(b) show that f(x,y) =fx(x)fy(y) .Thus, X and Y are dependent.

Q3:Letf(x,y) = 2e7™*7Y , 0 < x <y < o be the joint pdf of X and Y. Find fx(x) and fy(y), the marginal pdfs
of Xand Y, respectively. Are X and Y independent? HW

Q4:Let X and Y be continuous random variables with a joint pdf of the form
S, ) =kx+y 0<x<y<l
and zero otherwise.
(a) Find k so that f(x, y) is a joint pdf.
(b) Find the marginals, f;(x) and f,(y).

(©) Find the conditional pdf f(y| x).
(d) Find the conditional pdf f(x|y).

STAT415 — Probability(2)




Qy: Fasg): 3 ST SN

2

@ 'tht\-ihx,g) Aﬁ ; j%xﬂl 43 . }_x{‘fy | %xg |

2
LYL:});J.I&,E;) ax —.:J 3xy dx - ,]3_‘.!3‘ [i_‘]: ;%{3‘4; :,55_3‘

® xodY wepmdat < Loy = T foy)
I Y

~J
Rest 2
2y TR

» XY in&e‘oadm{-

T‘xkalo\x=Jx&Ax=-§-} = %f 4

- [oh de [t b L 21,

2\

THE-R 2y -2

I‘Y=J 3- b dy J JPdy- 3 g]z 3

. 3
o g 7
E[x] dys za 2
Jhoty) AL EY et
6:'-2 E[Yt]_.)\;' IZ "(.;.Jz 3
2 'z;

6 2.5),
sl ArE 3
A 48 Y

- Kholowd Rogalim -

0



Q,: Foayg)s X4y SRSl oty gl
: ﬁ"m}J fing) dy ",,J T AL W R

‘;‘Ttﬁ)'j ;(‘;3) - j‘ (“5)_“ =[¥k SXJ: z %'\‘3 kb oy <\

@ (<]
b o) # foly o X, 4 dspendert
(43) 7 (eh)bey)
o XN A‘-P&ltl!ﬂl‘

L. —

Qs‘- #Lmklt'ﬂ ogX Yoo

I‘Mﬂ“l’u&) &‘5 e \rlﬂ-! ¢ fi’j
3 ¥

v 3t [_c-:s]:’
s ZE:’. [o + Q’x]

ok ¥y g

{{tﬁ)-.J Py dx - ja pe e dx

X

: x4
: 2&5 [-P, ]o
22¢8 [-€741]
c et -]
Y wependet <> Fooy = ko)
287 4 2™ 13 [Y)

2% et indepondent. Whelsod Bogedim (2



| o [
Q\{ . ‘[‘{_:,3)=Kb(1'3) ogXg § ¢l e j7433
3 o) dxdy = | or
6 3” Fro) ddy | R
Fnipd
“ k(xxy) dx 35 : |

|
2 X

o oy [ oy dye st ] Lot ma e

3
&(3)‘1 ;(l;j) &X :J Z(X'\'j) lx = 2 [_y.‘_z* by ] 2 2-[(_“_];.1- 51)-(01'0)] : 3 1

. 2 J ) c<,§<\
@ hﬂ\ﬂ 2 1‘:(*:5) ; 2(xxY)

(x) &+ -3¢
F(xlj)s ﬁf"” . 2(xxy)

Hy) 3y

Kholsud Rasodim [3)



Exercises 5

Q1: Letf (x,y) =% ,x2<y <1, 0 <x <1 ,bethejoint pdfof XandY.
() Find P(0 <X<2).

(b) Find P(5 < Y<1).

(c) Find P(X > <Y > ).

(d) Are X and Y independent ? Why or why not?

Q2: Let f(x,y) =§ , 0<x <1, x3 <y <1,zero elsewhere.
(@) Find P(X >Y).

Q3: LetX and Y have the joint pdf f(x,y) =cx(1—-y),0<y<1,0<x<1-y.
(a) Determine c.

(b) Compute P(Y <X |X gi).

Q4: Let f(x,y) =$ ,0<x £10,10—x <y <14 —x , be the joint pdf of Xand Y.
(a) Find fx(x) ,the marginal pdf of X.

(b) Determine h(y | x), the conditional pdf of Y, given that X = x.

(c) Calculate E(Y | x), the conditional mean of Y, given that X = x.

Q5: Letf(x,y) = % , 05y <4 ,y<x <y+ 2, bethejoint pdf of Xand Y.
(a) Find fx(x) ,the marginal pdf of X.

(b) Find fy(y) ,the marginal pdf of Y.

(c) Determine h(y | x), the conditional pdf of Y, given that X = x.

(d) Determine g(x | y), the conditional pdf of X, given that Y = y.

(e) Compute E(Y | x), the conditional mean of Y, given that X = x.

(f) Compute E(X | y), the conditional mean of X, given that Y =y
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Exercises 6

Q1: Let X be a random variable with pdf f(x) = 4x3 if 0 < x < 1 and zero otherwise . Use the
cumulative (CDF) technique to determine the pdf of the following random variable :

(a) Y = x*
(b) W = eX
(c)Z=1nX

Q2: Let X be a random variable that is uniformly distributed , X~UNIF(0,1). Use the CDF
technique to determine the pdf of the following:

@Y=x:
(b)W = e X (H.W)
(c)Z=1-¢%

Q3: The pdfof Xis f(x) =0x%71 ,0<x<1,0<6 <oo.LetY =—280InX .Usethe
cumulative (CDF) technique to determine the pdf of Y ? (H.W)

Q4: Let X have a logistic distribution with pdf
e—x
Show that
1

TT1teX
has a U(0, 1) distribution. (Use the CDF technique)
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Exercises 7

Q1: Let X have the pdf f(x) = 4x3,0 < x < 1.Find the pdf of Y = X?. (Use direct transformation method)

x2
Q2: Let X have the pdf f(x) = xe” 2z ,0 < x < . Find the pdf of Y = X2 . (Use direct transformation
method)

Q3: Let X have a gamma distribution witha = 3and f = % Determine the pdfof Y = VX .
(Use direct transformation method)

Q4: Rework (Question 1 in Exercise 6) using transformation methods (direct transformation method) H.W
Q5: Rework (Question 2 in Exercise 6) using transformation methods (direct transformation method) H.W

Q6: Let X; , X, denote two independent random variables, each with a xfz) distribution.

Find the joint pdf of Y; = X;and Y, = X; + X, . Note that the supportofY;, ¥,is0 < y; <y, < oo.
Also, find the marginal pdf of each of Y; and V5.
AreY; and ¥, independent?

Q7: Let X; and X, be independent random variables, each with pdf
fx)y=e* , 0<x<o
Find the joint pdfof ¥; = X; — X, and Y, = X; + X,.

Q8: Let X and Y have joint pdf f(x,y) = 4e 2¢*¥) |0 < x < o ,0 < y < o0, and zero otherwise. Find the joint
pdfofU = X/YandV = X.

Q9: Suppose that X; and X, are independent gamma variables,

1
f(xl,xz]=mx‘t'lx’i'18"”‘ 0<x; <

Find the joint pdfof ¥; =X, + X, and ¥, = - HW
1 2
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Exercises 8

Q1:Let X4, X, X3,Xy, X5 be arandom sample of size 5 from a geometric distribution with p = z

>
(a) Find the Moment-generating function (MGF) of Y = X; + X, + X35 + X, + X;.
(b) How is Y distributed?

Q2:Let X;,X,, X3 denote a random sample of size 3 from a gamma distribution with & = 7and f§ =
5.

(a) Find the MGF of Y = X + X, + X3.

(b) How is Y distributed?

Q3: LetW =X; + X, + --- ... .... +Xy,, a sum of h mutually independent and identically distributed
exponential random variables with parameter 6 .Show that W has a gamma distribution with
parameters @ = hand = 0, respectively.

Q4: Let X4,X,, ... ....., X1obe a random sample of size n=10 from exponential distribution with
parameter 6 = 2,X;~Exp(8 = 2).

(@) Find the MGF of Y = Y%, X;.

(b) What is the pdf of Y?

Q5:Let X, X,, X3 be mutually independent random variables with Poisson distributions having means
2, 1,and 4, respectively.

(a) Find the MGF of the sum Y = X; + X, + X3.

(b) How is Y distributed?

Q6:Generalize Q5 by showing that the sum of n independent Poisson random variables with
respective means U 1, 4 2,..., 4 nis Poisson with mean p; + g, + . +p, HW

Markov’s inequality
If X is a random variable that takes only nonnegative values, then, for any value
a = 0, E[X]

P{X = a} =
a

Q7: Let X, X5, ... .. , X, be independent Poisson random variables with mean 1.

Use the Markov inequality to obtain a bound on P(Zizzoo Xi = 15) .

Q8: Let X be a Poisson random variable with mean 20. Use the Markov inequality to obtain a bound on
P(X = 26).HW

Q9 : Suppose that it is known that the number of items produced in factory during a week is a random
variable with mean 50. Give an upper bound on the probability that this week’s production will be
more than or equal 75 ?
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function, p(x) function, M) Mean Variance
Binomial with (2) pE(l — pyn—= ipe' +1 — p)" np np(l — p)
parameters n, p: )
0l=p=1 x=01,....n

A

Poisson with et — exp{iie’ — 1)} i )
parameter 4 = () *

r=01.2,...

L . el 1 1 —
Geometric with p(l — py? + — 2‘”
parameter - - p)e 4 P
0l=p=1 x=12....

1 e ’ (1 )

- f— r r —_—
Negative (': l)p’{l — pinT |:+:| — —jp
binomial with —d=pe] p p-
parameters r, p;

D=p=1 n=r.r+1,...
Moment
generating
Probability mass function, f(x) function, M(t) Mean Variance
1
<x<b el _ pla b b — a)?
Uniform over (a, b) fxi=3b —a = _ at ¢ a)
. tih — a) 2 12
0 otherwise

o e x =10 x 1 1

Exponemlzfl\»lth fix)= 0 ‘<0 — - =z
parameter 4 = 0
re~H () -0 s

Gamma with parameters fix)= IC(s) = ( “ ) i ij

R A — 1 A A=
(s.2).% =0 0 x <0
Normal with parameters fix)= et oy < exp { il + o’ I ol
(,02) U VIno ) ' 2
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Exercises 9

Chapter 4 « Chebyshev’s inequality
Probability inequalities ®
i ; V(X)
P(X —E(X)| > a) < —=
& 4
V(X
P(X —E(X)| < a) > 1 — L2
n-

One-Sided Chebyshev

~

PX>pu+a) < ,0—,
e A0~
o2
PX<p—a) £ ——
Xsp—a) = —7

Q1:If X is a random variable with mean 33 and variance 16, use Chebyshev’s inequality to find :
(a) Alower bound for P(23 < X < 43).
(b) An upper bound for P(|X — 33| = 14).

Q2:If E(X) = 17 and E(X?) = 298, use ChebysheV’s inequality to determine
(a) Alower bound for P(10 < X < 24).
(b) An upper bound for P(|JX — 17| = 16).

Q3:Let X be a Poisson random variable with mean 20. Use the _Chebyshev inequality to obtain
an upper bound on P(X = 26 ).

Q4: If the number of items produced in factory during a week is random variable with mean 100
and variance 400 ,use Chebyshev inequality compute an upper bound on the probability that
this week’s production will be at least 120 . H.W

STAT415 — Probability(2)
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Order Statistics*

finy (x) = nf(x)F(x)"""

Density of the minimum

fluy(x) = nf(x)(1 — F(x))"™}

Density of the kth Order Statistic

fiy(x) = nf(x) (: : 1) F(x)"*l(l - F(x))”*"

Cumulative Distribution of the min and max

Fuy(x) =1 — (1 — F(x))"

F(n)(x) = F(X)n

Q5: Let Yy < Yz < Y3y < Y4 < Y5 be the order statistics of five independent observations

from an exponential distribution that has a mean of 6 = 3.
(@) Find the pdf of the sample median Y.

(b) Compute the probability that Y,y is less than 5.
(c) Determine P(1 < Y(y)).

Q6:Let Y1) < Yoy < v e et < Yqqybe the order statistics of n = 19 independent
observations from the exponential distribution with mean 6. What is the pdf of Y;y? HW

Q7: Consider a random sample of size n from a distribution with pdf f(x) = xiz if1<x<o;

zero otherwise .
(a) Find the pdf of the smallest order statistic, Yy,

(b) Find the pdf of the largest order statistic, Y,

Q8:LetY() < Yz < Yy < Yu) < Y5 < Y6 be the order statistics associated with n =
6 independent observations each from the distribution with probability density function:
1
f@) =5x
for 0 < x < 2. What is the probability density function of the first, fourth, and sixth order
statistics? HW

Answer:

- y2 ? ()—1_5 7 ]__i ’ ] 9 3
a1(y) =3y 1‘1 L D<y<?, 94y —32y 4 U<y<4 gﬂ(y]=myll D<y<
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