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Inverse Trigonometeric and Hyperbolic Functions

The student is expected to be able to:
© Find the derivative and integrals The Inverse trigonometric functions.

@ Find the derivative and integrals Hyperbolic functions.
© Find the derivative and integrals Inverse Hyperbolic functions.
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Inverse Trigonometeric

Definition (Inverse if sine)

The inverse sine function is denoted by sin~* and it is defined as
y =sin"lx < x =siny, where x € [-1,1] and y € =<4

The domain of the inverse sine function is [—1, 1]

The range of the inverse sine function is [-75, 7].

Graph of sin 'z
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Inverse Trigonometeric

Definition (Inverse of cosine)

The inverse cosine function is denoted by cos™! and it is defined as
y =cos ! x & x = cosy, where x € [—1,1] and y € [0, 7]

The domain of the inverse cosine function is [—1,1]

The range of the inverse cosine function is [0, ].

cos™

Graph of cos™a

BEN AMIRA Aymen INTEGRAL CALCULUS (MATH 106) 6 /34



Inverse Trigonometeric

Definition (Inverse of Tangent)

The inverse tangent function is denoted by tan—! and it is defined as
y=tan"!x & x=tany, where x e Rand y € (—3,%)

The domain of the inverse tangent function is R

The range of the inverse tangent function is (-3, 5).

x
-3 -2 -1 i 1 2 3

Graph of tan! z
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Inverse Trigonometeric

Definition (Inverse of cotangent)

The inverse cotangent function is denoted by cot~! and it is defined as
cot™lx = 5= tan~! x, where x € R

The domain of the inverse cotangent function is R

The range of the inverse cotangent function is (0, 7).

Lot
[SE]

w
»§
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Inverse Trigonometeric

Definition (Inverse secant)

The inverse secant function is denoted by sec™' and it is defined as

y =sec lx < x =secy, where y €[0,3)if x>1,and y € [77,37”) if
x< -1

The domain of the inverse secant function is (—oo, —1] U [1, o0)

The range of the inverse secant function is [0, 5) U (5, 7].
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Inverse Trigonometeric

Definition (Inverse cosecant)

The inverse cosecant function is denoted by csc™! and it is defined as
csctx = § — sec™!x, where [x]| > 1
The domain of the inverse cosecant function is (—oo, —1] U [1, c0)

The range of the inverse cosecant function is [-75,0) U (0, 5].
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Inverse Trigonometeric

Derivatives of the inverse trigonometric functions

(1] %sin_lx = ﬁ where |x| <1
2] %cos_lx = \/% where |x| <1
o d;d)(tan_lx: ﬁ

o &cot_lx: flxz

o %sec_lx = X\/% where |x| >1
o icscflx = _—1 where |x| >1

dx xvVx?—1
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Inverse Trigonometeric

Integration of the inverse trigonometric functions

PS /\/321_7)(2dx =sin'(3) +¢, (X <)
f'(x)

Va2 —[f()P

1 1l 4 x
O [ it (G)re
' 1 f

[t = Tan ({8 4 o

a? + [f(x)]?

ax = sin(F9) 4 ¢ (1)) < )

a

1
= sec_l(g) +c, (x| > a)

1
S -
e/X\/x2—a2x a

f'(x) dx:lsec_lw e (1FG >
/f(x) [FO2 — 22 2 ( ;5 ) +c, (If(x)] > a)
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Inverse Trigonometeric

11, 50X
o [ 5 /(f G 3yt (g e
Here a = /5, f(x) = x3 andf’()—3x

o [ =3 T3
o /ﬁdxz %/(9—x2>—%(—2x>dx=—§@+c
° /ﬁdx:/,/mﬁ) (Inx)2
e f/12+ )d:%tan_l(\@xﬂ-c
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Inverse Trigonometeric

1 2e2% 1 (e
°/e4x+16" z/W T2t (T e
1
sec !

o [ mxt= exde:g <66—X>+°

Exercises

Solve the following integrals :
o / X +sin™
V1-— x2

x+1
9/ P L
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Hyperbolic Functions

Definition (The hyperbolic sine function)

It is denoted by sinh x and it is defined as sinh x = ex_ze_x

@ The domain of sinh x is R and the range of sinh x is R.
@ It is an odd function and sinh(0) =0
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Hyperbolic Functions

Definition (The hyperbolic cosine function)

It is denoted by cosh x and it is defined as cosh x = —e“rf_x

Notes
@ The domain of cosh x is R and the range of cosh x is [1, o].

@ It is an even function and cosh(0) =1
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Hyperbolic Functions

o

2]

The hyperbolic tangent function is denoted by tanh x and it is defined

sinhx eX—e™*
as tanhx = = for every x € R
coshx eX+4eX

The hyperbolic cotangent function is denoted by coth x and it is

h X X
defined as cothx = % — © te for every x € R — {0}
sinhx eX—eX

The hyperbolic secant function is denoted by sech x and it is defined

2
as sech x = = for every x € R
coshx eX—e™X

The hyperbolic cosecant function is denoted by csch x and it is

1 2
defined as csch x = — = for every x € R — {0}
sinhx eX—e™X
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Hyperbolic Functions

@ cosh? x — sinh®> x =1 for every x € R

@ 1 — tanh? x = sech?® x for every x € R
© coth? x — 1 = csch? x for every x € R — {0}
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Hyperbolic Functions

Derivatives of the hyperbolic functions

(4] i sinh x = cosh x,
dx

@ — cosh x =sinhx,
dx
d 2
©@ —tanh x = sech” x
dx
d
Q —coth x = —csch?® x
dx
©@ —sech x = —sech x tanh x
dx
d
@ —csch x = —csch x coth x
dx
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Hyperbolic Functions

Derivatives of the hyperbolic functions

o di sinh(f(x)) = cosh(f(x))f'(x)

X

0 £ cosh(£(x) = sinh(F(x))F'(x)

5] %tanh (f(x)) = sech® (f(x))f'(x)

) %coth (F(x)) = —csck? (F(x))F(x)

0 < sech (£(x)) = —sech (£(x)) tanh (F(x))F"(x)
0 < csch (£(x)) = —esch (f(x)) coth (F())F'(x)
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Hyperbolic Functions

@ Find the value of f(0) if f(x) = In[cosh(3x)].
f(0) = In[cosh(0)] = In(1) = 0.
@ Find the value of /(0) if f(x) = In |1+ sinh(x)|.

cosh(x) cosh(0) 1

PO = T mney ~ O = T aimh(0) ~ 140~ "
© Find f'(x) if f(x) = )

f/(x) = €M) cosh(x).
Q@ Find f'(x) if f(x) = tan~*(sinh(x)).

F(x) = cosh(x) _ cosh(x) P sech(x).

1+ (sinh(x))2  (cosh(x))2  cosh(x)
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Hyperbolic Functions

Integration of the hyperbolic functions

(1) /sinhx dx = cosh x + ¢,
Q /smh (x))f'(x)dx = cosh(f(x)) + ¢
(s /coshx dx = sinhx + c,
) / cosh(F(x))F'(x)dx = sinh(£(x)) + ¢
(s} /sech2x dx =tanhx + ¢

o /sechz(f(x))f’(x)dx = tanh(f(x)) + ¢
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Hyperbolic Functions

Integration of the hyperbolic functions

Q /cschzx dx = —cothx + ¢

o / csch?(F(x))F(x)dx = — coth(F(x)) + ¢
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Hyperbolic Functions

(1) /x2 cosh x* dx = %/cosh x3 (3x?)dx = %sinh x4 c

Q /(eX — e X)sech®(eX + e *)dx = tanh(eX + e ) + ¢

sinh x sinh x 1 sinhx
2T k= | T dx = d
= /1+sinh2x x /coshzx x /coshxcoshx x

= /sech xtanh x dx = —sech x + ¢

o / 1 d cosh x d
X — X
sech x\/4 — sinh? x V/(2)? — (sinh x)?
sinh x

-l
=sin"( 5 )+ ¢
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The Inverse Hyperbolic Functions

Definition
The inverse hyperbolic sine function is denoted by sinh~* and it is defined
as y =sinh ! x < x =sinhy, where x e R and y € R

Definition

The inverse hyperbolic cosine function is denoted by cosh™! and it is
defined as y = cosh™! x < x = cosh y, where x € [1,00) and y € [0, 00)

Definition
The inverse hyperbolic tangent function is denoted by tanh™! and it is
defined as y = tanh™! x & x = tanhy, where x € [-1,1] and y € R
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The Inverse Hyperbolic Functions

Definition
The inverse hyperbolic cotangent function is denoted by coth™! and it is
defined as y = coth™ x < x = coth y, where |x| > 1 and y € R.

Definition

The inverse hyperbolic secant function is denoted by sech™! and it is
defined as y = sech™1x < x = sech y, where x € [0,1] and y € [0, )

Definition
The inverse hyperbolic cosecant function is denoted by csch™! and it is
defined as y = csch™!x < x = csch y, where x € R and y € R — {0}
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The Inverse Hyperbolic Functions

Derivatives of the inverse hyperbolic functions

° ismh ! 1
dx \/1 +x2
/
° d sinh™1 f(x) = &
2 1+ 1((x))?
oicosh lx = ! where x > 1
dX N X2— ’
!
° icosh_1 f(x) = ﬁ, where |[f(x)] > 1
ek (f(x))* -1
d 1
° atanh X= 1" where |x| > 1
f‘/
° %tanh_1 f(x) = 1= (S:(() ek where|f(x)| > 1
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The Inverse Hyperbolic Functions

Derivatives of the inverse hyperbolic functions

d _
o acoth_lx =12 where x| >1
d _1 —f'(x)
9 &COth f(X) = W Where |f(X)| > 1
d 1 -1
Q@ —sech ' x=———where0<x<1
dx xv1 — x?
d _ —f'(x)
Q@ —sech 1f(x) = where 0 < f(x) < 1
dx NGOk
d -1
Q@ —csch x=———" where x #0
dx Ix[v/1+ x2 7
(%)

o dicsch_lf(x) = , where f(x) # 0
b

[FO)V1+ (F(x))?
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The Inverse Hyperbolic Functions

O Find f'(x) if f(x) = tanh~!3x?
3

f'(x) =

1-(3x)2  1-09x2

@ Find f'(x) if f(x) = sinh™! /x?
oy = 22—
VI+F(/X)?2 2¢xV/14x
© Find f/(x) if f(x) = sech~!(cos2x)?
F1(x) = —(—2sin2x) _ 2sin 2x
cos 2x\/m cos 2x1/1 — cos? 2x
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The Inverse Hyperbolic Functions

Integration of the inverse hyperbolic functions

1 X
° ——  _dx=sinh (%) +¢
/\/a2+x2 (3)
!
fx) dx :sinh_l(—x))+c

" VEF P 2

° /\/ﬁdx:coshl();)+c,(x> a)
fx) = cosh™1 (x) ¢, (f(x)>a
o= e D e (9 > 9

o /azixzdx = Loty el < 2

° /az_f,((:()x))zdx: itanhl(f(:))—kc, (If(x)] < a)
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The Inverse Hyperbolic Functions

Integration of the inverse hyperbolic functions

° /X\/%dx = —ésech_l(g) +c (0<x<a)

f'(x) 1 _1,f(x)

° / VE (o~ e (e
(0 < f(x) < a)

° / ><\/X+dez
f’(x)

x+/(f(x -|-a2 5
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The Inverse Hyperbolic Functions

o / e dx = / e dx = tanh~1(e¥) + ¢
1—e>™ ) (1)2— (e ) B

= 2sinh—1(7)+c

eX

1
Q /—dX: — dx
V1 + e?x eXy/1 + e2x

= —csch (&) + ¢
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