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Plane Curves and Polar Coordinates

The student is expected to be able to:

Know the definition of parametric equations

Calculate the slope of the tangent line to parametric curve.
Calculate arc length of a parametric equations.

Calculate the surface area generated by revolving a parametric curve.
Know what is the polar coordinates.

Know the equation and graph of some of polar curves.

000000

Know how to calculate the slope of the tangent line with polar
coordinates.

©

Know how to calculate the area inside polar curves and between polar
curves.

Know how to calculate the arc length of a polar curve.

® ©

Know how to calculate Surface Area Generated By Revolving A Polar
Curve.
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Parametric equations

To this point we've looked almost exclusively at functions in the form
y=Ff(x)orx=h(y)
It is easy to write down the equation of a circle centered at the origin with
radius r.

X2 4 y? =2
However, we will never be able to write the equation of a circle down as a
single equation in either of the forms above. Sure we can solve for x or y
as the following two formulas show

y =£vVr2 —x2 x=2£4/r2 —y2?

but there are in fact two functions in each of these. Each formula gives a
portion of the circle.
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Parametric equations

y=Vr?—x2 (top) x=1/r2—y? (right side)
y=—Vr>—x? (bottom) x=—v/r’—y? (left side)
There are also a great many curves out there that we can't even write

down as a single equation in terms of only x and y. So, to deal with some
of these problems we introduce parametric equations.
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Parametric equations

Instead of defining y in terms of x, y = f (x) or x in terms of y x = h(y)
we define both x and y in terms of a third variable called a parameter as
follows,

x = f(t) y=2g(t)

This third variable is usually denoted by t.

Each value of t defines a point (x,y) = (f (t), g (t)) that we can plot.
The collection of points that we get by letting t be all possible values is
the graph of the parametric equations and is called the parametric curve.
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Parametric equations

Example
Sketch the parametric curve for the following set of parametric equations.

x=t>+t y=2t—1 —2<t<?2

At this point our only option for sketching a parametric curve is to pick
values of t, plug them into the parametric equations and then plot the
points. So, let's plug in some t's.
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Parametric equations (Example)

t T Yy
2 2 | -5
-1 0 -3
SIEIE
0 0 |-
1 2 1
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Parametric equations

Sketch the parametric curve for the following set of parametric equations.

x=1t>+t y=2t—-1 —1<t<1

BEN AMIRA Aymen

INTEGRAL CALCULUS (MATH 106)



Table of contents

© The slope of the tangent line to a parametric curve

BEN AMIRA Aymen INTEGRAL CALCULUS (MATH 106)



The slope of the tangent line to a parametric curve

If C:x=x(t),y =y(t);a<t<bis a differentiable parametric curve
then the slope of the tangent line to C at ty € [a, b] is:

d
m_dy‘t t :(‘T}t/)’t b
0 X\ | t=to
dx (%)

RENEILS

© The tangent line to the parametric curve is horizontal if the slope
equals zero, which means that % =0 and dX + 70

@ The tangent line to the parametric curve is vertlcal if % =0 and

d
%#0

2 / &
The second derivative is 2% = 9~ = (;“)
dx? X (%)
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The slope of the tangent line to a parametric curve

Find the slope of the tangent line(s) to the parametric curve given by

x = t° — 4¢3 y=t>  at (0,4)
dy
dy dr 2t B 2
dx  dx  5t4—1212 53— 12¢
dt
0=1t>—4 =3 (£ - 4) = t=0,£2
4 = ¢2 = t=42
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The slope of the tangent line to a parametric curve

Q att=-2:
I
dx fe 2_ 8
Q att=2
_ a1
dx t_2_8
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The slope of the tangent line to a parametric curve

Example

Find the equation of the tangent line to C : x = t3 — 3t, y = t?> — 5t at
t=2

d
dy (g)  2t-5
— =g —
dx (%) 33
. . d
The slope of the tangent line is Z¥|i—> = —%

Att=2:x=2and y=—-6

The tangent line to C at t = 2 passes through the point (2, —6) and its

|
slope is —5

therefore its equation is yto_ 2
X —2 9
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The slope of the tangent line to a parametric curve

Example
Find the points on C : x = ef, y = e~ ! at which the slope of the tangent

line to C equals —e™2
dy
dy (%) —et 2t
m=2r =14 = =—e
dx (%) et
>m=e=e=_—e?=t=1.

1y — Al 11
Att=1:x=e =eandy=e "= _.

Hence, the point at which the slope of the tangent line to C equals —e™
: 1
s (e.1)

2
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Arc Length of a Parametric Equations

If C:x=x(t), y=y(t);a<t<bis a differentiable parametric curve
,then its arc length equals
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Arc Length of a Parametric Equations

Determine the length of the parametric curve given by the following
parametric equations.

x = 3sin (3t) y = 3cos(3t) 0<t<2rm
d d
d—); = 9cos (3t) d—); = —9sin (3t)

and the length formula gives,

2w
L= / \/81sin2 (3t) + 81lcos? (3t) dt
0

27
:/ 9 dt
0

= 18x
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Arc Length of a Parametric Equations

Determine the length of the parametric curve given by the following set of
parametric equations.

3
2

Nlw

x =8t y=34+(8-1t) 0<t<4
dx 1 dy 3 1
S =12 =81
2 ” (8—1)

/\/12t2 (Stﬂ dt = /\/144t+?1 (8 — t)dt
567 567 3

—t 18 dt = — —t 1

/ Vgt 567( >( * 8)

(585 318 z) — 66.1865

0

1701
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Surface Area Generated By Revolving A Parametric Curve

If C:x=x(t), y=y(t);a<t<bis a differentiable parametric curve
,then the surface area generated by revolving C around the x—axis is

5A-27r/|y +(Z);)2dt

The surface area generated by revolving C around the y—axis is

5A—27T/’X(1.’ ) +(—)2 dt
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Surface Area Generated By Revolving A Parametric Curve

Determine the surface area of the solid obtained by rotating the following
parametric curve about the x—axis.

x = cos30 y:sin39 Ogégg

We'll first need the derivatives of the parametric equations.

dx 20 dy L.

0= 3cos“fsinf 0= 3sin“f cos 6
dx dy ) 7
(E)2 + (E)2 = /9cos*dsin20 + 9sin*dcos20 db

= 3 |cos @ sin 0] V/ cos26 + sin?0

= 3cosfsind
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Surface Area Generated By Revolving A Parametric Curve

SA = 27r/ * sin39 (3cosfsinf) db
0

us

67r/ ’ sin*0 cos 6 db u=-sinf
0

1
:67r/ u* du
0
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Surface Area Generated By Revolving A Parametric Curve

Example

Determine the surface area of the object obtained by rotating the
parametric curve about the y—axis.

x=3cos(mt) y=5t+2 0<t<

The first thing we'll need here are the following two derivatives.

dx Q_

i —3msin(7t) ™ 5

de, (%) — \J[=3rsin (62 + [5] = \/9n?sin? (rt) + 25
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Surface Area Generated By Revolving A Parametric Curve

1
SA— / " 2 (3cos (t)) \/Orsin? (wt) + 25 dit
0

1
=6m /2 cos (7rt) \/97725in2 (mt) + 25 dt
0

2

u=sin(rt) — sin’(rt)=u du = 7 cos (7t)

1 1
t=0: u=sin(0)=0 tzE: u:sin<27r>:1

1
SA = 6/ v/ 9m2u2 + 25 du
0
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Surface Area Generated By Revolving A Parametric Curve

5 5
u= —tané du = —sec®0 d
3 3

\/97r2u2 +25 = \/25tan20 + 25 = 5v/tan%0 + 1 = 5V'sec? = 5|sec

u:O:OzitanH —tanf =0 — 0=0
3

u:l:lzitanﬁ —>tan0:3—w—>9:tan*1 3—7T = 1.0830
37 5 5
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Surface Area Generated By Revolving A Parametric Curve

1
SA— / " 2r (3cos (nt)) \/9nsin® () + 25 dit
0
1
= 6/ v/ 9m2u? + 25 du
0

1.0830 5
6/ (5sect) <sec29> db
0 37

1.0830 o5
= 6/ “Zsec30 db
0 37T

2
-2 (sec@tand + In|sec§ + tan6])
m

1.0830
= 43.0705

0
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Cartesian coordinate system (or Rectangular, or x-y)

the Cartesian coordinate system at point is given the coordinates (x, y)
and we use this to define the point by starting at the origin and then
moving x units horizontally followed by y units vertically.

x,y:l
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Cartesian coordinate system (or Rectangular, or x-y)

Cartesian coordinate is not the only way to define a point in two
dimensional space. Instead of moving vertically and horizontally from the
origin to get to the point we could instead go straight out of the origin
until we hit the point and then determine the angle this line makes with
the positive x—axis. We could then use the distance of the point from the
origin and the amount we needed to rotate from the positive x-axis as the
coordinates of the point.

Coordinates in this form are called polar coordinates.
BEN AMIRA Aymen INTEGRAL CALCULUS (MATH 106) 32 /85



Polar Coordinates

The two points (2,%) and (-2, %)

?6 ;6
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Polar Coordinates

The polar coordinates of a point is not unique, if P = (r, ) then other
representations are:

Q@ P=(r,0+2nm), where n€ Z
@ P=(—r0+n)

Q@ P=(-r,0+m+2nm), where n € Z
Q P=(-r,0—m)

@ P=(—r,0 —m+2nm), where n € Z
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Polar Coordinates

(5:3) = 6:=%) = (-5.%) = (-5 %)

3 W
\ J
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Polar Coordinates

Relationship between the polar and the Cartesian coordinates
the following equations that will convert polar coordinates into Cartesian
coordinates.

x = rcosf y =rsinf

Converting from Cartesian is almost as easy. Let's first notice the
following.
X% + y? = (rcos6)? + (rsin 6)?
= r?cos?0 + r’sin0
= r? (cos?§ + sin®f) = r?

sinf
r=+/x%+y2 and L = % _ ang

X  rcosf
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Polar Coordinates

Q@ Convert (—4, ) into Cartesian coordinates.

@ Convert (—1,—1) into polar coordinates.

@ This conversion is easy enough. All we need to do is plug the points
into the formulas.

ten(5) ()
y = —4sin (23”) =4 (‘f) = -2V3

So, in Cartesian coordinates this point is (2, —2v/3)
@ Let’s first get r

r=\(C17 ()2 = V2

Now, let's get 0

0 =tan! (:—}) =tan1(1)=7%
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Polar Coordinates

Convert each of the following into an equation in the given coordinate
system.

@ Convert 2x — 5x3 = 1 + xy into polar coordinates.

@ Convert r = —8cosf into Cartesian coordinates.

2(rcos) —5(rcosf)® =1+ (rcos ) (rsinf)

2rcosf — 5r3cos30 = 1 + r? cosfsin

@ r’=—8rcosf = x>+ y?> = —8x
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Polar Curves

First - Straight Lines:

1-Lines passing through the pole :

Any straight line passing through the pole has the form 6 = 6y where 6 is
the angle between the straight line and the polar axis .

§ = 6o =tanf =tanfy = £ =tanfp = y = xtanfp

The straight line 8 = 6y is passing through the pole with a slope equals to
tan 6.
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Polar Curves

2-Lines perpendicular to the polar axis : Any straight line perpendicular
to the polar axis has the form r = asecf, where a € R* and 4 € (—%, 7r)

2
— — a — J—
r_asec9:>r—C059:>rc050—a:>x_a

r = asec

(a,0)

BEN AMIRA Aymen

INTEGRAL CALCULUS (MATH 106)



Polar Curves

3-Lines parallel to the polar axis : Any straight line parallel to the polar
axis has the form r = acscf, where a € R* and 6 € (0, )
r=acscl =r=_25=rsinf=a=y=a

I = acsch
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Polar Curves

Second- Circles

1-Circles of the form r = a, where a € R*
r:a:>r2:az:>X2—|—y2:a2

Therefore, r = a represents a circle with center = (0,0) and radius equals
|al
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Polar Curves

r = —2 represents a circle with center = (0,0) and radius to 2.

;.
2
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Polar Curves

r = 2 represents a circle with center = (0,0) and radius to 2.

<
I
(V]
(=1
IN
=1
IA
(NI
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Polar Curves

2-Circles of the form r = asinf, where ac R* and 0 <0 <7
r—asm9:>r —arsm9:>x +y? —ay:>x +y?2—ay=0=
X2+ (y? —ay+ % ) f:>x +(y—7)2:%

Therefore, r = asin ) represents a circle with center = (0, ) and radius
equals to la |
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Polar Curves

r = 2sin 0 represents a circle with center = (0,1) and radius equals to 1

r=2sinf , 0<6<m
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Polar Curves

Example

r = —2sin 6 represents a circle with center = (0, —1) and radius equals to
1.
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Polar Curves

2 2 2_ 2 2 2_ 2
(xX—ax+ )ty =T =>Kx-35)+y' =%
Therefore, r = acos 6 represents a circle with center = (5,0) and radius
El

equals to 5
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Polar Curves

r = 2cos 0 represents a circle with center = (1,0) and radius equals to 1.
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Polar Curves

Example

r = —2cos 0 represents a circle with center = (—1,0) and radius equals to
1.

R 130371 r=—2cosf , —
2 4

BEN AMIRA Aymen

INTEGRAL CALCULUS (MATH 106)



Polar Curves

Third - Limacon curves:

The general form of a Limacon curve is

r(0) = a+ bsinf or r(f) = a+ bcosf, where a,b € R* and 0 < 0 < 2«
1-Cardioid (Heart-shaped): It has the form r(f) = a+ asinf or

r(f) = a+ acosf, where a € R* and 0 < 0 < 2«
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Polar Curves

Example
r(6) =2+ 2cosf

oo ksly

O ol
bl

r(@) =2+2cosh , 0<60<2r r(d) =—2—2cosf , 0<O<2rm
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Polar Curves

r(0) =2+ 2sin6 and r(f) = —2 — 2sind

r(0) =2+2sinf , 0<6<2r r(@)=-2—-2smf , 0<6<2r
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Polar Curves

2-Limacon with inner loop: It has the form r(6) = a+ bsin6 or
r(6) = a+ bcosf, where a, b € R*,|a| < |b| and 0 < 0 < 27

Example

r(f) =1+2cosf and r(f) = —1 — 2cosé

r(@)=1+2cosf , 0<0<2r
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Polar Curves

Example
r(f) =1+ 2sin6 and r(f) = —1 — 2siné

r(#) =142sinf , 0<6<2rm
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Polar Curves

3-Dimpled Limacon : It has the form r(0) = a+ bsin6 or
r(6)a+ bcos6, where a,b € R*, |a| > |b| and 0 < 6 < 27

Example

r(0) =2+ cosf and r(f) = —2 — cos
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Polar Curves

r(0) =2+sinf and r(0) = —2 —sind

r(f)=2+sinf , 0<0 <27
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Polar Curves

Fourth - Rose curves:

It has the form r(0) = acos(nf) or r(0) = asin(nf), where a € R*, n € N
and n > 2

1-n is even: In this case the number of loops (or leaves) is 2n.
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Polar Curves

Example
r(0) = 2cos(20) or r(f) = 2sin(20),0 < 6 < 27
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Polar Curves

n is odd: In this case the number of loops (or leaves) is n .

r(0) = 2cos(360) or r(6) =2sin(30),0 <0 <7

r(0) =2cos(30) , 0<OH<m r(f) =2sin(30) , 0<O<7
©) (30) ) (39
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Slope Of The Tangents Line With Polar Coordinates

If r = r(0) is a smooth polar curve, then the slope of the tangent line to

r=r(0)is m= % where (x =rcosf, y=rsinf)

d
ﬂ:é: d—gsin9+rc059
dx
dx do dr cos@ — rsin@

dg
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Example

Example

Determine the equation of the tangent line to
, s
r=3+8sinf at = —

We'll first need the following derivative de = 8cosf
The formula for the derlvatlve ~ becomes,

dy  8cosfsinf + (34 8sinf)cos  16cosfsinb + 3cosd
dx  8cos?f — (3+8sinf)sinf  8cos2f — 3sinf — 8sin20

The slope of the tangent line is,

| 4B+ 113
T, 4-2 s
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Now, at # = § we have r =7 We'll need to get the corresponding x — y
coordinates so we can get the tangent line.

6
The tangent line is then,

ny 13

7
X:7cos( > y:?s,in(g>:5
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Example

For the sake of completeness here is a graph of the curve and the tangent
line.

12F
r=3+8sn8 —
ol
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Example

Find the points on the polar curve r(6) =1+ cosf, 0 < 6 < 27 at which
the tangent line to r is horizontal.

The tangent line to r = r(0) is horizontal if % =0and % #0

x = r(f)cosf = x = cosO(1 + cos @) = cos ) + cos? §

y =r(0)sind =y =sinf(1+ cosf) =sinf +sinfcosh =sinf + %sin29
% = —sinf —2cosfsinf = —sinf —sin 20

% = cos 6 + cos 20

% =0=cosf +cos20 =0=2cos?’f) —1+cosf =0=

(2cosf — 1)(cosf +1) =0 = cos = —1 or cost = 3

— _m __ 5w
:>0—7T0r0—§,6—?
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For 6 = 2,0 =2F € [0,2n] and % # 0.
At0:§:r(§):1+%:§
At="T:r(F)=1+1=

3
The pomts on r(0)
re

BEN AMIRA Aymen INTEGRAL CALCULUS (MATH 106)



Table of contents

© Area Inside-Between Polar Curves

BEN AMIRA Aymen INTEGRAL CALCULUS (MATH 106)



Area Inside-Between Polar Curves

The area of the region bounded by the graphs of the polar curves
r=r(0),0 =601 and 0 =6, is

02

A= % / [(F(O)2 do

01
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Area Inside-Between Polar Curves

Determine the area of the inner loop of r =2 + 4 cos6

0=2+4cost

1
cos > ,
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Area Inside-Between Polar Curves

4m

3 1 2
A= ) 5(2+4cosc9) do
Tﬂ'

T1 2
:/2 > (4 + 16 cos 0 + 16cos*d) db
?77

an
:/23 2+ 8cosf + 4(1+ cos(26)) db
:/2 6 + 8cos ) + 4 cos (20) db

5

4m
= (66 + 8sin 6§ + 2sin (20))] 2

3
=41 — 63 =2.174
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Area Inside-Between Polar Curves

Example

Determine the area that lies inside r = 3 + 2sin @ and outside r = 2

34+2sinf =2

1 11
sin = —— = Gzﬁ,i

N
@)}
@)}

r=3+2sin8
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Area Inside-Between Polar Curves

ol3

! ((3 +2sinf)? — (2)2) d9

o3 ol
N |

N =

(5+ 125sin 0 + 4sin®6) do

I
T

ol3 ol

N

(7+ 12sinf — 2 cos (20)) do

ol

i
1 3
= 5( 0 — 12 cos 6 — sin (26))

ol

11;/§ + 147% = 24.187
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Area Inside-Between Polar Curves

Find the area inside one leaf of the rose curve r = 2 cos 360

7
I——
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Area Inside-Between Polar Curves

The rose curve r = 2cos36,0 < § < 7 starts at (r,0) = (2,0) and reaches
the pole when r =0

r=0=2cos30 =0= 30 = 5 = 0 = ¢ Since the desired area is
symmetric with respect to the polar axis , then

1[5 2
A=2 / (2cos30)°db
2 Jo

™

3
4/ cos® 30 df
0

:4/61(1+cos69)d9
0o 2

oy

=2 (14 cos60) db

()
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Arc Length Of A Polar Curve

The arc length of the polar curve r = r(6) from 6; to 6, is

L= 7\/(r(0))2 + (2’;)2%
01
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Arc Length Of A Polar Curve

Determine the length of the following polar curve. r = —4sinf, 0 <0 <7

dr __
ag = —4cost

™

== [—4sin 0]° + [—4 cos 0]* db
/v

0

- / V/16sin20 + 16c0s20 df = 4/sin%0 + cos20 df = /4d9
0

0

L:/ 4d0 = [46]F = 4
0
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Arc Length Of A Polar Curve

Find the arc length of the following polar curve: r = e~

dr _ 6
a9 — —€

L== 0/ V(e + (e do

:/\/e29 +e2df = /\/2e29 do = fz/e—" do
0 0 0

L=V2[-e| = V2-eT + e = V21— eT)
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Surface Area Generated By Revolving A Polar Curve

The surface area generated by revolving the polar curve
r=r(0), 61 <60 < 6, around the polar axis is

SA—27T/\ 9)S|n0|\/ ((0))? dr) do

The surface area generated by revolving the polar curve
r=r(0), 61 <6 < 6, around the line § = 7 is

0>
SA= 27r(! |r(0) cose|\/(r(9))2 + (gg)z do
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Surface Area Generated By Revolving A Polar Curve

Example
Find the surface area generated by revolving the following polar curve:
r=2+2cosf),0 <60 < 7 around the polar axis.

dr _ o
0= 2sind

g
SA = 277/ |(2 + 2 cosf)sin 9|\/(2 +2cosh)? + (—2sin ) df
0

™

2

= 27r/(2+2cos€)sin9\/4(2+2c050) do

0
2

_ 4ﬁ/(2+2cose)3 sin 6 df
0

s

2
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Surface Area Generated By Revolving A Polar Curve

27r/2+2c059§ —2sin6) do

0
2 3
-2 [5 2+ 2cos€)5]
s
5

= —orZ |4v2 - 32} 1om (8— fz)
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Surface Area Generated By Revolving A Polar Curve

Example

Find the surface area generated by revolving the following polar curve:

r=2sinf,0 <6 < 7 around the line 0 = 7

dr __
g = 2cost

3
SA = 27r/ |2'sin 0 cos 9|\/(2 sin0)? + (2 cos 0)* do
0

3
= 27r/sin29\/71d0
0
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