Chapter 7: Multivariate Random Variables

Q1) The joint probability function of two discrete random variables X and Y is given
by f(x,y) = cxy forx =1,2,3 and y = 1,2, 3 and equals zero otherwise. Find:

a. The constant c.
b. P(X=2,Y =3).
c. P(1 <X <2Y <2).
d P(X = 2).
e. P(Y < 2).
f. PX =1).
g. P(Y = 3).
Solution :

fl,y)=cxy ;x=123;y=123

a) Weknow that ., %, f(x,y) =1
io1 i fxuy) =1
C+20+3C+2C+4C+6C+3C+6C+9C=1 = c==+

36
Or 6C+12C+18C=1 = C=§

flx,y) = %xy ;x=1,23;y=123

X L2 3 fr) =2 f(x,y)
Y
1 1c| 2c | 3C 6C
2 2C | 4C | 6C 12C
3 3¢ | 6C | 9C 18C
fx(x) =%, f(x,¥) | 6C | 12C | 18C 1

6 1

36

) P1<X<2 ,Y<2) ix=12 ,y=12
PA<X<2 ,Y<2)=P(X=1Y=1D+PX=1Y=2)

+P(X=2Y=1D+PX=2Y=2)

=fAD+f(12) + f(21) + f(2,2)

b) P(X=2,Y=3)=f(23)=6C =

6

_ ! [1+2+2+4]= 7
36 36
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d) PX 22) ; x=23

12 18 30
P(X = Z)fo(2)+fx(3)=% —=—

36 36
e) P(Y <2) ;y=1

6
P(Y <2) =f()=g-==
D PX =D=f(1)=%=1¢
9 PV = 3)=f,(3) =3

Q2) For the random variables of Problem 1, find the marginal probability function of
X and Y. Determine whether X and Y are independent.

Solution :
Marginal dis of X :

X x1=1 | x,=2 | x3=3 | total
6/36 12/36 18/36 1
0 =PX=1=) f
@ =px=0= fen | e | Dl | S
Marginal dis of Y :
y yi1=1 Y2 =2 y3; =3 total
fry) 6/36 12/36 18/36 1
Are X and Y independent ?

If fxy(e,y) =fx(x) fr(y) VX =123 ;y=123
Then X and Y are independent. But if there some values of (x) and (y) which make
that fyy(x,v) # fx(x) fy(y) then X and Y are not independent .

In this example, we have :

LD = f(DfQ) = %: (%) (%)

f2) = W 2) = % _ ( % ) (g)

(33) = kOB > == (32) (50)
FG33) =By 36 \36/\36
Soas f(x,y) = fx(X)fy(y) Vx=1,2,3 ;y =1,2,3, then X and Y are independent.
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Q3) For the distribution of Problem 1, find the conditional probability function of X
given Y, Y given X.

Solution :
Distribution of X|Y: fyy(x) =

fxy) . _
L :x=1,2,3

ICRVICRY

fY=1: fyy=1 ()=

fy(D) 6/36
X x1=1 Xy =2 x3=3 total
1,1 2,1
FAD 7D |5 ;
6/36 6/36 6/36 =z
fty=1 @) _1pe | 236 2| P 1
6/36 6/36 6
=1/6 =1/3
—9. _f(x2) _ f(x,2)
Y =2: fr= ()= fy(2 ~ 12/36
X x1=1 Xy = 2 x3 =3 total
f(1, 2) f(2, 2) f@3, 2)
12/36 12/36 12/36
ftv=2 ) _ 2/36 _ 4/36 _ 6/36 1
12/36 12/36 12/36
=1/6 =2/6 =3/6
_q. _f&3) _ fx.3)
MY=3: fuy=2(¥)= fy(3 ~ 18/36
X x1=1 Xy =2 x3 =3 total
f@,3) f2,3) @3, 3)
18/36 18/36 18/36
friv=s @) _ 3/36 _ 6/36 _9/36 I
18/36 18/36 18/36
=1/6 =2/6 =3/6

Foy)  fxOfy®) _x
Lo = o Jx® =g

Note: Since X and Y are independent so fyy (x) =
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fxy) . -
e Y= 123

Distribution of Y|X: fy x(y) =

ray) _ @y

If X=1: fY|X=1(y) =

fx(1) 6/36
y y1=1 y2 =2 y3 =3 total
f@a, n fQ, 2) f(@, 3)
6/36 6/36 6/36
frix=1() _ 1/36 _ 2/36 _ 3/36 1
6/36 6/36 6/36
=1/6 =2/6 =3/6
. _fQy) _ @y
If X=2: fY|X=2(y) =@  12/36
y y, =1 Y, =2 y3 =3 total
f@2, 1 f(@2,2) f(@2, 3)
12/36 12/36 12/36
frx=2) _ 2/36 _ 4/36 _ 6/36 1
12/36 12/36 12/36
=2/12 =4/12 =6/12
_3. _ Gy _ G
If X=3: fY|X=3(J’) = 7x(3)  18/36
y y, =1 Y, =2 y3 =3 total
f@B, 1D f@3,2) f(@3, 3)
18/36 18/36 18/36
fox=2) _ 2/36 _ 4/36 _ 6/36 1
18/36 18/36 18/36
=3/18 =6/18 =9/18
Note: Since X and Y are independent so fyx(y) = fxy) _ fx®Ofr») _ fr(y) = y
' YiX fx(x) fx(x) Y 6

Q4) Let X and Y be continuous random variables having joint density function

0<x<1,
otherwise

c(x? +y?) 0<y<1

fay = {6

Determine:
a. The constant c.

b.P(X<§,Y>§)
c. PG<X<%).

Bayan Almukhlif il ol | 4



d. P(Y <§)

e. Whether X and Y are independent.

Solution :
flx,y) =C(x*+y?), 0<x<1, 0<y<1
a) We know that -U(x,y)EC flx,y)dxdy =1

[ r1
ffC(x2+y2)dxdy=1 = Cf U (x2+y2)dxldy=1
0 J0 0 0
10,3
= Cf l—+xy2
o3

1

1 1 3]
dy:lﬁCf (—-I—yz)zlﬁ C—y+— =1
. . \3 3

3
C[1+1] 1 C >
= — —| = —1 = —
3 3 2

0

b)
3 1 1/2 3 (1 [x3 1/2
P<X<—,Y> =—j U (x2+y2)dxldy=—j [—+xyzl dy
2 Ji21J0 2 )13 0
3 (11 1 3[y vy 371 1y /1 1\ 1
_2 2 _ B | el W Tl | I
~2 f1/2<24+2y )dy 2|22 " 6L 2[(24+6) (48+48)] 4
2
¢)

3 3

3 (Y rz 3 (1[x3 4
=—f f (x% + yHdx|dy = —f — +xy?| dy

2 Jy |1 2Jo |3 1

4 4

R CEERERE Y JEH)

=2 ), \ea™27) "\t 727 )| ¥ = o)

2 9% 2
37113

L1 ] (13 1) 29
~ 2196”7 y

96 6/ 64
d)

3 (3f [t 3 (2]« !
= =—j U (x2+y2)dxldy=—f I—+xyzl dy
2 J, 1y 2, |3 .
1
3 (Y211 3[y y312 31 1 5
= — — 2 = —|— P — = — |- —_— = —
_zjo <3+y)dy 2[ " 2[6+24] 16

3 3],

e) XandY are independent if satisfy :

D floy) =G0 Vxy.
2) the ranges of X and Y are independent

Bayan Almukhlif

aldall gla | 5



In this example , we can see that
flx,y) # fx(X)fy(y) ~ XandY are not independent.

1

3,1 3 [x3 3/1 1 3
KO =3 @ +y)dx =35+’ =3 (5+y?) =5+ 3y
3 1 3 51l 3 1 3 1
frG) =2 [o@? + yDdy =3[ty + 5| =3 (37 +3) =307 +3
3 1\ /3 1 9 3 3 1
(22 V(22 V=2 220224224 =
fx(x)fy(y)—(zx +2) (zy +2) XYty A # fx,y)

Q5) For the random variables of Problem 4, find the marginal probability function of
XandY.

Solution :
Marginal distribution of X : f(x) = [ 01 f(x,y)dy

_3 1 2 2 _3 2 y31_3 2 _3 2 1
fo0 =3 G2 +yDdy =3[y + 5] = 5] = a0 43

3 1
.-.fX(x)=§x2+E ;0<x<1

Marginal distribution of Y : f(y) = [ 01 f(x,y)dx

1

3 (1, 5 2 _ 33 2 _3/(1 2 _3.2,1
fO) =3 0+ yDdx =5 [T+ 07 =3(G+07) =52 +3

3,1
-'-fy(y)=§y to 0<y<l1

Q6) For the distribution of Problem 4, find the conditional probability function of X
given Y, Y given X.

Solution :
Conditional distribution X|Y:

3 3
f(x,y) _7(x2+y2) _§(x2+y2) _x?+y?

f(Y)_§2 l_§21_21
! ity 3(P+3) vt

fX|Y=y (x) =

for 0 < x < 1wher 0 <y <1 fixed value .
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Conditional distribution Y|X:

3 3
fery) G +y% :j(xz +y%)  x?+y?

f(x)_§21 221_21
X J¥ty (¥ g) x4

fY|X=x (y) =

for 0 <y < 1wher 0<x <1 fixed value .

xX+y 0<x<1,0<y<1
0 otherwise

Q7) Let f(x,y) = {

Find the conditional probability function of X given Y, Y given X.

Solution : HW
f,y)=x+y ;0<x<1,0<y<1

1
Marginal pdf of X : f(x) = folf(x, y)dy = fol(x + y)dy = [xy + y?z]o =x +%

Marginal pdfof Y : f(y) =y + %

Conditional distribution X|Y:

fOoy) _x+y 2(x+y)
) 4L @+
2

leYzy(x) =

Conditional distribution Y|X:

feoy) _x+y 2(x+y)
IE{CI N +% (2x+1)

fy|X=x ) =

e~ x>0,y20
0 otherwise

Q8)Let f(x,y) =

be the joint density function of X and Y. Find the conditional probability function of
X given Y, Y given X.

Solution :
Marginal pdf of X : f(x) = foooe‘(x+3’) dy=e*[—e]g =e*[0+1] =7~
Marginal pdf of Y : f(y) = foooe‘(x‘y) dx =e™

_fxy) ey

—x
fr») ey ¢

Conditional distribution X|Y: fyy—y ()

flxy) _ e =¥

Conditional distribution Y|X: fyx=(y) = =——=¢77
fx(0) e~

Bayan Almukhlif il gl | 7



Q9) Let X and Y be random variables having joint density function

2 0<x<1, O<y<2
flny) = {{FFF) " Y

0 otherwise
Find:

a. The constant c.
1 3
b. P(x>2y <)
c. The (marginal) density function of X.
d. The (marginal) density function of Y.

Solution : H.W

Q10) The joint probability function for the random variables X and Y is given in
following table, then find:

0 1/18 1/9 1/6
1 1/9 1/18 1/9
2 1/6 1/6 1/18

a. The marginal probability functions of X and Y.
b. PA <X <3Y =1).
c. Determine whether X and Y are independent.

Solution : HW
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QI1) Let X and Y be random variables having joint density function
_(x+y 0<x<1, 0<y<1
feey) = { 0 otherwise
Find: a. Var(X). b. Var(Y). c¢.0x. d.O0y. e. Oxy. f.P.
Solution :
f@) = [y faydy = [{c+dy =[xy +2] =x+2
0 'y y 0 y y y 2 0 2

f(x)=x+% ,0<x <1

1
f)=y+; ,0<y<1

a, b)
1 1 1
E(X) = dx = —d
X) ]Oxf(x)x ]Ox(x+2>x
Lo« 21, 11 7
= J;) (X +§) dx=[?+1x 10=§+Z=E
E(Y)—]l F)dy = —
= Oy Yy =5
1 1 1
EX?) = | x*f(x)dx = | x* 5)d
()fo(x)x Lx(x+2)x
. 2 4 6] 4 6 12
E(Y?) = flyz fdy = >
o 12
5 7\2 11
var(0) = ) - [EQOF = = - (=) =
11
var(Y) =E(Y?) - [E(V)]* = Taa
c,d)

ox =Jvar(X) =/11/144 = 0.2764

oy = Jvar(Y) =,/11/144 = 0.2764

e) oxy = cov(x,y) = E(XY) —E(X)E(Y)
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1 1 13 %2 1
E(XY)=f jxy(x+y)dxdy =j [—y+—yzl dy
0o Jo 013 2 0
1 1 y2 y2 y3 1 1 1 2
—fo <§y+7>dy —[Z+zlo—g+g—g

@ = (1) (55) =12
covny) =g \12)\12) = " 142

cov(x,y) _ —1/144 -1_
JvarGovar(y) \/(3)(1) =4 = —0.091

144/\144

f) p=cor(x,y) =

(Weak negative correlation)
Q12) The joint density function is

—(x+y) >0.v>0
_fe x>0,y =
X, V) =
fxy) {0 otherwise

Find: a. Var(X).  b. Var(Y). c.0x. d.9. e .Oxy. fP.

Solution : H.W

Q13) Find a. The covariance. b. The correlation coefficient of two random variables X
andY. If E(X) =2, E(Y) =3, E(XY) =10, E(X?) =9, E(Y?) = 16.

Solution :
a) cov(x,y) =EXY)—EMX)E(Y)=10—-(2)(3) =4
b) var(x) =E(x?) —[E(x)]?=9-22=5

var(y) = E(y*) = [E()]* =16 - 3% =7

_ cov(x,y) _ 4 _ 4 _ .. .
p = FaGearG) — J®0 -~ V5 0.676123 (Moderate positive correlation)

Q14) The correlation coefficient of two random variables X and Y is (-1/4) while their
variances are 3 and 5. Find the covariance.

Solution : HW

1
p==7 ;var(x) = 3,var(y) =5

» = cor(x,y) = cov(x,y)
\/ var(x)var(y)
—1— M = —1 15 = cov(x,y) = cov(x,y) = —0.9682

(Strong negative correlation)
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Q15) The joint probability function of two discrete random variables X and Y is

given by f(x,y) = c¢(2x + y), where x and y can assume all integers such that

0<x<1 0<y<3 ,and f(x,y) = 0 otherwise. Find:
a. The value of the constant c.

b. PX=2Y=1)

c. PX=1Y<2)
Solution : H.W

fx,y)=c@x+y) ;x=01; y=0,1,23

a) Yoo Xj—of(xuy) =1

1
6c+14c=1 > 206=1z>c=%

0|1 fr)
y
0 0 | 2c 2c
1 C 3c 4c
2 2c | 4c 6¢
3 3c| Sc 8¢
fx(x) |6¢| l4c 1

BP(X=2Y=1)=0
OPX>1Y<2)=P(X=1Y=0+PX=1Y=1)+PX=1Y=

2)

! 2+3+4)= i
=20 =

20

Q16) For the Problem 15, find a. E(X). b. E(Y). c. E(XY). d. E(X?). e. E(Y?). f.
Var(X). g. Var(Y). h. Cov(X,Y). i. P.

Solution :
1

E(X)=fo(x)=%[0*6+1*l4]

x=0

1

E(XZ):Zfo(x):%[0*6-{-1*14]:_

x=0

V(X)) =EX?) - [EX)]

7

2 —

=10

(

7
10

)

2

20

14
20

21
100

10

10
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Calia) b | 11



3
1 40
E(Y) = E V) =-=[0%2+1%4+2%6+3%8]=——=2
. 20 20
y:

° 1 100
E(r) =) v f0) =550+ 2+ 15 4+4x64948] =—-=5
20 20
y=0
V(Y) = E(Y?) — [EQ)P =5-(2)? = 1
3 1
E(XY) = —1113124135—26—13
AN =D D yxfry) =5 (14153 +1%25441x3+5) =2 ==

y=0x=0

13 /7
Gy = cov(x,y) = E(XY) — ECOE(Y) = — — (E) 2) = —0.1

10
cov(x, —-0.1
= &y = —0.2182
\/var(x)var(y) \/E ‘1
100

weak negative correlation.

Q17) The joint density function of X and Y is given by

_Bxy 0<x<1,05y<x
fly) _{ 0 otherwise

The marginal density of X.
The marginal density of Y.
The conditional density of X.
The conditional density of Y.

/e o o

Solution :
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a) fx(x) = [, fCxy)dy

x yzx x2
=8f xydy=8x[71 =8xl7l:4x3 for 0<x<1
0 0

b) fr®) = [, fGxy)dx
211

L x

=8yfxdx=8y - = 4y[1 —y?] = 4y — 4y3
Y y
fr) =4y -y>) for0<y<1

fxy) _ 8xy _  2xy __ 2x
fy(y)  4(y-y®  y(a-y?) 1-y2

c¢) Conditional distribution X|Y: fyy=, (x) =
for y<x <1wher0<y<1fixed value.
. C e fxy) _ 8 2
d) Conditional distribution Y|X: fyx=x(y) = % = % = x—f

for 0 <y <x wher 0 <x <1 fixed value .

Q18) Find the conditional expectation of X given Y and Y given X in Problem 17.

Solution :

1 2 1
EX|Y =y) = f X fypy=y(¥)dx = Tz f x? dx
y Yo ly

2 [x]" 2 1 2 (1—y%)
l ngl—yz(l_y3):§(1—y2)

* 2 ([~ 2 21, 2
EY|X =x) = foyfnx:x(y)dy=x—2f0y dy =x—2§0=§x—2[x] =3 X

Q19) Find the conditional variance of Y given X for Problem 17.

Solution :
var(Y|X) = E(Y?|X) — E(Y|X)?

x?2 2

x2 12 1? 1 22 1
var(Y|X) = = [§x] = <___> x2 2

x 2 (% 2 [y 21 x?
2|X) = 2 = — dy = || =7z K==
E(Y?|X) foy frix=x(y)dy xzfo y dy x2l4L 1z

2 32)* T18*
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e_y

Q20) The joint pdf of (X,Y) is given by f(x,y) == 0<x<y 0<y< oo,

Find E(X),E(Y),V(X),V(Y) and Cov(X,Y).
Solution : HW

E(X) foofy ! Y dxd fool —Y[xzrd fool ~vd
= x—e xdy = —e 7 |=| ay = Sye -ay
o Jo Y o Y 2 0o 2

0

Note: X~ exponential(1) » f(x) = 2e™ x> 0; E(x) = %; V(x) = 1—12

let W =eY~Exp(1) ;EW)=VW)=1
1 1
E(X) = EE(W) = E

['(a+1)

[ee]
a ,—bx —
orusef0 x%e dx = pat ,

I'(a) =(a—1)!
© ry 1 © 9 371V

E(X?) =j f x? —e™¥ dxdy=j —e™V lx—l dy
o Jo y o Y 3

0

_fool ey dy = 2 EW) =2(2) = 2
~ )37 P73 3973
V(X)—z (1)2_5

3 \2/ 12

E(Y) =f f y —e™” dxdyzf e Ydy=1
o Jo Y 0

E(Yz)zfyze‘ydyzz ;o V() =2-1=1
0

E(XY) =f f xy —e Y dx dyzf f xe™ dx dy
o Jo y o Jo

0 x2]” ©1 1r@3) 1
= = =| Sy?eVdy=: =-2h=1
joe [Z]Ody jozye dy =53 =7 @)

cov(x,y) = EQCY) — EQOE(Y) = 1-2(1) =
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Q21) Let (X,Y) have joint density given by
f(x,y) = 24xy ;0<x<1, 0<y<l1l x+y<1

Find:
A. The marginal pdf's.
B. The following expectations:
i.  E(X)and E(X?).
ii.  E(Y)and E(Y?).
iii.  E(XY)and E(X? Y3).
iv.  V(X), V(Y), Cov(X,Y). Do X and Y have a positive or negative relationship?

Solution : HW

R 0

(1.0) |

a) f(0) = [, 24xy dy = 24x [y?]o =12x(1-x)?%;0<x<1

1-y »2117Y )
f» =, 24xydx=24Y[7]0 =12y(1-y)* ;0<y<1

b) Expectations E(X) = ffooo xf(x) dx

1
12x%(1 — x)? dx = f 12x%(1 — 2x + x?) dx
0

1 x3 2x4+x51_12<1 1+1)
N 3 4 50_ 3 2 5

1

E(X) = f

0

E(X 2
: 11—y 2 L Cal
Or you can solve itas E(X) = [ [/ ~24x*ydx dy = [ 24y [3] dy
0
1 1

2 3y3  3y% 511 1 3 1 8 2
=8[V__L+L_y_] =8[——1+———]=—=—
2 3 4 51p 2 4 5 20 5
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1

E(X?) =.f

1
1 x*  2x° x6l
0 0

12x3(1 — x)? dxzf 12x3(1-2x+x?) dx =12 |———+—
, 2 5 6

E(X*) = %

1 2\ 1
V(X) = E(X?) — (E(X))" = = (g) = o= = 0.04
EY)=1; V) =5

2

By similarly, E(Y) =z ;

25
1 01 1 x3 1 1 311
2 y
E(XY) =f f 24 x*y? dx dyzf 24 y? l—l dy = f 8vy?% dy =8[—l
0 0 0 3 0 0 3 0
E(XY)=8
122
cov(x,y) = E(XY) — E(CX)E(Y) = 8 — (g) —7.96
Since cov(x,y) > 0, then X and Y have a positive relationship.
Note:
Negative (indirect) correlation No Relationship Positive (direct) correlation
-1 -018 '0i6 -0:4 -0.12 9 0.12 0..4 0.16 0‘8 1.

i T T
- moderate mild Weak - None mild moderate -

|

| ..

| - . sto1e ‘ P
| -° - g i ..
L
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sz) Let X and Y be two random variables with joint distribution function
—T—Y 1 (
fxy(z,y) = ‘ v (),".y >0 Ll Eﬁw )
0 otherwise
\/ ~ Ezﬁ(‘)(.ﬁ .
Find E(XY), E(X), B(Y) and Cov(X,Y). Using. HSY .
Solution.

We note first that fxy(z,y) = fx () fy(y) so that X and Y are independent.
Thus, the moment generating function is given by

1 1
]\/[(tl,tz) = E(‘3t1X+12Y) = E(GLIX)E(Ct'zY) — .
. 1—t1—t
Thus,
BXY) =~ M) = L _1
a Ota0t, b2 (0,0) - (l - t1)2(1 - t2)2 (0,0) -
bl 1
E(X) = —M(ty,ts) e =1
oty = (0,0) (1 - t1)2(1 - tl) (0,0)
0 1
E(Y)= —M(t,,t = ———— =1
¥) Oty (1, 2) (0,0) (1—=t)(1 —t2)? (0,0)
and

Cov(X,Y) = E(XY) - E(X)E(Y)=0m

Q23) Let X and Y have joint pdf
2
f(x,y)zg(x+4y);0<x<1, 0<y<i1
a. Find the conditional pdf of Y|X = x.
. 1 1
b.Find P (Y <3|x =3)

Solution :

a) fIYIX=x) =272

€3]

- dy= [ 2+ 4y ay =2 Y204,
F@= [ renar= [ 5ot Y—ngY‘*'TL—g(X‘*‘)
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2

'f(Y|X—x)—5(x + 4}’)_x+4y

1
_f1/31+8yd 1 +8y2§_1<1+4>_7
“J)y 75 PTEsP T2 T -

Q24) Let X;~Exp(4,) independent of X,~Exp(A,) r.v.. Find:
P(X; < X,).

Solution :

HW

Xi~Exp(1) = f()=Xe™ ™ x>0

Xo~Exp(Ay) = f(x) =272 x, >0

0 Xy
PO < XD = [ [ fern dxdx, =
- o Jo
f f Ay e~ 2%z ) eM*1 dx, dx,
0 0
_ _ X
_ fo Joe 0 [— ~Gaxd] gy,

=j /128—(/12352) (1_6—/11352) dx,
0

Ay
A+ A,

= f Ape~(A2%2) dyx, — f (A + Ap)e~Wtdadxe gy,
0 0

A3
A+,

A A
M+, A4+1

- [_e—(/lzxz)]:j _ [_e—(Azxz)]zo =1 {e=® =0,e° = 1}
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Q25) Let X and Y have jointpdf f(x,y)=1; —y<x<y, 0<y<1.
a. Find the conditional pdf of X|Y = y.
b. Find P(X < 0|Y = y).

c. Find P(X >= |V =2).

d.Find P(0 < X <5 |V =2).

Solution : HW
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Summary of Differentiation Rules:

Power rule:
if f(z) = z" then f'(z) = nz" *

Sum rule:

if f(z) = g() + h(z) then f'(z) = g'(z) + h'(z)

Product rule:

if f(z) = g(z)h(z) then f'(z) = g'(z)h(z) + g(z)h’(z)

Quotient rulze:)  (2)h(z) (@)’ (2)
) _ 9(=) en £(z) — g (z)h(xz) — gz i
if f(z) = h(@) then f’(z) (h@)?

if f(x) = Vuthen f'(x) = %

le FOONT = 17 then f'(x) = = xT™ = = x7 = —>
example f(x)Vx = x2 then f'(x) == x =——x 2=—
. 2 2 2%
Exponential and Logarithm Functions:
d d 1
%(PI) =e" E(a’) = a”In(a) E(ln T) = =

Summary of Integration Rules
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gt (azx + b)" !
" dr = Uy o n# -1 r+b)"dr = ———+C; n#-1
./.1 a n+1+0 n # /(a.1+) 1 st D) +C; n#
1 1 1 1
rdr= | —dr=|z|+C dr = =In|az + bl + C
. J z ar +b a
T T ax+b 1 az+b
eder=e"+C e d:r:ae +C
Natural Log Rules
In1=0
In0 = —o0
Inco =10

Ine=1 ,lne* =x
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