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The Natural Logarithmic Function

The student is expected to be able to:

© Find the derivative and integrals natural exponential and logarithmic
functions.

@ Find the derivative and integrals general exponential and logarithmic
functions.
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The Natural Logarithmic Function

In The first chapter we said that:

Xn+1
/x”dx: +1+C, where n# —1, n€Q
n

In this chapter, we willl see what about the Value n = —1.
The problem that we should solve it is: what is the antiderivative of the

1
/X_ldX:/dX
X

o1 _
function = = x~17?
X
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The Natural Logarithmic Function

Definition

X
1
For x > 0, the natural logarithmic function is defined by In x = / ?dt
1

Remark

The domain of the function In x is the open interval (0, 00) (x > 0)
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The Natural Logarithmic Function

Find the domain of the following functions:

Q In(x —2).
Q@ In(x+5)
QI

N
Solution

@ We shoold have x —2 > 0 = x > 2 = the domain is (2, 00).
@ We shoold have x +5 > 0 = x > —5 = the domain is (-5, c0).

© We shoold have ;—< > 0= x> 0= the domain is (0, c0).

BEN AMIRA Aymen INTEGRAL CALCULUS (MATH 106) 8 /31



Properties of natural logarithmic function

Q@ If x>1thenlnx >0
Q@ In1=0
Q@ If0<x<1lthenlnx<O
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Properties of natural logarithmic function

The graph of In x

Q First derivative test :

1
Linx=2 dt ;>0foreveryx€(0,oo)
1
Hence In x is an increasing function on (0, c0)
(2] Second derivative test :
Inx =91 - _1 <0 forevery x € (0,00)

dx2 dx x —
Hence In x is a convex function on (0, co)
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Properties of natural logarithmic function

Q@ IlimInx =00
X—>00

Q@ I|Im Ihx=—-x
x—0+

d 1
o alﬂ’Xl—;

d ()
(2] a|n|f(x)]— )

Note

. o 1
In|x| is the antiderivative of —
X
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Properties of natural logarithmic function

Integration

(1) /ldx:|n|x|+c
o /fl(x) = Inlf(x)[ +c

Some properties of In x
O In(xy)=Inx+Iny
Q In(i) =Inx—Iny

y

Q@ Inx"=rinx
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1
@ Simplify g[2ln]X + 1| + In|x| — In|x® = 2|].

1 1
g[2/n\x+ 1|+ In|x| — In|]x*> = 2|] = g[/n(x—l— 1)2 4 In|x| — In|x®> = 2|] =

1 . 5 1 |x(x+1)2
(x+1)*(x+2)3 _
If y = , Find y’.
11757 (x—12 ' ndy
1)4 23 1
Iny =1In \/(X +( ) (:);L ) = 7[4|n|x+1\+3|n|x+2\—2ln |x—1]].
X —

1 1 1 1
Differentiate both sides: yy — [4 +3 -2 ]

2 x+1 "x4+2 x-1|
1+ 1)4Hx+20 ] 4 3 2
2 (x —1)2 x+1 x+42 x-1

Hence y' =
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Exercise

If f(x) = % then find £'(x).
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The Natural Logarithmic Function

More Basic Rules of Integration :

(1) /tanx dx =In|secx| + ¢

Q /cotx dx = In|sinx|+ ¢
(3] /secx dx = In|secx +tanx| + ¢

(4] /cscx dx = In|ecscx — cotx| + ¢
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Examples

x2 +2x+3 1 [ 3x2+6x+9
QO | 3—=75 0. &=
x> 4+ 3x% + 9x 3

x3 + 3x2 4 9x x

1
:§In|x3-|-3x2—|-9x|-|-c

-~ /( x2 4+ 2x+3

x3 + 3x2 4 9x)5

1

1
dx = 5 / (3x2 + 6x + 9)_5(x3 +3x% + 9x) dx

3(x3 +3x° +9x) "+ ¢
1
=

dx = (Inx)_%1 dx = (In x)
xVInx X

N

l—i—c
2
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Examples

(%) /1dx/1dx2/idxln]|nx|+c
xIn(vx) ) x3inx Inx

x—1 , [(x+1)-2 x+1 2 B
e/x+1dx_/ X+ 1 dx_/<x+1 x+1> dx =
2

1
/ 1-— dx:/ldx—2/ dx=x—-2In|x+1|+c¢
x+1 x+1

O Find g(x) if [ [In|x]]? g(x)dx = % [In|x|]* + c.
I g = 5 (3 Il +<)

in {12 £x) = 21 x[J2 ~

2
Hence g(x) = —.
X
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The natural exponential function

The natural exponential function is the inverse of the natural logarithmic
function, and it is denoted by e*
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Properties of the natural exponential function

@ The domain of the function e* is R
@ The range of the function e is the open interval (0, c0)
Q & >0 forevery xeR
Q =1,
@ e~271828 and Ine = 1.
Q@ lim &=
X—00
@ Im =0
X—>—00

Q In(e¥) = x and e"x = x
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Properties of the natural exponential function

Some properties of the natural exponential function

If x,y € R, then

Q Xy =Y
X

e
— XY
—=e
eey

0 (e =ev
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Properties of the natural exponential function

, . 1
© Find the value of x that satisfies the equation In — = 2.
X

1
Answer: In= =2 = In(x)=2= —Inx=2= Inx = -2
X

=>e'"X:e_2=>x:e_2:glg
@ Find the value of x that satisfies the equation €>**3 = 4.
Answer:
B =4= (") =Ind=5x+3=Ind = x = _3+'"4

(e
@ Simplify In ((e 2)

Answer: In (e¥)? = 2X) = 2x

BEN AMIRA Aymen INTEGRAL CALCULUS (MATH 106)



Properties of the natural exponential function

Derivative of the natural exponential function

d
o

&e

o %ef(x) _ fMf(x)

Integration

(7] /exdx:ex-l-c

X X
:e’

o / ef I (x)dx = ™) + ¢
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Properties of the natural exponential function

(1) Find f/(x) If f(x) = >+ X

(x) = 5e5X —@x

9/ — /(l—e )—Ze—xdxz¥+c
5] /e;dxz—%/ei;fdxz__eiJrC
0/‘?\/{—2/@/}%:2@&—#6
Wd = (Inx)%;d = ('”X) ]
1
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Properties of the natural exponential function

eSinx . .
Qo dx = [ "X cosxdx =X + ¢
sec x

@ Find g(x) i / g(x)dx = e 4
*g(x ) — = [—e3x + c} — 3g(x) = —(6x)
— 3g(x) = —6xe3X
Hence g(x) = —

Q /e(x2+'"x) /e 2e"‘xdx:/exzxdx: %/ex22xdx: %ex2+c
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The general exponential function

Definition(The general exponential function)

It has the form a* where a > 0 and a # 1.
Note: &% = exIna

Derivative of the general exponential function
(1) i X = a%ln a,
o 7 f(X =afMf'(x)Ina

Integration of the general exponential function
aX
(7] /axdx =—d¢
Ina

) / SOV () = 2

Ina

f(x)

+c
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The general logarithmic function

Definition(The general logarithmic function)

The general logarithmic function of base a where a >0 and a# 1 is
denoted by log, x and it is the inverse function of the general exponential
function a*

Q log,x=y<=a =x
In x

Q log,x = —
Ina

Q logx = logypx
@ Inx = log, x
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The general logarithmic function

Derivative of the general logarithmic function

d 11
o o log,, |x| = Xina

d f'(x) 1
e & IOga |f(X)| - f(X) E
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The general logarithmic function

© Find the value of x if log, x = 37
logyx =3 & x=23=8.
@ Find y’ if y = (sinx)*
y = (sinx)* = Iny = In(sin x)* = xIn | sin x|
! cos x

—— = In|sin x| + x cot x

Differentiate both sides : 2~ = In | sin x| 4+ x
y

x3

2.-x3 _1 x3 2 _6
0/x6 dx—3/6 (3X)dX—3|n6+c
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The general logarithmic function

Exercises

@ Find f/(x) if f(x) = (x*> 4+ 1)*

Eval 3\/;?
t —
Q vauae/\/)_(

BEN AMIRA Aymen INTEGRAL CALCULUS (MATH 106) 31/31



	The Natural Logarithmic Function
	The natural exponential function
	The general exponential function and logarithmic function

