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Composite Hypothesis



The general shape of composite hypothesis is: Hp : 8 € Qg vs
Hy : 0 € Q1. For any test «y, we defined its power function

7,(0) = P(rejHp|0) and its size & = sup (m(#)). The probability
0o
of the error type 2 is the function 5(0) =1 — m4(0)peq,- In

specific, three cases are distributed as follow:
@ Hy:0<06yvs H : 6> 0.
@ Hy:0>060gvs H : 60 <8

0H0:9:90VSH1297590.



Three tests will be generated

@ The Uniformly Most Powerful Test vyypp of size aymp.

@ The Generalized Likelihood Ratio Test yg g of size agir.

© The test ¢ of size a based on 100(1 — a)% C.I for 6.

More precisely, test yypmp will be used for the cases Hp : 0 < g vs

Hy:0>0gand Hy:0 > 60y vs Hy : 8 < 0y, whereas vg g and ¢y
will be used for the case Hy : 0 = 0 vs Hy : 0 # Oy.



Uniformly Most Powerful Test

Definition

The Uniformly Most Powerful Test yypp of size aypp for

Ho : 0 € Qo vs Hy : 0 € Q satisfies: for all other test v with size
«, we have

a < aymp-

Consequently, 7,5 (8)oca, > m(0)ocq, (Bump < B, for all
0 e Ql)



Theorem

If f(x; 6) belongs to the class of exponential families, then the test
~Yump for the cases Hy : 0 < 6g vs Hy : 0 > 6y and Hy : 0 > 0 vs
Hi : 0 < 0g is similar to the test ypp for Hp : 0 = g vs

Hy : 6 = 07 rejects Hp is reduced as follows:

Ho:0<60gvs H :0>0p | Hy:0> 60y vs Hy : 0 < by
c(9) dod(xi) > k dod(xi) < k
c(6) dod(xi) < k dod(x) > k
Alike Inverse

k solves the equation

ayvp = P (Reject Ho’@g) .



Example 1: The normal distribution with known variance

Let Xi,...,X, be a sample of size n = 25 that drawn from a
normal distribution N(6,16). Our aim is to test the yypp test
with size & = 0.05 for Hy : 8 <3 vs H; : 8 > 3. Since

f(x;0) €Exp. Fam with C(0) = % /", then yymp rejects Hy if
S d(x;) =S x> k or X > C. It follows that

= 1.645.

0.05=P (X > C|9:3):IP’<Z> C3> €3

4/5 4/5

This implies that
C =4316 = k =25C.

e Homework
Find yymp test with size a = 0.05 for Hy : 0 > 3 vs Hy : 6 < 3.



Example 2: The exponential distribution

Let Xi,...,X, be a sample of size n = 10 that drawn from an
exponential distribution exp(€). Our aim is to test the yypp test
with size « = 0.05 for Hy : 8 <2 vs Hy : 8 > 2. Since

f(x;0) €Exp. Fam with C(0) = —0 \, then yyump rejects Hy if
S = > x; < k, where k is found by solving the equation

0.05=P(S < k| =2) =P (U < 4k),
where U = 20S ~ X22n. Then
4k =10.851 = k = 2.713.

e Homework
Find yymp test with size a = 0.05 for Hy : 0 > 2 vs Hy : 6 < 2.



Example 3: The normal distribution with known mean

Let Xi,..., X, be a sample of size n = 10 that drawn from a
normal distribution N(6,c?). Our aim is to test the yyyp test
with size & = 0.05 for Hy : 0 <2 vs Hy : 0 > 2. Since

f(x; 0) €Exp. Fam with C(o) = —%% A, then yypp rejects Hy if

SN d(xi) = 3 (xi — 0)® > k. It follows that

O.OSz]P’(Z(X,-—G)2>k|a:2> :[P(Z <x,-2_9>2>2>.

This implies that

g =18.31 = k =73.24.

e Homework
Find yymp test with size a« = 0.05 for Hy : 0 > 2 vs Hy : 0 < 2.



Generalized Likelihood Ratio Test

The test GLR ~¢ g is used for case: Hy : 0 = 09 vs Hy : 0 # 0Oy.

The test GLR ¢ r of size a for the composite hypothesis:
Ho:0e€Qqvs Hy: 0 € Q.
is found by the steps:

@ Take the Generalized Likelihood Ratio (GLR):

SUPGGQ E(Kv 0)
A= 2 0= QU
supgeq £(X, 0) o

@ Reject Hy if A < k.

© Find k by solving the implicit equation: a = sup P(\ < k|0).
0



Indeed, maximizing the nominator and the denominator of A
depends on the MLE of 6 in Qg and in €, respectively. In the case
Ho : 0 = 0g vs Hy : 0 # 0y, YeLR rejects Hy if

X
X, b0) < k, where k solves a = sup P(\ < k|6).

A= —
UX,0mLE) 0



Example 1
Find vg g and a for Hy : 0 = 6y vs Hy : 0 # 6y in the case
f(x;0) = N(0,02), where o2 is _unknown.

The estimators GMLE = X and U2MLE 1 Z(X, — Y)2 YGLR
(X, 0o)

rejects Ho if A = (X.X) < k. In fact,
A = (X/Qljra),;exp( %Z(X0290))
(VEaMLE) eXp( %Z(XUT?EMLE)Z>




It follows that

v G —60)%) (Z(Xi — X)?
Ay —X)2) 2 \(Xi—0)
Thus
Y(Xi = X)? > (Xi = X)?
(X =00 32X = X)2 + n(X — )2

This implies that

n(X — 6p)?

> (X — X)?




Then, vgLR rejects Hy if

~ 2
a = }P’()\<k|90):IP’<<);/_\/9EO) >c2>

X — 6o X — b
= P|—— Pl ——<—c].
(srm =) v (srm <)
Forn<3O,C:t%7,,,1 and for n > 30, we havec:z%.
We accept Hy if

n<30 =

S/\/n € <_t%,n—17 t%,n—l)

n>30= X—0 € (—Z%,Z%)



Example 2
Find yg1r and o for Hy : 6 = 0y vs Hy : 6 # 6 in the case
f(x;0) = exp(0).

0 (X, 0
The estimators QMLE = % YGLR rejects HO if \ = (77 j)

< k.
0X, X)

In fact,
P eﬁp(*eo 2 Xi)
(%) ee (-3)

where S = >~ x;. Since U = 20pS ~ X2, then

(200S)" exp (—29205) < k <2n) =c.

e

= (6pS)" (%)nexp(—HOS) < k,

f(u) = u"e U2 < ¢, where c sloves P(f(u) < ¢) = a.



The Confidence Interval Test

The Confidence Interval Test (C.l.) y¢; based on 100(1 — «)C.1. is
suitable to test the case:

Hy :0 =0q vs Hy : 0 # 0.

Simply, if 100(1 — «)C.I. for O is (T1(X), T2(X)), then ~¢
accepts Hy if:
0o € (T1(X), T2(X))-

Note that the tests vg g and ¢y can coincide.



Example 1
Find y¢ and o for Hy : 8 = 6y vs Hy : 6 # 0 in the case
f(x;0) = N(0,02), where 02 is unknown.
100(1 — «)C.l. is
n <30 — (Xitl,,n 1f)
(T1(X), T2(X)) =
n>30 — (Yizl_%%>

Then, we accept Hp if

n<30:>906<X:|:t1_,, 1\‘;) );/\/93

(—t1—%,n—1, tl—%,n—l)

X — 6
n>30=6y € <X:i:zl_2f> S/\f ( zl_%,zl_%).

Note that ¢ and yg1r are similar.



Example 2

Find y¢ and a for Hy : 02 = 03 vs Hp : 02 # 03 in the case
f(x;02) = N(u,0?), where  is known.

100(1 — a)C.l. is
S0 (X —p)? Y 1(x 1) >
T1(X = ,

Then, we accept Hp if

) <z7:1 (X —p)? S0 (X —u)2>

or



If nis large enough, the approximated C.I. is equal to

~ ~ 2
(Tl(K)a T2(K)) = <U%/ILE + U%ﬂngl—% \/;) ’

where 52, - = 1 37 (x; — 1)?. Then, we accept Hy if
MLE = 7

2
2 2 ~2
op € <‘7MLE *omez-g n>
or
n 2
2 nog
> (Xi—p)?e

i—1 1+zl_,\/g 1—21_,\/>



Example 3
Find vg g and a for Hy : 8 = 6y vs Hy : 0 £ 6p in the case
f(x;0) = exp(—(x = 0)), x>0.100(L —a)Cl. is

(T1(X), T2(X)) = <5 log(a ),5>, where S = Zx,.

Then, we accept Hp if

0y € (5+ Iog,Sa)75> or S e (90,90 - 'Oglga)> .




Homework

@ Find ¢y and a for Hy : 0 = 6y vs Hy : 6 # g in the case where

f(x;H):%, 0<x<0.

@ Find ¢y and «a for Hy : 0 = 0y vs Hp : 0 # g in the case where
f(x;0) = 0exp(—0x), 0<x.



Thank you



