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A Chi-square test is a hypothesis testing method. Chi square
test statistic is used for comparing between the observed and
the expected values in order to answer questions or to test
some claims concerning the experiment in two types of Chi
square tests for

@ Goodness of fit test with a probability distribution.
® (Independence and (SEEREE b<tveen two variables.
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For Goodness of fit:

We consider a test to determine if a population has a specified
theoretical distribution. The test is based on how good a fit we
have between the frequency of occurrence of observations in
an observed sample and the expected frequencies obtained

from the hypothesized distribution. ,
we test whether the null hypothesis @ The l"y VO\'h es1S s

Hp : The given data is well fitted a certain
Probability Distribution,
H; : The data is not fitted.

(D The test stadishic -
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@ The data range is divided into k intervals (or cells or
classes) and the frequency count O; for each interval (cell,
or class) is tabulated.

® Thelexpected frequency E; based on the thearetical pdf f
with cumulative distribution F is calculated for each

interval (cell, or class)

tests

np;,

where n is is the number of data points, and

SHO = YKE=n

pi = F(a;) — F(aj-1), where a; and a;_; are
the endpoint of the interval,

or

pi = f(a;) if the interval is a single point

e S The e st
oot T
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The test statistic (x§) (EIONNSEUNOIEISIE

- If E; <5, Ej is combined to a neighbor level.
The null hypothesis is rejected if the test statistic
2 2
X0 > Xa,k—m—l'
Xiy is the value of Chi-Square distribution for significance
level o with df = v in the Chi-Square distribution table.

accept H,
€ vejeck Vo
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Skl Example 1.
tests We consider the tossing of a die. We hypothesize that the die
is honest, which is equivalent to testing the hypothesis that

the distribution of outcomes is the discrete uniform distribution

f(x)=2,x=1,2,...,6.

o=

Suppose that the die is tossed 120 times and each outcome is
recorded. Theoretically, if the die is balanced, we would expect
each face to occur 20 times. The results are given by

Face |1 2 3 4 5 (d|dotd

O; Observed [ 20 22 17 18 19 24 Po =n
E, Expected | 20 20 20 20 20 20 |\poz=w

By comparing the observed frequencies with the corresponding
expected frequencies, the hypotheses,

@ﬁo : the die is fair (f(x) = £,x = 1,...,6),

H;  dieis not (f(x) is not discrete uniform distribution).
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Solution:
We find, from the table, that the y3- test statistic value to be

2 _ (20—-20)> | (22-20)2 | (17—20)%> |, (18—20)?
@Xo—( 20) t %t % T

(19-20)% | (24—20)> _ 2
R I R Y AR

Using chi-squared table, we X3 oz 5 = 11.070.;Since 1.7 is less

than the critical value (x3 95 5), we fail to reject Hp. We
conclude the die is fair.

e059G =\ -0F0
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Example 2:

In a study for the quality control for a certain machine to be
used for paving the public roads, a researcher to select a
sample of 4 machines within a period 200 days for the
production line and to record number of machines needed \—,\"J
maintains in each day. He obtained the following records:

K=5 —_— I

No. of machines needed maintains (x;) | ‘0 1 2 3 4|

No. of days to be repeated (O;) 100 79 19 1 0fg
v

Does this data suggest that No. of machines that need W\ =20
maintains follows Bin(4,p) at level 0.017 (Hint; The parameter
p should be estimated.)
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Solution:

Given p=np = [ =4p
L DTH(0i%x)  (0x10141x794+2x194+3x144x0) 0.6
H="="20  — 200 =V

Soﬁ:%:O.B

The hypothesis:

Ho :  No. of machines that need maintains follows Bin (4, 0.15),
Hi : No. of machines that need maintains does not
follow Bin (4, 0.15).

Under Hy,|the expected numbers are:
S

@ VE; = np; = 200 x ( ‘,‘ ) (0.15)/(0.85)*~
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Eo = 200pg = 200 x 0.5220 = 104.4
E; = 200p; =200 x 0.3685 = 73.7
E; = 200p2 = 200 x 0.0975 = 19.5
Ez = 200p3 = 200 x 0.00115 =2.3
Es = 200ps = 200 x 0.0005 = 0.1

We may summarize our calculation as in the following table:

bl )
No. of machines needed maintains (x;) [0 1 2 3 4 +°+"l
v “No. of days to be repeated (O;) 101 79 19 1 0 200
corresponding expected values (E;) 104.4 73.7 19.5 2.3 0.1 200
We note that the expected values E3 = 2.3 and E4 = 0.1 corres

to i = 3,4 are less than 5, so we cancel these two categories and (in
mmm
category before, and therefore we have now the following table to be
used for our calculated
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No. of machines needed maintains (x;) | 70 1 >2
v~ No. of days to be repeated (O;) 101 79 20 [200
The corresponding expected values (E;) | 104.4 73.7 21.9 |200

The number of observed values became k = 3, and the test
statistic is:

3 (0,—E;)? 101—104.4)° 79—73.7)° 20—21.9
b= Z':l( JEJ-J) ={ 104.4 L4 737) + ! 21.9 = = 0.657

W ’yvl_
The df of X3 is: v =k-m-1=3—-1—-1=1, and m=1 as we
estimated one pa A\ The rejection region (R.R) is:
X1 .0.01,00) = (0.63,50), so Hp is accepted at the IeveI 0.01, that is;

the No. of machines that need maintains follows Bin(4, 0.15).
Remark: if p is not estimated but is given in advance, then m=0 and

: O’S\/\V/—

%-o =({'53
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e A third example is to test the hypothesis that the frequency
distribution of battery lives given in this Table
class | Class Boundaries Frequcepn"cy L.
1 1.45-1.95 2 .5
\(,_q 2 1.95-2.45 1 a.l
3 2.45-2.95 4 5,9
4 2.95-3.45 15 \0:3
5 3.45-3.95 10 \o. %
6 3.95-4.45 5 £
7 4.45-4 .95 3 3.9

4+ a,\ =N =
The frequency may be ap&gximated by a \r?grmal dist‘r*lgutig;‘\
with mean p = 3.5 and standard deviation o = 0.7. Test the
hypothesis

® Hp : the data is normal N(3.5,0.7),
Hi - the data is not normal.

at level of significance o = 0.05
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tests The z-values corresponding to the boundaries of the

first class are z; = (1.45 —3.5)/0.7 = —2.93 and

zp = (1.95—-3.5)/0.7 = —2.21.

From standard normal table, we find the area between

z1 = —2.93 and zp = —2.21 to be area equal to

—293 < Z < -221)

p1 P(

P(Z < —2.21) — P(Z < —2.93)
F .
0.

(—2.21) — F(—2.93)
0119

Hence, the expected frequency for the first class is
E1 = np1 = 40(0.0119) =05
Similarly, we get

Ey = npy = 40[P(—2.21 < Z < —15)] = 2.1
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Es
E4
Es
Es
E7

— 40[P
= 40[P

15<Z<—-0.79)] =59
0.79 < Z < —0.07)] = 10.3

= 40[P(0.64 < Z < 1.36)] = 7.0
=40[P(1.36 < Z < 2.07)] = 3.5

(—
(—
— 40[P(—0.07 < Z < 0.64)] = 10.7
(
(

(A
Foud § Pt B a8 S
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We note that the expected values £E; = 0.5, E, = 2.1 and

E7 = 3.5 correspond to class 1, 2 and 7 are less than 5, so we
cancel these three classes and (in the time) to add both class 1
and 2 the observed and expected values to that class 3 and

add class 7 to class 6, and therefore we have now the following

table to be used for our calculated: Yotk
class 1 2 3 4™
class boundary | 1.45-2.95 | 2.95-3.45 | 3.45-3.95 | 3.95- 4.95
observed (O) 7 15 10 8 40
Expected (E) 8.5 10.3 10.7 10.5 Uo

The number of observed values is reduced to kK = 4, and the
test statistic is

_ 5)? | (15-10.3)?
Xo =85 T 103

(10-10.7)> | (8-10.5)> _
T 07t 10 =305

2
%V:k_m—l =y-o0-]:=%3
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Since the computed x2-value is less than

X6.05,y—k—m—-1 = X8.05,4-0-1 = Xp.05,3 = 7-815,m = 0 (the
, o are given and are not estimated), we have no reason to
reject the null hypothesis and conclude that the normal
distribution with mean p = 3.5 and standard deviation o = 0.7
provides a good fit for the distribution of battery lives.

*(eSecsc \“‘o

o = 0O
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Example 4:
The frequency distribution table of 120 women weights is:

Class interval 425475 [ 475-525 [ 525-57.5 | 57.5-625 | 62.5675 | 675725 | 725713
Frequencies (00) 5 16 28 32 23 11 5
Mid Class (x;) 45 50 55 60 65 70 75

Does this data suggest that the women weight is Normally
distributed at level 0.057
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Solution: §17§ Qlw?-qmb)\'&/ﬁ\&ﬂ
he mean p and the variance o2 of the weight population are

esztimated by X = Sk, Q9 — 57 OI’ZXOX" = 59.4 and

S =51.9. L2 hi ( f“‘c\/‘/—;oi

The hypothesis:

Ho :  Women weight follows N(59.4,51.9), \
H; : Women weight does not follow N(59.4,51.9).

Onder that Hp is correct, the expected number in each class
interval (a;, b;) is:

Ei = nXpj
pi = P(a,- < X < b,) = (F(b,) — F(a,-))

E; = 120 x P(42.5 < X < 47.5) = 4.76

E; = 120 x P(47.5 < X <52.5) =4.38

E; = 120 x P(52.5 < X < 57.5) = 27.24
E,= 120 x P(57.5 < X < 62.5) = 32.48

Es = 120 x P(62.5 < X < 67.5) = 24.37

Es = 120 x P(67.5 < X < 72.5) = 11.51

E; = 120 x P(72.56 < X < 77.5) = 3.42
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We may summarize our calculation as in the following table:

=71 &~
Class interval 42 5475 475:52 5 5255735 575625 | 625675 '\'o*a\
Observed () 5 16 28 232 23 a=\Lo
Expected (B | 4.76 | §4.38 | 27.24 | 3248 | 24.37 n=120

We note that the expected values E; = 4.76 and E; = 3.42 be

less than 5, so we cancel these intervals and (in the time) to

add the observed and expected values to their neighbors, and

we have now the next table to be used for our calculations:
=S =  —

A foYal

Class interval 42.5-525 32.5-575 57.5-62.5 62.5-675 67.5-775
Observed (0;) 21 28 32 23 16 N=\10
Expected (E;) 19.14 27.24 3248 2437 14.93 =\1l0

3=y, O0Er - 0 —

k_/v V\Q[’\l:\«-m—hl
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The degrees of freedom of X3 is:
v=k—m—-1=5-2—-1=2, and m =2 as we estimated 2
parameters. The R.R is: (X 05.2,00) = (5.991,00), so Hp is
accepted at the level 0.05 and the data follows N(59.4,51.9).

dCC@%’ R

‘(C(SC’C\' e
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For independence test:

If we select a random sample from a population, we may need
to classify the units according to two (A and B) classification
random variables “or phenomena”. For instance, to classify a

random sample of students according to;

® The weight and the advanced in the academic level.
The ability in Mathematics and the ability in Statistics.

The sex (male, female) and the advanced in the academic
level.

The smoking habit and the smoking habit of their parents.
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categories), to be assigned in r rows and (B) having ¢ > 2
different levels (or categories) to be assigned in ¢ columns.
The table of this classification is called "r x ¢ association
table” of the form:

Measure “B “

Measure “A “ 1 2 3 j C Total
1%t level Aq O13 Oli Oic O1.
Zﬂd level Az Oz Ozj Osc [}3
Oiz Oic Oi
rlevel A, |On On Op Orj Orc O
Total 0. 0. O3 VOWL Oc 0.

Where
OJ:ZIrZI O;j,j:]_,...,C,Oi,: J?:loij’i:]'""’rand
0. =>i127-105=n
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The aforesaid logic of the r x ¢ association table indicates that
sampling to be carried out before classification. Moreover, the
determination of the totality for both the horizontal rows and
for the vertical columns are depending only on chance. We aim
behind this logic at testing the null hypothesis;

A and B are independent,
O A and B are not independent.
<€
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If there are certain r populations, and we select from each of
them independent samples. For instance, a researcher was
inspecting devices in three different institutes due to a certain
ministry and from each a sample is selected. Here, the total
number in each row of the phenomena A is known in advance.
Then, classification according to the phenomena B is
completed in to ¢ levels. So, the r x ¢ association table
indicates that classification to be carried before sampling. We
aim behind this logic at testing Homogeneity between A and
B, as following:

Ho : A and B are homogeneous,
@ Hi: A and B are not homogeneous.
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Under that Hp is true (Independence or Homogeneity), the
expected value Ej; is shown to be determined by:

Ej = nx P(getting Oj)
=nx 8 X 5

0
—_O XO XO

The test statistic:
2 _ r c  (0;—Ey)? 2
Xo = 2ui=1 Zj:l —JEij e~ X{(r—1)x(c—1)’

and R.R is (Xi,(r—l)X(C—l)’ OO)

* Q,S)('\ {eaeck H
s / ©
% ?

tf\/rﬁ@ 00

%i,u—n(c—n
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Example b:

In a planned study to investigate the relationship between the
weights (A) and the advanced in the academic level (B) for the
student, in a sample of 120 students we got the following table:

Excellent Very Good Pass Fail | Total
Skinny | 14 11 10 5 40
Average | 10 16 16 14 | 56
Fat 3 4 7 10 | 24
Total 27 31 33 29 | 120

Does this data suggest that there is a relationship between
weight (phenomena A) and the advanced in the academic level
(phenomena B)? Use ao = 0.05.
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Solution:
The null hypothesis is

O b : the two random variables (phenomena’s, A and B)
are independent

) And (B) are not independent.
The test statistic is:

B = S 3= (r—1) x (c~1)=2x3=6

and R.R= (x§0s.6: 00) = (12.592, c0)
Now, we add the expected values Ej; = O"'OXO"' in the following table
for our calculation: )

' xe\)'(’c\’ Yo
a\(cé/'\gfr . /777 5 xa

'X;Lo< € 212-592
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Excellent | Very Good Pass Fail Total

Skinny | 14 11 10 5 40
9 10.33 11 9.67

Average | 10 16 16 14 56
12.6 14.47 154 13.53

Fat 3 4 7 10 24
£ 6.2 6.6 5.8

Total 27 31 33 29 120

And therefore, the calculated test tool will be:

2 r c (OU_EU)2
Xo = 2ui=124j=1 E;
_op ~10.33)2 —5.8)°
= (1499) + (11101.%3?3) t.t 105‘58‘8 =10.82

As X% lies outside R.R, so we cannot reject Hy given o« = 0.05
and the independence of the phenomena's, A and B cannot be
rejected.
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Example 6:

A researcher was inspecting devices in three different institutes

due to a certain ministry in order to check the similarity of

them. He selected three samples to study their quality (Low,
Average and High), and the following table shows results

obtained:
Quality of the Devices(B)
Institutes(A) Low Average High Total
(1) 12 23 89 124
(II) 8 12 62 82
(III) 25 30 119 174
Total 45 63 270 380

Does this data give an evidence to say the qualities of the

devices in the three institutes are the same? Use o« = 0.01.

Chapter 6: Chi square tests

October 30, 2021

29/31



Chapter 6:
Chi square

tests

Solutions:

Note that this is an application for testing weather that the
two (phenomena’s, A and B) are Homogeneity? We are testing
The Null hypothesis:

O Ho : Homogeneity property is satisfied
\ in the two phenomena's, A and B

H; : Homogeneity property is not satisfied
between the two phenomena’s, A and B.

The test statistic is:

r (),'J'—Eij2
= OBl 2 = (r-1) x(c-1)=2x2=4

and R.R= (X3 5.4 00) = (13.277, 00)
acceRX ve)el Wo
Vo {22 S
O K pey 21307
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O;—Ej)* .
Now, we add the expected values x3 = >/_4 i1 % in
the following table for our calculation:
Quality of Devices(B)
- Total
. L Av H
Institutes(A4) L NEwEE igh
(1) 12 23 89 124
14.68 2121 B8 11
(Im) 8 12 62 82
9.71 14.03 58.26
(II1) 25 30 119 174
20.61 29.76 123.63
Total 45 65 270 380
2 _ <r c  (05—Ey)?
Xo T Zi=124=1"F
_ (12-14.68)%> | (23-21.21)? (119-123.63)2
- 14.68 + 21.21 + ... + — 2-59

123.63

x3 lies outside R.R, so we cannot reject Hp and the
Homogeneity property is accepted.
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