
RACSAM
DOI 10.1007/s13398-017-0422-7

ORIGINAL PAPER

Compactness theorems for sequences of
pseudo-holomorphic coverings between domains
in almost complex manifolds

Nabil Ourimi1

Received: 31 May 2016 / Accepted: 25 July 2017
© Springer-Verlag Italia S.r.l. 2017

Abstract Our aim in this paper is to characterize smooth domains (D, J ) and (D′, J ′)
in almost complex manifolds of real dimension 2n + 2 with a covering orbit { fk(p)},
accumulating at a strongly pseudoconvex boundary point, for some (J, J ′)-holomorphic
coverings fk : (D, J ) → (D′, J ′) and p ∈ D. It was shown that such domains are both
biholomorphic to a model domain, if the source domain (D, J ) admits a bounded strongly J -
plurisubharmonic exhaustion function. Furthermore, if the target domain (D′, J ′) is strongly
pseudoconvex, then both (D, J ) and (D′, J ′) are biholomorphic to the unit ball inCn+1 with
the standard complex structure. Our results can be considered as compactness theorems for
sequences of pseudo-holomorphic coverings. Lin and Wong (Rocky Mt J Math 20(1):179–
197, 1990) and Ourimi (Proc AMS 128(3):831–836, 2000) generalize for relatively compact
domains in almost complex manifolds.
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1 Introduction and results

The classical local version of Wong–Rosay theorem [9,27,28,33] states that the unit ball
B
n+1 in C

n+1 is a model for the class of C2-strongly pseudoconvex domains in C
n+1 (or

more generally, complex manifolds of dimension n + 1) at an accumulation point of an
automorphism orbit. This local version is valid only in almost complex manifolds of real
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dimension four (see [10]) and fails in general for higher dimensions; the Siegel half-plane (see
Theorem1) admits an automorphismorbit accumulating at a strongly pseudoconvexboundary
point and whose almost complex structure is non-integrable. Our purpose in this paper is to
extend this theorem to unbranching proper holomorphic mappings (pseudo-holomorphic
coverings) in almost complex manifolds.

If D and D′ are domains in some almost complex manifolds (M, J ) and (M ′, J ′) of
the same dimension, respectively, we let P(J,J ′)(D, D′) be the set of all (J, J ′)-holomorphic
coverings from D to D′ (see preliminaries for definitions). Our main theorem is the following

Theorem 1 Let D and D′ be relatively compact domains in some almost complex mani-
folds (M, J ) and (M ′, J ′) of real dimension 2n + 2, respectively. Suppose that D admits
a bounded strongly J -plurisubharmonic exhaustion function. Assume that there exist a
sequence { fk}k ⊆ P(J,J ′)(D, D′) and a point p ∈ D such that { fk(p)} converges to some
J ′-strongly pseudoconvex boundary point q ∈ ∂D′. Then both (D, J ) and (D′, J ′) are
biholomorphic to (H, JB), where H = {(z0, ′z) ∈ C × C

n : 2Re(z0) + |′z|2 < 0} is the
Siegel half-plane and JB is a simple model structure.

The Siegel half-plane H with the standard complex structure Jst is biholomorphic by the
Cayley transformation to the unit ball (B, Jst ). Thus, (H, JB)may be viewed as a deformation
of (B, Jst ). Recall that a real valued negative continuous function u : Ω → [a, 0[ is called
a bounded exhaustion function for a domain Ω ⊂ C

n+1 if for each constant a ≤ b < 0,
{z ∈ Ω : a ≤ u(z) ≤ b} is compact in Ω. Note that such a function u extends contin-
uously to the boundary and that u(z) = 0 for z ∈ ∂Ω . In [6], it was proved that if an
almost complex manifold (M, J ) admits a strongly plurisubharmonic function, then any rel-
atively compact pseudoconvex domainwith C3-smooth boundary in (M, J ) admits a bounded
strongly J -plurisubharmonic exhaustion function. The existence of such a function seems
to be important in the proof of Theorem 1. Indeed, when such a function exists, the domain
(D, J ) is hyperbolic (see for example [10,15,16,29]) and the Kobayashi distance induces
the usual topology on D (see for example, [16]). This leads us to show that the family of cor-
respondences obtained by scaling is locally equicontinuous and then a normal family by the
classical Ascoli’s theorem (since (D, J ) is relatively compact). The existence of a bounded
plurisubharmonic exhaustion function is also important to prove that the limit map obtained
by scaling is proper. Theorem 1 recovers the classical Wong–Rosay theorem for relatively
compact domains in almost complex manifolds. Related results were proved in [10,21–25].

For relatively compact domains D and D′ in almost complex manifolds, the noncompact-
ness of the set P(J,J ′)(D, D′) is equivalent to the existence of a covering orbit { fk(p)} for
some { fk} ⊆ P(J,J ′)(D, D′) and p ∈ D which accumulating at a boundary point. As an
application of Theorem 1, one has the following

Theorem 2 Let D and D′ be relatively compact domains in some almost complex manifolds
(M, J ) and (M ′, J ′) of real dimension 2n+2, respectively. Suppose that (D′, J ′) is strongly
pseudoconvex. Then P(J,J ′)(D, D′) is noncompact if and only if both (D, J ) and (D′, J ′)
are biholomorphic to the unit ball (B, Jst ) in C

n+1.

In the integrable case, Theorem 2 was proved by Lin andWong [22]. The main techniques
of their proofs are basically differential geometry (curvature, estimates of some canoni-
cal Khäler metrics and intrinsic measures). Theorem 2 generalizes Theorem 1.1 in [9] for
pseudo-holomorphic coverings, sinceP(J,J ′)(D, D′) = Aut (D, J )when (D, J ) = (D′, J ′).
Another application of Theorem 1 can be stated as follows.
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Corollary 1 Let D and D′ be relatively compact domains in some almost complex
manifolds (M, J ) and (M ′, J ′) of real dimension 2n + 2, respectively. Suppose that
the domain (D, J ) is homogeneous and admits a bounded strongly J -plurisubharmonic
exhaustion function and the boundary of D′ possesses J ′-strongly pseudoconvex points.
If either (D, J ) or (D′, J ′) is not biholomorphically equivalent to a model domain, then
any proper pseudo-holomorphic map f : (D, J ) → (D′, J ′) is branched (its critical
set is nonempty).

According to [27], a proper holomorphic map between strongly pseudoconvex domains in
C
n+1 (or complexmanifolds of complexdimensionn+1) is a covering.This result is unknown

in the non-integrable case, except in some special cases. For example, it is easy to prove that
any proper holomorphic self-mapping F : (H, JB) → (H, JB) of a model domain inCn+1 is
a covering (and therefore an automorphism, sinceH is simply connected). Indeed, according
to [17], there exists a real constant c such that for all (z0, ′z) ∈ H, F(z0, ′z) = (cz0 +
f (′z), ′F(′z)), where f : Cn → C is antiholomorphic and ′F : Cn → C

n is holomorphic
(with respect to the standard complex structure). In particular, F extends smoothly to the
boundary and maps ∂H to ∂H. Since (H, JB) is strongly pseudoconvex, according to [2,5],
F is locally a smooth diffeomorphism on ∂H. So, for any arbitrary point a ∈ ∂H, there exists
a neighborhood Ua of a such that the restriction ϕ : F/Ua : Ua ∩ H → C

n+1 is a smooth
diffeomorphism on Ua ∩ ∂H, pseudo-holomorphic on Ua ∩ H and ϕ(Ua ∩ ∂H) ⊂ ∂H.
According to [26] (Theorem of Poincaré–Alexander), ϕ extends as an automorphism of
(H, JB) (this extension is still denoted by ϕ = (ϕ0,

′ϕ)). As ′ϕ is holomorphic in C
n and

′F = ′ϕ on some open set of Cn , then by the classical uniqueness theorem, ′F = ′ϕ on
C
n . According to [17], the function ϕ0 may be written as ϕ0(z0, ′z) = dz0 + h(′z) for some

constant d ∈ C and some antiholomorphic function h : Cn → C. By differentiation with
respect to z0, it follows that c = d and again by the uniqueness theorem, we deduce that
ϕ0 = F0. Hence, F = ϕ on H.

On the other hand, it was proved in [2] that the set of critical points (branch locus)
of a proper holomorphic map between strongly pseudoconvex domains in almost complex
manifolds of the same dimension is relatively compact in the source domain (the existence
of a strongly plurisubharmonic function on the source domain suffices to deduce this result).
It seems to be difficult to assert that this set is empty as in the standard case. One of the main
difficulty is the missing of the notion of analytic sets.

Our approach of proof of Theorem 1 uses the scaling method introduced by Pinchuk [27]
and successfully applied in different problems for holomorphic and CRmappings. This tech-
nique was adapted to almost complex manifolds by Gaussier and Sukhov (see [10,11]). The
scaling process in complexmanifolds dealswith deformations of domains under holomorphic
transformations called dilations. When the manifolds are almost complex, the transforma-
tions operating on the domains are not pseudo-holomorphic and so we simultaneously dilate
the almost complex structures. This provides, as limits, a quadratic domain and a linear defor-
mation of the standard structure in R

2n+2, called model structure. It is worth to remark that
here we adapt the scaling technique for unbranched proper holomorphic mappings between
domains in almost complex manifolds. I’m not able to adapt this notion in the case of proper
mappings. The crucial point is how to define the convergence of the sequence inverse?

Note that if n = 2, then one can normalize the initial structures to obtain the stan-
dard structure as a limit. In the general case, the limit of almost complex structures are not
necessarily integrable.
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2 Preliminaries

2.1 Almost complex manifolds and almost complex structures

Recall that if M is a smooth manifold of dimension 2n + 2, an almost complex structure
on M is an endomorphism J on the tangent bundle T M of M , satisfying J 2 = −I . If J
is an almost complex structure on M then the 2-tuple (M, J ) is called an almost complex
manifold. An almost complex structure J on M is said to be integrable if J is induced from
the standard complex structure Jst of Cn+1 in a local coordinate system about z for each
point z ∈ M . In this paper we will restrict to C∞ almost complex structures on smooth C∞
manifolds. Every almost complex structure admits a Hermitian metric and also provides an
orientation on the manifold.

For any 1-form ω on (M, J ), J ∗ω is defined by J ∗ω(v) = ω(Jv). A C2 real-valued
function u on M is strongly J -plurisubharmonic on M if LJ (u)(p)(v) := −d(J ∗du)(v, Jv)

is positive for every p ∈ M , v ∈ TpM\{0}. A relatively compact domain D in M with
boundary of class C2 is strongly J -pseudoconvex at p if there is a neighborhood U ⊂ M
of p and a smooth C2 function ρ, strongly J -plurisubharmonic on U, such that dρ �= 0 on
U and D ∩ U = {ρ < 0}. We will say that (D, J ) is a strongly pseudoconvex domain
if D is defined by {ρ < 0}, where ρ is a C2-regular defining function that is strongly
J -plurisubharmonic on D̄.

Throughout this paper, we denote by (x0, y0, . . . , xn, yn) the coordinates in R
2n+2 and

by z = (z0, . . . , zn) = (z0, ′z) ∈ C × C
n the associated complex coordinates. An almost

complex structure J on R2n+2 is called a model structure if it is defined by

(
J (1)
st B J (′z)
0 J (n)

st

)
,

where BJ (′z) ∈ M2,2n(R) isR-linear in x1, . . . , xn, y1, . . . , yn , J
(1)
st is the standard structure

on R
2 and J (n)

st is the standard structure on R
2n . A pair (D, J ) is called a model domain if

D = {z ∈ C
n+1 : Rez0 + P(′z, ′ z̄) < 0}, where P is some real homogeneous polynomial

of degree 2 and J is a model structure such that D is strongly J -pseudoconvex at 0. Model
structures andmodel domainswere introduced in [10]. The complexification of thematrix BJ

is BJ
C
(′z) =

(∑n
k=1(a

J
1,k zk + bJ1,k z̄k) · · · ∑n

k=1(a
J
n,k zk + bJn,k z̄k)

)
, where a j,k and b j,k are

complex constants. The model structure J is called simple if a j,k = 0 for all j, k.
Given two almost complex manifolds (M, J ) and (M ′, J ′) and a map f from M to M ′

of class C1, we say that f is (J, J ′)-holomorphic (or pseudo-holomorphic) if its differential
d f : T M → T M ′ satisfies d f ◦ J = J ′ ◦ d f on T M . Pseudo-holomorphic maps may be
viewed as solutions of non-linear elliptic operators. The set of (J, J ′)-holomorphic maps
from M to M ′ is generically empty. However, model domains are homogeneous domains.
Hence, there are examples of non integrable almost complex manifolds with a large group
of automorphisms.

For p ∈ D and v ∈ T c
p M , recall that the Kobayashi–Royden infinitesimal pseudometric

K(D,J )(p, v) is the infimum of the set of positive real number α such that there exists a J -
holomorphic disc f : Δ → D satisfying f (0) = p and d f (0)(∂/∂x) = v/α. For p, q ∈ D,
we define the Kobayashi pseudodistance as:

dK
(D,J )(p, q) = inf

γ∈Γp,q

∫ 1

0
K(D,J )(γ (t), γ ′(t))dt,

where Γp,q is the set of all C1-paths γ : [0, 1] → D satisfying γ (0) = p, γ (1) = q . As in
the complex case, the Kobayashi pseudodistance is decreasing under the action of (J, J ′)-
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holomorphic maps; if f : (M, J ) → (M ′, J ′) is a pseudo-holomorphic mapping, then for
any points p, q in M and a tangent vector v ∈ T c

p M , we have

K(M ′,J ′)( f (p), d f (p)(v)) ≤ K(M,J )(p, v)

and

dK
(M ′,J ′)( f (p), f (q)) ≤ dK

(M,J )(p, q).

If dK
(M,J ) is a distance, it induces the standard topology on M . In this case, we say that (M, J )

is (Kobayashi) hyperbolic. When the Kobayashi ball

BK
(M,J )(p, r) = {

q ∈ M : dK
(M,J )(p, q) < r

}
is relatively compact in M for any p ∈ M and any r > 0, we say that (M, J )

is complete hyperbolic.

Remark 1 As it was mentioned before, the existence of a bounded strongly
J -plurisubharmonic exhaustion function on the domains D ensures the hyperbolicity of
the domain (D, J ). Furthermore, under hypotheses of Theorem 1, the domain (D, J ) is
complete hyperbolic. Indeed, according to the first part of Lemma 3.5 in [17]; for any R > 0,
there exists a neighborhood VR of q such that BK

(D′,J ′)(z, R) is relatively compact in D′
for any z ∈ VR ∩ D′. Choose any point z0 ∈ D and any positive real number R. For
R′ = dK

(D,J )(p, z0), there exists an integer k0 such that fk0(p) ∈ VR+R′ . By using the
distance-decreasing property of the Kobayashi distance, we obtain that

fk0(B
K
(D,J )(z0, R)) ⊂ BK

(D′,J ′)( fk0(p), R + R′) � D′.

Since fk0 is a covering (then proper), it follows that B
K
(D,J )(z0, R) is relatively compact in D.

2.2 Coverings and proper holomorphic mappings between almost complex
manifolds

Recall that a covering map between topological spaces Y and X is a continuous surjective
map f : Y → X satisfying for every x ∈ X , there exists an open neighborhood U of x such
that f −1(U ) is a union of disjoint open sets in Y , each of which is mapped homeomorphically
onto U by f . The space X is often called the base space of the covering and the space Y is
called the total space of the covering. For any point x in the base the inverse image of x in Y
is necessarily a discrete space called the fiber over x . Let (D, J ) and (D′, J ′) be relatively
compact domains in almost complex manifolds respectively M and M ′ of dimension equal
to 2n + 2. It is well known that if f : D → D′ is a covering, then f∗ : π1(D) → π1(D′)
is injective. Furthermore, as D′ is connected and D is relatively compact, then all fibers
f −1(b), b ∈ D′ are finite and have the same cardinal (called multiplicity or degree of f ).
Moreover, the order of π1(D′, b)/ f∗(π1(D, x)), b ∈ D′ and x ∈ f −1(b) is equal to the
multiplicity of f . If in addition, D is simply connected, the multiplicity of f is equal to the
order of π1(D′) (see e.g., [12]). It follows that any covering map between relatively compact
domains in almost complex manifolds of the same dimension is proper.

Let f : (D, J ) → (D′, J ′) be a (J, J ′)-holomorphicmapping between relatively compact
domains in almost complex manifolds of dimension 2n + 2. The set V f denotes the set of
critical points; the set of points p ∈ D where the Jacobian of f vanishes at p. A critical value
is the image by f of some critical point and a regular value is any point which is not a critical
value. The Hausdorff dimension of the set f (V f ) of all critical values is ≤ 2n. This follows
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from the fact that for any critical point p, Ker d f (p) contains a subspace of dimension 2
(since it is preserved by J (p), see [7]). If in addition, f is proper ( f −1(K ) is compact in D
whenever K is a compact in D′) and D admits a strongly J -plurisubharmonic function, then
f is surjective and all regular values of f have the same (finite) number of antecedents, say
m, (m = degree f = ∑

p∈ f −1(q) sgn(detd f (p)) for any regular value q , see [32, Theorem
12 page 275]) and they form a path-connected open set that is dense in D (see [2]). It follows
that f −1 splits locally into distinct (J ′, J )-holomorphic maps h1, . . . , hm in D′\ f (V f ). The
multivalued map h = f −1 is called proper pseudo-holomorphic correspondence associated
to f . Moreover, any unbranched proper holomorphic mapping between relatively compact
domains in almost complex manifolds of the same dimension is a finite covering if the
source domain admits a strongly plurisubharmonic function (the existence of a strongly
plurisubharmonic function on the source domain ensures the existence of at least one point
p ∈ D such that f (p) is a regular value, see [2] for details).

3 Proof of results

3.1 Proof of Theorem 1

By the attraction property proved in [11, Lemma 6.2], the sequence { fk} converges uniformly
to q on compact subsets of D.

Claim 1 D is simply connected.

Proof Assume that D is not simply connected. Then there exists a nontrivial closed loop
γ in π1(D). The boundary of D′ is smooth near q; then there exists a neighborhood V of
q such that D′ ∩ V is simply connected. For large k’s, fk(γ ) are closed loops in D′ ∩ V .
Nevertheless, fk : D → D′ is a covering, and ( fk)∗ : π1(D) → π1(D′) is one to one. This
contradicts the fact that fk(γ ) must be a nontrivial element in ( fk)∗(π1(D)). 
�

It follows from Claim 1 that for all k, the multiplicity of fk is equal to the order of π1(D′)
(say m ≥ 1). According to [31, Corollary 3.1.2], there exist a neighborhood U ′ of q in
M ′ and complex coordinates φ : U ′ → R

2n+2, φ(q) = 0, so that φ∗(J ′)(0) = Jst . We
may choose U ′ such that D′ ∩ U ′ = {r < 0} where r is a function of class C2, strongly
J ′-plurisubharmonic on U ′, satisfying dr �= 0 on U ′. Moreover, we may assume that the
domain G := φ(D′ ∩ U ′) is defined by G = {w ∈ φ(U ′) : (r ◦ φ−1)(w) < 0}, that
T0(∂G) = {w ∈ C

n+1 : Re(w0) = 0}, and that the defining function ρ := r ◦ φ−1 defined
on φ(U ′), is given by

ρ(w) = Re(w0) + Re

⎛
⎝w0

∑
j≥1

ρ j̄ w̄ j + ρ jw j

⎞
⎠ + P(′w, ′w̄) + ρε(w)

with P a real homogeneous polynomial of degree 2 and ρε(w) = o(|w|2). Set qk = fk(p).
For sufficiently large k, letwk be the unique point on ∂G such that |qk−wk | = dist (qk, ∂G).
For large k’s, we consider the change of variables αk defined by:⎧⎪⎪⎨

⎪⎪⎩
ξ kj = ∂ρ

∂ z̄0
(wk)(z j − wk

j ) − ∂ρ

∂ z̄ j
(wk)(z0 − wk

0), 1 ≤ j ≤ n

ξ k0 =
∑

0≤ j≤n

∂ρ

∂z j
(wk)(z j − wk

j )
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Set Gk = αk(G). The mapping αk maps wk to 0 and qk to (−δk,
′0), where

δk = dist (αk(qk), ∂Gk). The tangent space to ∂Gk at 0 is {Rew0 = 0}. Since αk

converges to the identity mapping on any compact subset of R2n+2 with respect to the
C2-topology, it follows that the sequence of almost complex structures J ′k := (αk)∗ J ′
converges to J ′ on any compact subset of R2n+2 with respect to the C1-topology, and is

expressed by

(
J ′k
(1,1)(0) 02,2n
J ′k
(2,1)(0) J ′k

(2,2)(0)

)
. For every integer k, we define the inhomogeneous

dilatation Λk(w0,
′w) = (

√
δkw0, δk

′w). Set Ĝk = Λk(Gk), ρ̂k = 1
δk

ρ ◦ α−1
k ◦ Λ−1

k

and Ĵ ′k = (Λk)∗ J ′k . For all k, f̂k = Λk ◦ αk ◦ φ ◦ fk : ( fk)−1(D′ ∩ U ′) → Ĝk is
a (J, Ĵ ′k)-holomorphic covering with multiplicity equal to m and f̂k(p) = (−1, ′0). Set
Ĝ = {w ∈ R

2n+2 : ρ̂(w) < 0}, where ρ̂(w) = Rew0 + P(′w, ′w̄). The sequence (ρ̂k)
converges to ρ̂ at second order with respect to the compact-open topology. Moreover, the
sequence of domains Ĝk converges for the local Hausdorff set convergence on R

2n+2 to Ĝ.
Finally, the sequence of almost complex structures ( Ĵ ′k)k converges on any compact sub-
set of R2n+2 to a model structure Ĵ ′ in the C1-sense (for details, see [17]). Now, according
to [11], (Ĝ, Ĵ ′) is a model domain. By repeating the arguments developed in [2,10], we
obtain that the sequence { f̂k} is a normal family. Passing to a subsequence, we may assume
that { f̂k} converges uniformly on compact subsets of D to a (J, Ĵ ′)-holomorphic mapping

f̂ : D → Ĝ with f̂ (p) = s = (−1, ′0). According to [18, Proposition 6.4 and Corollary
6.11], there exists a simple model structure JB and ( Ĵ ′, JB)-biholomorphism ψ : Ĝ → H,
fixing s, continuous and one-to-one to the boundary. Consider ĝ = ψ ◦ f̂ : D → H.

Next, we will prove that ĝ maps D to H. By contradiction, assume that there exists
z0 ∈ D such that ĝ(z0) ∈ ∂H and let γ be a C1-path in D such that γ (0) = p, γ (1) = z0. Set
t0 ≤ 1 such that ĝ(γ ([0, t0[) ⊂ H and ĝ(γ (t0)) ∈ ∂H. The domain (H, JB) is homogeneous
(Aut(H, JB) acts transitively on H), see [19], then according to Lemma 3.5 in [17], (H, JB)

is complete hyperbolic. It follows that

lim
t→t0

dK
(H,JB )(s, ĝ(γ (t))) = ∞.

But, from the compactness of γ ([0, 1]) in D, we have for every t < 1,

dK
(H,JB )(s, ĝ(γ (t))) ≤ sup

s∈[0,1]
dK
(D,J )(p, γ (s)) < ∞

This contradiction proves that ĝ maps D to H.

Convergence of the sequence { f̂ −1
k }. For simplicity, we denote by {ĥk} the sequence of

correspondences { f̂ −1
k }. Let L � s be a simply connected compact in Ĝ (with nonempty

interior). Starting from some integer k0, L ⊂ Ĝk and ĥk is defined on L . For all k, the cor-
respondence ĥk splits globally into m distinct ( Ĵ ′k, J ) holomorphic mappings (ĥ1k, . . . , ĥ

m
k )

in L (the global splitting is due to the simply connectedness of L). For all k and for all
j = 1, . . . ,m, the ( Ĵ ′k, J )-holomorphic mappings ĥ j

k maps L to D. As it was mentioned
in page 2, from the existence of a bounded strongly plurisubharmonic function on (D, J ), it
follows that the domain (D, J ) is hyperbolic and the Kobayashi distance induces the usual

topology on D. Let q0 be an arbitrary point in
◦
L and V ⊂ ◦

L be a relatively compact neigh-

borhood of q0 (
◦
L denotes the interior of L). Let h̄ be a Hermitian metric on V that is smooth

up to V . We denote by dh̄ the distance function on V . Let us show that for j = 1, . . . ,m, the
family {ĥ j

k } is equicontinuous on V . By Lemma 2.4 in [8], there exists a positive constant c
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such that

K
(
◦
L, Ĵ ′k )

(z′, v′) ≤ c||v′||h̄
for any z′ ∈ V and any v′ ∈ T c

z′M
′ and for sufficiently large k. By integration, we get that

dK

(
◦
L, Ĵ ′k )

(p′, q ′) ≤ cdh̄(p
′, q ′)

for any p′ and q ′ in V . Hence, for any p′ ∈ V and ε > 0, dh̄(p′, q ′) < ε
c implies that

dK
(D,J )(ĥ

j
k (p

′), ĥ j
k (q

′)) < ε. Since the Kobayashi distance induces the usual topology on D,

then for all j = 1, . . . ,m, the family {ĥ j
k } is equicontinuous on V . As the choice of q0 was

arbitrary, {ĥ j
k } is equicontinuous on L for all j = 1, . . . ,m. Since D is relatively compact, by

the Arzela–Ascoli theorem there is a convergent subsequence in the compact-open topology.
Then, after taking a subsequence, we may assume that for all j , {ĥ j

k }k converges uniformly

on L to a ( Ĵ , J )-holomorphic map ĥ j : L → D̄. Since Ĝ may be exhausted by an increasing
sequence of simply connected compacts containing s, by passing to some diagonal subse-
quence, we obtain that for all j , ĥ j : Ĝ → D̄ globally defines a ( Ĵ , J )-holomorphicmapping
on Ĝ and the sequence of correspondences {ĥk} converges uniformly to ĥ = (ĥ1, . . . , ĥm)

on any compact L of Ĝ, in the sense that for all j = 1, . . . ,m, ĥ j
k → ĥ j uniformly on any

compact L of Ĝ.

Claim 2 For any z ∈ D and w ∈ Ĝ, we have:

z ∈ ĥ∞(w) ⇐⇒ w = f̂ (z)

Proof First, assume that z ∈ ĥ∞(w). Then there exists a sequence {zk} ∈ D, zk → z and
f̂k(zk) = w. But, | f̂ (z) − w| ≤ | f̂ (z) − f̂ (zk)| + | f̂ (zk) − f̂k(zk)|. Passing to the limit, we
get w = f̂ (z).

Conversely, if w = f̂ (z), there exists a sequence {wk}, wk = f̂k(z), that converges to w.
Therefore, z ∈ ĥk(wk) and in particular, z = ĥ j

k (wk) for some j ∈ {1, . . . ,m} and for an

infinite number of k. Passing to the limit, it follows that z = ĥ j (w) and so z ∈ ĥ∞(w). 
�
Claim 3 The mapping ĝ : D → H is a (J, JB) biholomorphism.

Proof In view of the simply connectedness ofH, it suffices to prove that ĝ is an unbranched
proper (J, JB)-holomorphic mapping. First, we prove that ĝ is proper. Since ĝ = Ψ ◦ f̂
and Ψ is a biholomorphism, it suffices to show that f̂ : D → Ĝ is proper. We follow the
ideas of Bell in [1]. Let ρ be the bounded strongly J -plurisubharmonic exhaustion function
for D (bounded J -plurisubharmonic exhaustion function suffices for this part of the proof).
We define

Rk
N (w) = sup

⎧⎨
⎩

∑
j∈IN

ρ(ĥ j
k (w)), IN ∈ SN

⎫⎬
⎭ ,

where SN , 1 ≤ N ≤ m, is the set of all subsets of {1, . . . ,m} of cardinal N . These functions
are continuous and Ĵ k-plurisubharmonic on Ĝk . The sequence {Rk

N } converges uniformly

on compact subsets of Ĝ to a continuous Ĵ -plurisubharmonic function RN on Ĝ. Since Ĵ is
continuous, the classical maximum principle holds for the Ĵ ’s plurisubharmonic functions
(see [14, Remark A.1, page 3854]). It follows (by themaximum principle) that either RN < 0
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on Ĝ or RN ≡ 0 on Ĝ. Since, Rm(s) ≤ ρ(p) < 0, then Rm < 0 on Ĝ. Let N∞ be the smallest
integer such that RN∞ is not identically equal to zero on Ĝ. Then, exactly N∞ − 1 of the
component of ĥ(w), w ∈ Ĝ, lie in the boundary of D and exactly m∞ = m − N∞ + 1 lie
in D. Let ĥ∞(w) denote the vector in Mm∞ whose components are equal to the components
of ĥ(w) (counted with multiplicity) which lie in D.

It is clear that RN∞(w) = sup{ρ(z), z ∈ ĥ∞(w)}. Let L be a compact in Ĝ. Since RN∞
is continuous and negative on Ĝ, there exists a constant c < 0 such that RN∞ < c on L . By
Claim 2 and the definition of RN∞ , it follows that f̂ −1(L) is a subset of {z ∈ D : ρ(z) <

c} � D. Since ρ is a bounded exhaustion function, we conclude that f̂ −1(L) is a compact.
Consequently, f̂ is proper.

Now, we prove that f̂ is locally one to one. Let z0 ∈ D, w0 = f̂ (z0) ∈ Ĝ and L ⊂ Ĝ
be a simply connected compact, neighborhood of w0. Since f̂ is continuous, there exists
a compact neighborhood K of z0 such that f̂ (K ) ⊂ L . But, f̂k → f̂ uniformly on K .
Then starting from some integer k0, f̂ (K ) ⊂ L̂ , where L̂ is a simply connected compact
neighborhood ofw0 in Ĝ, containing L . For large k’s and after taking a subsequence, we may
assume that the correspondence {ĥk} splits globally on L̂ to ( Ĵ k, J ) holomorphic mappings
(ĥ1k, . . . , ĥ

m
k ) and converges uniformly to ĥ = (ĥ1, . . . , ĥm). Since z ∈ ĥk ◦ f̂k(z) for all

z ∈ K . Passing to the limit, it follows that z ∈ ĥ ◦ f̂ (z) for all z ∈ K . Then for some
j = 1, . . . ,m, z = ĥ j ◦ f̂ (z) for all z ∈ K . This shows that f̂ is one to one on K � z0. As
z0 was an arbitrary point in D, then f̂ is unbranched. This implies that ĝ : D → H is an
unbranched proper (J, JB )-holomorphic mapping and completes the proof of Claim 3. 
�
Claim 4 The domain (D′, J ′) is biholomorphic to (H, JB).

To prove Claim 4, we need to recall some properties of (H, JB). These properties are
essentially studied in [19]. First recall that (H, JB) is hyperbolic and strongly pseudoconvex.
The model structure JB is integrable if and only if B = 0.

For ζ ∈ ∂H, one can check that the map Ψ
ζ
B (z) := ζ ∗B z is an JB -automorphism

of H, where

ζ ∗B z = (z0 + ζ0 − 2 < ′z, ′ζ >C +i ReB(′z, ′ξ), ′z + ′ζ ),

< . , . >C is the standardHermitian inner product inCn and B(′z, ′ξ) = ∑n
j,k=1 b j,k z jξk .

Note that HB = (∂H, ∗B) is a Lie group. When B = 0, it is the usual Heisenberg group. A
brief description of the automorphisms of (H, JB) is summarized in the following proposition
(for details, we refer the reader to [19]).

Proposition 1 The automorphism group of (H, JB) admits the following decomposition:

Aut (H, JB) = Auts(H, JB) ◦ D ◦ HB

where Auts(H, JB) is the isotropy group of s = (−1, ′0) and D = {Λτ , τ > 0} with
Λτ (z0,′ z) = ( z0

τ
,

′z√
τ

)
.

Recently, it was proved in [4], that the automorphism groups of (H, JB) are isomorphically
embedded in the automorphism group of the unit ball. More precisely, the authors proved
the following.

Theorem 3 (Byun et al. [4]) There exists a diffeomorphism T : H → B such that T ◦
Aut (H, JB) ◦ T−1 is a subgroup of the automorphism group of the unit ball B with the
standard structure.
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Remark 2 In order to prove Theorem 3, the authors found all almost complex structures on
the model domain (H, JB) which are invariant under the action of Aut (H, JB). Among such
structures, they proved that there are integrable structures for which H is strongly pseudo-
convex. Now by using the Wong–Rosay theorem, it follows that there is a diffeomorphism
from H onto the unit ball B which induces a conjugate isomorphism from Aut (H, JB) onto
Aut (B, Jst ).

Proof of Claim 4 Let k0 be an arbitrary integer. In view of Claim 3, the map
F = fk0 ◦ ĝ−1 : (H, JB) → (D′, J ′) is a pseudo-holomorphic covering. According to
[12], F : H → D′ is a Galois covering, (i.e., F is a connected covering and the group
Γ = {γ ∈ Hom(H) : F ◦ γ = F} acts transitively on each fiber F−1(b), b ∈ D′,
Hom(H) denotes the set of homomorphisms of H). Moreover, the group Γ is isomorphic
to π1(D′, b)/F∗(π1(H, x)), b ∈ D′ and x ∈ F−1(b). But H is simply connected, then Γ is
isomorphic to π1(D′, b). The mapping F is locally (JB , J ′)-biholomorphic, so all elements
of Γ are automorphisms of (H, JB) (i.e., Γ ⊂ Aut (H, JB))). Since F is a finite covering,
the group Γ is finite. We need to prove the following lemma.

Lemma 1 Let (D, J ) and (D′, J ′) be connected almost complex manifolds of the same
dimension. Assume that (D, J ) is C∞-smooth and Kobayashi hyperbolic. If
f : (D, J ) → (D′, J ′) is a peudoholomorphic mapping factored by a finite subgroup
Γ of automorphisms of Aut (D, J ) (i.e., for all z ∈ D, f −1( f (z)) = {γ (z), γ ∈ Γ }). Then
the critical set of f is given by

V f = ∪{γ∈Γ,γ �=I dD}{z ∈ D : γ (z) = z}.
Proof Let γ ∈ Γ , γ �= I dD and let z0 ∈ {γ ∈ Γ, γ (z) = z}. By differentiation of the
equality f ◦ γ = f at z0, we obtain : d f (z0)(dγ (z0) − I d) = 0. If z0 /∈ V f , d f (z0) is
an isomorphism and so dγ (z0) = I d . It follows from Cartan’s theorem in almost complex
manifold [20], that γ is the identity mapping. This is a contradiction.

Conversely, assume that z0 ∈ V f and let us show that there exists γ ∈ Γ such that
γ (z0) = z0. For all k, the mapping f is not one to one on the ball B(z0,

1
k ). Then there

exist two sequences {zk1} and {zk2} in B(z0,
1
k ) such that zk1 �= zk2 and f (zk1) = f (zk2) for all

k. The group Γ acts transitively on the fiber, then for all k, there exists γk ∈ Γ such that
γk(zk1) = zk2. As Γ is finite, there exists γ ∈ Γ such that γ(zk1) = zk2 for an infinite number
of k. Passing to the limit, it follows that γ (z0) = z0. This finishes the proof of the lemma. 
�

Now, we continue with the proof of Claim 4. By Theorem 3, the group Γ is conjugate
isomorphic to a finite subgroup of the automorphism group of the unit ball with the standard
structure. According to Theorem 3.1 in [30], for any finite subgroup Γ1 of the automorphism
of the unit ball B in C

n+1, there exists a point in B that is fixed by all automorphisms of Γ1

(note that this result holds for any compact group of isometries of simply connected complete
Riemannian manifolds with negative curvature; Theorem 13.5 page 75 in [13]). It follows
that there exists z0 ∈ H such that γ (z0) = z0 for all γ ∈ Γ . From Lemma 1, it follows
that z0 is a critical point for F . This contradicts the fact that F is unbranched. Therefore,
Γ = {I dH}. This proves that F is globally one to one and completes the proof of Claim 4
and also Theorem 1. 
�
3.2 Proof of Theorem 2

If (D, J ) and (D′, J ′) are both biholomorphic to the unit ball (B, Jst ), then obviously the
set P(J,J ′)(D, D′) is noncompact.
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Assume now that D′ is defined by {ρ′ < 0}, where ρ′ is a C2-regular defining function
that is strongly J ′-plurisubharmonic on D̄′. The noncompactness of P(J,J ′)(D, D′) is equiv-
alent to the existence of a sequence { fk} in P(J,J ′)(D, D′) and a point p ∈ D such that
{ fk(p)} converges to some boundary point of D′. For an arbitrary integer k0, the function
ρ := ρ′ ◦ fk0 is a bounded strongly J -plurisubharmonic exhaustion function for D. It follows
from Theorem 1 that the domains (D, J ) and (D′, J ′) are both biholomorphic to a simple
model domain (H, JB). Since (D′, J ′) is relatively compact in (M ′, J ′) and strongly pseu-
doconvex, then according to [3], the structure JB is integrable (i.e., B = 0). This proves that
(D, J ) and (D′, J ′) are both biholomorphic to the unit ball (B, Jst ). 
�
3.3 Proof of Corollary 1

Let f : (D, J ) → (D′, J ′) be a proper (J, J ′)-holomorphic map. Since the boundary of
D′ contains a J ′-strongly pseudoconvex point q and the map f is surjective, there exists
a sequence {pk} in D such that f (pk) → q . But (D, J ) is homogeneous, then for some
p ∈ D, there exists a sequence of automorphisms {ϕk} ⊂ Aut (D, J ) such that ϕk(p) = pk .
It follows that { f ◦ ϕk(p)} converges to q . If the critical set of f is empty, then according to
Theorem 1, both (D, J ) and (D′, J ′) are equivalent to a model domain. This contradiction
completes the proof.
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