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The Dot Product

Definition 1.1

In R2, if u = (u1,u2) and v = (v1,v2), the dot product of u and v is the
number (u,v) = u1v1 + ugvs.

In R3, if u = (uy,u2,u3) and v = (v, ve,v3), the dot product of u and v
is the number (u,v) = ujvy + ugve + u3vs.

The norm of a vector u is ||u|| = \/(u,u).
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Recall that if @ is the angle between the vectors @ and ¥, then

(u, v) = [Jul| [[v]| cos 6.

The direction angles associated to a vector u

are given by: cosa = % cos 8 = ﬂﬁjﬁ,
cosy = LWk
15 Tul
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The Cross Product

Definition 1.2

If uy = (21,91, 21) and ug = (x2,y2, 22), then the cross product of u; and
uy is the vector

1 2 i
Y2 22

1 z
T2 2

1 Y1
T2 Y2

- -
UL N\ ug = 1 .
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Remark 1.1

© The vector u; A ug is orthogonal to the vectors u; and ug and its
direction is given by the right-hand rule i.e. the determinant
|u, ug, u1 A ug| is non negative.

@ |u1 A wug| is the area of the parallelogram spanned by u; and uo, i.e.,
|ur A ug| = |ug]| |uz| siné

© Two vectors uy and uy are parallel if and only if uy A ug = 0.
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Theorem 1.1 (Cross Product Properties)

Let uy, us, and uz be vectors and let ¢ be a constant:
UL N\ Uy = —ug A\ Uy,

(cur) Aug = c(ur Aug) = ug A (cuz);

ur A (ug + ug) = ug A ug + up A us;

(u1 +u2) Aug = ur Aug+uz Aug,

uy - (ug Aug) = (up Aug) - us;

©0 0000

up N\ (UQ A U3) = (u1 . ’U,3)UQ = (u1 . UQ)Ug.
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Scalar Triple Product

The scalar triple product of three vectors w1, uo, and ug is the determinant

1 Y1 21
(u1, (ug ANug)) = |z2 Yo 2of.
r3 Y3 23

The volume of the parallelepiped formed by the vectors w1, us, and ug is

given by
|(u1, (ug A ug))l.

10/107
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The Directional Derivative

Let f be a function defined on a domain D C R2. For (x¢,y0) € D, the
partial derivatives of f with respect to « and y if they exist are defined by:

fg;(.To,yO) — }Lli}% f(iUO + h’yO}z - f(l'o,yo)’

. f(xo,y0 + h) — f(x0,y0)
fy(anayO) = }1}_}1’110 h .
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Consider a smocih scalar field_>f: D — R. The partial derivatives of f in
the pointr=21i +yj + 2k € D when these limits exist:

of v _ v flat+hy2)— fla,y,2),
T
T .’E,y—f— y2) — ﬂf,y,Z_
g, ) = fim h ’
af T f(.’E,y,Z—{—h)—f(fE,y,Z)
a(r)_hf{‘) h
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The Directional Derivative

Let f be a function defined on a domain D C R2. For (z¢,y0) € D and
u = (a,b) a unit vector in R?. The directional derivative of f in the

direction of u at (xg,yo) if it exists is

f((wo,y0) + hu) — f(xo,y0)

Duf(x()ay()) = ’]il_r;% h
~ m f(xo + ah,yo + bh) — f(xo,y0)
h—0 h )
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Example 1.1

Q If u=(a,b), Dy, f(z0,y0) is the same as the derivative of
f(xo+ at,yo + bt) at t = 0. We can compute this by the chain rule
and get

Dy f(xo0,90) = afz(xo,y0) + bfy(xo,y0)-

@ Find the directional derivative of f(x,y) = xy> — 22 at (1,2) in the

direction u = (3, \/Tg)

© Find the directional derivative of f(z,y) = 2%Iny at (3,1) in the

direction of u = (—3, \/75)
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Vector Fields

Definition 2.1
A two-dimensional vector field is a function f that maps each point (x,y)
in R? to a two-dimensional vector f(x,y) = (u(x,y),v(x,y)).
LVe denote f(x,y) = u(z,y) i +v(z,y)j, where i =(1,0) and
j =1(0,1).
Similarly a three-dimensional vector field maps (z,y, z) to
f(x,y,2) = (u(=,y, 2),v(z,y, 2), w(, y, 2)).
= : =
ﬂ)/e denote f(:v,_)y, z) = u(z,y, z)_l> +v(z,y,2)j +w(z,y,2)k, where
i =(1,0,0), j =(0,1,0) and X = (0,0, 1).
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Example 2.1

The vector fields have many important significations, as they can be used
to represent many physical quantities: gravity, electricity, magnetism or a
velocity of fluid.

Let r(t) = x(t) i +y(t) j + 2(t) k be the position vector of an object.
We can define various physical quantities associated with the object as
follows: _ - _

velocity: v(t) =7'(t) = & =2'() i +y/(t) § + 2 (t)k,

acceleration:

" 1" _> " _> 1" %
a(t) =v'(t) = % =r (t) = % =z (t)i +y (t)j +=2 (t)k, The norm

|lu(t)]| of the velocity vector is called the speed of the object.
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Example 2.2
The gravitational force field between the Earth with mass M and a point
particle with mass m is given by:

- - v
zi+yj +zk

F(z,y,z) = —GmM ,
(22 + 4%+ 22)%

where G is the gravitational constant, and the (z,y, z) coordinates are
chosen so that (0,0, 0) is the center of the Earth.
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Gradient Fields

Let f be a scalar function of two variables, the gradient of f is defined by

Vi) = (G e, o)

If f is a scalar function of three variables, its gradient is a vector field on

R3 given by

0 0 0
Vi) = (G e, 5 @00, G @)

The operator V will be denoted by:
= g
V= 55; i +8y_] —|—azk or V = (%,%,%) as a vector.
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Gradient Fields

Remark 2.1

Let f be a function. The vector V f(xo, yo, 20) is orthogonal to the level
surface of f S = {(z,y,2) € R®: f(x,y,2) = C} that contains
(20, Y0, 20)-
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Gradient Fields

Consider f and g two smooth scalar functions defined on a domain

D C R3 and consider F' = (f1, fa, f3) and G = (g1, g2, g3) two smooth
vector fields.

Virg) = (A8 240 20
= [V(9) +9V(f)

VIF,G)) = V(fig1+ f292 + f3g3)
= V(fi91) + V(f292) + V(f39s)
= fiV(g1) + +/2V(g2) + f3V(g3)
91V (f1) + 92V (f2) + 95V (fs).
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Vector Fields

Definition 2.2

A vector field F' is called conservative, if F' is the gradient of a function,

F =YV f. In this case, the function f is called a potential of the vector
field F.

For example the vector field

Fo— —x - —z
(@2 92 +22)7 (@2 9P +22)7 (@ +y? 4 22)
1

Ve
Va2 4 y? + 22
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vector Fields

Example 2.3 ( The inverse square field)

- = =
Let r(z,y,2) =21 +yj + 2k be the position vector of the point
M (z,y,z). The vector field F(z,y,z) = ic ”3 r(z,y,z) is called the

inverse square field, where ¢ € R.
The inverse field is conservative.
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Test of Conservative

If F=(P,Q)=Vf. Then P = gf; and (Q = (;:ch and provided that f is
2 2
smooth, from Schwarz's Theorem, a—P of = of 8Q Hence, if

dy  dxdy Oydr Oz
9Q F is not conservative.

ay oz’
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For a vector field F' = (P,Q, R), suppose that (P,Q,R) = (gf g?]; gﬁ)
If z is constant, then f(z,y, z) is a function of x and y, and by Schwarz's

2 2
Theorem, %—]; = 8‘18}; = ;yafx = aQ Likewise, if 4 is constant, then

op _ B _ 9 _oR
0z  Oxdz 0z0x Ox'
0Q o*f  0*f _OR
0z  Oydz 020y Oy

or_og Sp_or 00 oR, .

Conversely, if By 0x' 8z oz 0z 0Oy

conservative.

and if x is constant, we get
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Example 2.4

@ The vector field (1 + 32y, 22? — 3y?) is not conservative because,
o(1+3 d(2z% — 3y?
0Q +3zy) _ 5 0ng 2 =3 _ 0
oy ox
@ The vector field F = (y?z + ycos x, 2zyz + sinx — siny, 2y?) is
conservative because, F' = V(zy?z + ysinz + cosy).
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The Divergence

Definition 3.1

The divergence of a vector field F = (P,Q, R) is

/(o a b _OP  0Q  OR
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The curl of a vector field

The curl of FF = (P,Q,R) is
TR
P Q R

- e :
If F=Pi + @ ]j isatwo dimensional vector field, the curl V x F' can
also be deflned by regardmg the k—component to be zero, i.e.

— op\ =
F=P1+Qj +0K, then curlF = (W—a—y)k.

Theorem 3.1 (The Curl Test)

Given a vector field F = (P, Q, R) is defined and continuously
differentiable everywhere in R3 (or everywhere in R? for vector fields in
R?), then F is conservative if and curlF = 0.

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 203, 29 /107



Here are two simple but useful facts about divergence and curl.

Theorem 3.2

(V,(V x F)) = 0. In other words, the divergence of the curl is zero.

Theorem 3.3

V x (Vf)=0. That is, the curl of a gradient is the zero vector.
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Exercises

Exercise 3.1

A vector field F' is said to be incompressible if (V, F') = 0.
Prove that any vector field of the form
F(x,y,2) = (f(y,2),9(x, z), h(x,y)) is incompressible.

Exercise 3.2

Find an f so that Vf = (22 + y?, 2y + 22), or explain why there is no
such f.
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Find an f so that Vf = (23, —y*), or explain why there is no such f.

Find an f so that Vf = (xze¥, ye®), or explain why there is no such f.

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 203, 32 /107



Find an f so that Vf = (ycosz,ysinz), or explain why there is no such

f.

Find an f so that Vf = (ycosz,sinz), or explain why there is no such f.

Find an f so that Vf = (2243, zy*), or explain why there is no such f.
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Find an f so that Vf = (yz,xz,xy), or explain why there is no such f.

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Mati 34 /107



Table of contents

@ Line Integrals

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math



Line Integrals on plane

Consider a plane curve given by the parametric equations

At = (@) y(t), t€ bl

Let f be a continuous function on R?. If ~ is continuously differentiable,
the line integral of f on ~ with respect to the arc length is defined by:

/fm V@O + (7 O)2dt = /f:c(t )V (@ @) + (7 (D)2t
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Remark 4.1

QIff=1, / \/ '(t))?dt is the length of ~.

Note that /(z/(t))2 + (y ( ))2 = [|7/(t)||. We denote
ds = /(2 (t))? + (y’(t))2dt-

@ The value of the line integral does not depend on the parametrization
of the curve, provided that the curve is traversed exactly once as t
increases from a to b.
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Example 4.1

(Integrating along an arc of circle)
Consider the arc of circle C' parametrized by (cost,sint), with ¢ € [0, 7).

In this case ds = \/cos2t + sin? tdt = dt

™

/ (x4 4xy®)ds = /2 (cost + 4 costsin? t)dt
C 0

™

= /2 cost(1 + 4sin® t)dt
0

S s
0 3

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 203, 38/107



Definition 4.2
Let f be a continuous function on R? and let v be piecewise-smooth
curve, that is, vy is a union of a finite number of smooth curves 1, . .., Vg,

such that the initial point of ;1 is the terminal point of vv;. Then we
define the integral of a continuous function f along v with respect to the
arc length by:

/ myds—z flz,y)d

j=1"7
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Definition 4.3 (Center of mass of a wire)

If p(x,y) is the linear density at a point (x,y) of a thin wire shaped like a
curve 7y: [a,b] — R2. The mass of the thin is

m = / ) (0)lldt

and the center of mass of the thin

b b
(z0,0) = ( [ s oot @la, [ y(t)p(v(t»\w'(t)udt) |
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Example 4.2

A wire takes the shape of an arc of circle (cost,sint), with ¢ € [0, 7. If
the density of the thin is p(z,y) = 2% + y%. Then the mass of the thin is

m=/ dt =7
0

s s
and the center of mass of the this (/ cos tdt,/ sintdt) = (0,2).
0 0

41 /107

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 203,



Table of contents

© Line Integral in Space

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 42 /107



Consider a space curve given by the parametric equations
V(t) = (2(1), y(1), 2(t)), € la,b].

Let f be a continuous function on R3. If  is continuously differentiable,
the line integral of f on v with respect to the arc length is defined by:

b b
/ fo W(t)\/(fﬂ/(t))2 + W (1)2 + (2 (1)%dt = / f(@(0), y(1), Z(t))\/(z/(t))z + (¥ (1)2 + (27 (1))2dt.
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Remark 5.1

QIff=1, / \/ y'(t))2dt is the length of ~.

Note that /(z/(t))2 + (y’(t))2 + (2/())2 = |7/ (t)|| and we denote
ds = /(2 (t))? + (y’(t))2 + (2'(2))?dt.

@ The value of the line integral does not depend on the parametrization
of the curve, provided that the curve is traversed exactly once as t
increases from a to b.
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Example 5.1
Consider the curve  parametrized by v(t) = (cost,sint, 1), with

t €10, Z]. In this case ds = V/cos? t + sin? tdt = dt

/ (2zz + 52y + 2)ds = /2 (2cost + 5costsin®t + 1)dt
c 0

jus

= g + /2 cost(2 + 5sin® t)dt
0

s L T 11
— 2 Ndu = — + —.
2+/0(+5u)u 5 T3

u=sint
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Definition 5.1
Let f be a continuous function on R3 and let v be piecewise-smooth
curve, that is, vy is a union of a finite number of smooth curves 1, . .., Vg,

such that the initial point of ;1 is the terminal point of vv;. Then we
define the integral of a continuous function f along v with respect to the
arc length as

k
/f(x7yv z)ds = Z f(z,y, 2)ds.
¢

j=1“7
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Definition 5.2

Let f be a continuous function on D C R? and let C' be piecewise-smooth
curve on D parametrized by (xz(t),y(t), 2(t)), t € [a,b]:

© The line integral of f(x,y, z) with respect to x along the oriented
curve C' is written | f(x,y,z)dx and defined by:
C

b
/f@@dmz/fWMW@%mf@ﬁ
C a

@ The line integral of f(x,y, z) with respect to y along the oriented
curve C' is written / f(z,y,2)dy and defined by:
c

b
/Fw%a@—/f@wmmamwwt
C a
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© The line integral of f(x,y, z) with respect to z along the oriented
curve C' is written / f(z,y,2z)dz and defined by:
c

b
/ A = / F(@(t), y(8), 2(6)(t)dt
C a
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Work of a Force Field

If F = (f,g,h) is a force field defined on a domain D C R? and let C be
piecewise-smooth curve on D parametrized by (z(t),y(t),2(t)), t € [a, b]:
The work of F' along the curve C' is defined by:

b b
W o= / fla(t),y(t), ()2’ (t)dt + / g(x(t),y(t), 2(t))y' (t)dt
b
+/ h(z(t),y(t), z(t))2' (t)dt

a

_ /b(Fo C(b), C'()dt.

b
/ (FoC(t),C'(t))dt is denoted also / F(x,y,z).dr
a c
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Definition 6.1

We say that the line integral | F.dr is independent of path in the domain

—

C
D if the integral is the same for every path contained in D that has the
same beginning and ending points.

51/107
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Theorem 6.1

Let F = (f,g,h) be a continuous vector field defined on a connected
region D and let C be a smooth parametric curve on D parameterized by

C(t) = (z(8),y(t), 2(t)), t € [a,b].
The integral

b b
/ Fdr = / F(@(®),y(t), () ()t + / F@ (), y(t), =(8)e (2)de
C a a
b
/ (), 9(0), 20! (ke

is independent of the path if and only if F' is conservative.
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Independence of Path

Theorem 6.2 (Fundamental Theorem of Line Integrals)

Consider a smooth parametric curve C' parameterized by a smooth vector
function C(t) = (z(t),y(t), 2(t)), t € [a,b]. If f is a continuously
differentiable function on a domain containing the curve C', then

/C Vidr = f(C()) - f(C(a)).

In particular, if the curve is closed, (i.e. C(b) = C(a)), then

/CVf.dr = 0.
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Example 6.1
Consider the vector field F'(z,y) = (2zy — 3, 2% + 4y3 + 5).
The line integral F.dr is independent of path. Then, evaluate the line

integral for any curc\'/e C' with initial point at (—1,2) and terminal point at
(2,3).

F= Vf 8 =20y 3, f =22y — 3z +g(y),

L=+ g(y) = +4° +5. Then f =%y — 3z +y* +5y.

/ Fdr = f(2,3) — f(~1,2) =102 — 31 = 71.
(&
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Conservative Vector Fields

Let F(x,y) = (M(z,y), N(x,y)), where we assume that M (x,y) and
N (z,y) have continuous first partial derivatives on an open,
simply-connected region D C R%. The following five statements are
equivalent, meaning that for a given vector field, either all five statements
are true or all five statements are false.

Q F(x,y) is conservative on D.

@ F(x,y) is a gradient field in D (i.e., F(z,y) = Vf(x,y), for some
potential function f, for all (z,y) € D).

(3] / F.dr is independent of path in D.
C

Q / F.dr = 0 for every piecewise-smooth closed curve C' lying in D.
C

oM ON
o Ty(x’y) = %(fﬁay), for all (z,y) € D.
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Theorem 6.3

Consider a simple connected region D and let F' be a vector field defined
onD.

The following properties of a vector field F' are equivalent:
@ F is conservative.

Q / F.dr is path-independent, (i.e. meaning that it only depends on
©
the endpoints of the curve C.

(3] j{ F.dr = 0 around any closed smooth curve C' in D.
C
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Green's Theorem

Theorem 7.1 (Green's Theorem)

Let v be a positively oriented, piecewise-smooth, simple closed curve in
the plane and let D be the region bounded by . If P and Q) have
continuous partial derivatives on an open region that contains D, then

/WP(QB,y)d:E%—Q(:v,y)aly://D((j;i2 8§>d dy.
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Remark 7.1

The notation f,y P(z,y)dx + Q(z,y)dy is sometimes used to indicate that
the line integral is calculated using the positive orientation of the closed

curve. The Green's Theorem can be written as

// <8Q - aj;) ey = /OD P(z,y)dz + Q(x,y)dy

where 0D is the positively oriented boundary curve of D.
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Example 7.1

Consider the curve defined by the boudary of the triangle A of vertices
(0,0),(1,0),(0,1). Use Green's Theorem to calculate a line integral

22 ydx + zyidy.
.

/a;Zydx + zyldy = / (y* — 2°) dzdy
y A

_ /01 (/01_$(y2 _ :BQ)dy) dz = 0.
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Example 7.2

Consider the curve defined by the circle C' defined by 2 + y? = 9. Use
Green's Theorem to calculate a line integral

/ (3y — &) da + (Tz + /5 + 1)dy.
C

/C(?)y — MO dy + (T + Vyr + Ddy = / (7 — 3)dxdy

D
= 367.
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Remark 7.2
Another application of Green's Theorem is in computing areas. Since the

area of D is // dxdy, we wish to choose P and @ so that

D
0Q 0Q, :
(% a—y) = 1. Hence the area of D id

1
A—j{ xdy——}l{ ydw-?{ (xdy — ydz).
oD oD 2 Jap

2 2

) x
For example the area enclosed by the ellipse — + 2—2 =1 A
a

paramatrization of the ellipse E is z(t) = acost, y(t) = bsint.

1 1 27
A== 7{ (rdy — ydx) = = / abcos®t 4 absin® tdt = mab.
2 E 2 0
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Exercises

Use Green's Theorem to evaluate the line integral along the given
positively oriented curve.

(zy?dzx + 22°ydy), where C'is the triangle with vertices (0,0), (2,2),
C
and (2,4).

2 2 2
/C(:l:y2dx+2x2ydy)=/0 / (Qxy)dyd:rz/o 323de = 12.
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(cos ydx + x? sinydy), where C'is the rectangle with vertices (0,0),
c
(5,0), and (5,2).

5 p2
/ (cos ydx + 2° sin ydy) = / / (22 + 1) sinydydx = 30(1 — cos 2).
C 0 Jo
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/ (ze=2%dx 4 (z* + 22%y?)dy), where C'is the boundary of the region
c

between the circles #2 + % = 1 and 2% + 3> = 4.

2 r2m
/ (ze™2dx + (2* + 22%%)dy) = / / (473 cos® @ + 473 cos O sin” )7
C 1 Jo

2 2T
= 4/ r4/ cos Odrdf = 0.
1 0
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Surface Integrals

Theorem 8.1 (Evaluation Theorem)

Consider a surface S in R?® defined by z = g(x,y) for (z,y) on a region
Ry y C R?, where g has continuous first partial derivatives, then

f(x,y,2)dS = / f(@,y,9(x,9))1/1 + g3 + gidA,
/I - Ny

where g, = a—z and g, = Oy
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Example 8.1

Evaluate the integral [[q f(z,y,2)dS, where f(z,y,z) = #* + yz and S
the upper half sphere 22 + 3% + 22 = R2.

/ f(z,y,2)dS
S

:// (332+y R27127y2> 1+ z2 + y2 dA

D(O,R) 2—x2—y2 RZ — g2 — 42
27

= / / r? cos 0+rsm0\/R2—r2) drdG

27
= R/ / i cos Odrdf = —R4
o Jo VRZ—12 3
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Definition 9.1

A surface S is called orientable if a unit normal vector i can be defined at
every non boundary point of S and n is continuous over the surface.
For a surface defined by f(x,y,z) =c,
Vf
n=4+——.
IV £l

In particular if the surface is defined by z = g(x,y), Vf = (=9z, — 0y, 1),

dS = \/1+ g2+ g2 ndS =V fdA.
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Flux of a Vector Field

Consider F' a vector field which can represents the velocity of some fluid in
the space. The flux of the fluid across S measures how much fluid is
passing through the surface S.

Consider the unit normal vector 7 to the surface at a point, the number

F .71 represents the scalar projection of F onto the direction of 7. So it
measures how fast the fluid is moving across the surface. Thus, the total

flux across S is / F.adsS.
S
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Theorem 9.1

Let F(x,y,z) = Mi+ Nj+ Pk be a continuous vector field defined on an
oriented surface S defined by z = g(x,y) on a region R, ,. The surface
integral of F' over S (or the flux of F over S) is:

/ F.ndS = // (—Mgy — Ngy,+ P)dA
S Rz y

if the surface is oriented upward and

/ F.ndS = / / (Mg, + Ng, — P)dA
S Rz .y

if the surface is oriented downward.
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Example 9.1

Compute the flux of the vector field F(z,y, z) = (x,%,0) over the portion
of the paraboloid z = 22 + y? below z = 4 (oriented with upward-pointing
normal vectors).

Solution First, observe that at any given point, the normal vectors for the
paraboloid z = 22 + 32 are 4-(2x, 2y, —1). For the normal vector to point
upward, we need a positive z—component. In this case,

u=—(2z,2y,-1) = (—2z,—2y,1)

is such a normal vector. A unit vector pointing in the same direction as u

is then |
n= (—2z,—2y,1).

VA2 +4y? +1
We have dS = ||ul|dA = \/42? + 4y?> 4+ 1dA. Then
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_ -2
//F.ﬁdS - // ,9,0 v a2y 1da
S

41‘2 VAar2 442 + 1

— //R(x,y,(]).(—ZJ:,—Qy, 1)dA://R(—2x2—2y2)dA.

The region R, is the disc D(0,2), then

2 2
/ / F.ndS = / / —2r3drd = —16m.
S 0 0
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Exercises

Evaluate / (2,—3,4).ndS, where D is given by z = 22 + 32, -1 <z <1,

D
—1 <y <1, oriented up.

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 203, 75 /107



Evaluate / (z,y,3).ndS, where D is given by z = 3z — 5y,
D
1<2<2,0<y<2, oriented up.

Evaluate / (z,y,—2).ndS, where D is given by z = 1 — 22 — 32,

D
2+ y2 < 1, oriented up.

Evaluate / (ry,yz, zx).ndS, where D is given by z = x + 3% + 2,

D
0<z <1,z <y<1, oriented up.
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Evaluate / (e, e, z).ndS, where D is given by
D
z=xy,0<zx <1, —xz <y <z, oriented up.

242 2

Evaluate [ (zz,yz,z).ndS, where D is given by z = a

D
x? + 3% < b2, oriented up.
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Example 9.2

Compute the flux of F' = (z,y, 2*) across the cone z = /22 + 32,

0 < z <1, in the downward direction.

We write the cone as a vector function: v = (v cosu, vsinu,v),
0<u<2mand 0 <wv <1 Then~, = (—vsinu,vcosu,0),

Yo = (cosu,sinu, 1), and 7, X v, = (vcosu,vsinu, —v). The third
coordinate —uv is negative, which is exactly what we desire, that is, the
normal vector points down through the surface.
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Then

{(z,y, 2%), (vcosu, vsinu, —v)) dv du

zvcosu + yvsinu — z4v dv du

2

v? cos® u + v? sin®

u —v° dvdu

v? — v dvdu = E.
3
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Theorem 10.1 (The Divergence Theorem)

Let Q be a solid region bounded by a closed surface S oriented by a
normal vector directed outward and if F is vector field C'. Then

//SF.ﬁds - ///Qv.ﬁdvz///deFdV
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Example 10.1

Use the Divergence Theorem to evaluate the surface integral //F -dS of
S

the vector field F (z,y,2) = (2°,9°,2°) , where S is the surface of a solid
bounded by the cone 22 + y2 — 22 = 0 and the plane z = 1.
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Applying the Divergence Theorem, we can write:

//F dsS = // (V-F)d
_ /// [ax ( 3)—|—%(z3)] dwdyd:
= 3/// (x2+y2+z2) dxdydz.

I
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By changing to cylindrical coordinates, we have

1 = 3///(x2+y2+22)dxdydz
G
1 1
7
= d drdz = —_ 4 —
3/90//7“—1—2 rdrdz 67?/[(4 2)
0 0 0 0
- 1
o [ [(2)]] -
- 1“2 |5 )|,| " 100
0

z

] dz
r=0
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Example 10.2

Evaluate the surface integral // w3dydz + y>drdz + z3dxdy, where S is

S
the surface of the sphere 2% + y2 + 22 = @ that has upward orientation.
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Using the Divergence Theorem, we can write:

I = // w3dydz + yPdxdz + Pdxdy = /// (3% + 3y* + 32?) dadydz

= ///:c+y —i—z)dxdydz
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By changing to spherical coordinates, we have

I = 3/// (2% +y* + 2°) dxdydz:3///r2-r2sin0drdz/1d9
G G
27 T a
= 3/d¢/sin9d9/r4dr
0 0 0

= 3.27-[(—cosf)[7] - [<7§>

“] _ 12ma®
. 5
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Example 10.3

Using the Divergence Theorem calculate the surface integral //F -dS of
s
the vector field F (z,y, z) = (2zy, 8zz,4yz) , where is the surface of

tetrahedron with vertices A = (0,0,0), B = (1,0,0), C = (0,1,0),
D = (0,0, 1).

88 /107
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By Divergence Theorem,

I = //F as = // (V-F)d
= /// (2zy) + z (8xz) + 6’82 (4yz)] av
/// (2y + 0 + 4y) dxdydz = 6/// ydxdydz.
G G
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1 11—z l—x—y
I = 6///ydwdydz:6/dx/dy / ydz
0

G 0
l—x

= 6/1da:/ l—z—y yzﬁjdm/[y(l—x)—yz]dy
0 0 0 0

_<<1_x>f_y;’> :0] dz

2 3

1
/1—:1:
0

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 203, 90 /107

O\H o —__

1-2° (@ —w>3] .

@\»—t
»J>\>—‘



Example 10.4

Use the Divergence Theorem to evaluate the surface integral //F -dS of

S
the vector field F (x,y, z) = (z,y, 2) , where S is the surface of the solid

bounded by the cylinder 22 4 y? = a? and the planes z = —1 and z = 1.
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Using the Divergence Theorem, we can have:

//F-dS - ///(V-F)dv
S G
- [+ 2w+ 2 )] dsdya
G

/G// (14+141)dedydz = 3/G// dxdydz.
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By switching to cylindrical coordinates, we have

1 2 a
I = 3///dwdydz=3/dz/dg0/rdr
G -1 0 0
r2\ |*
= 3-2-27r-[<—) ]:67ra2.
2 /o
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Theorem 11.1 (Stokes's Theorem)

Let S be an oriented, piecewise-smooth surface with unit normal vector n,
bounded by the simple closed, piecewise-smooth boundary curve C' having
positive orientation. Let F(x,y, z) be a vector field continuously
differentiable in some open domain containing S. Then,

j{ F.dr = ]{ F.Tds = // curlF.ndS.
C C S
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r = (z,y, z) is the position vector, dr = (dz, dy, dz), the unit tangent
vector to S at T = (z,y, 2) is
dx— dy% dz—

+—k.

T =
ds e ds ds

Hence dr = dT'ds.
If the surface S is defined by z = g(x,y) on a region R, ,, then

// curlF.ndS = // (—Migs — Nigy + Py)dA, where g, = @
s Ry Ox

0
gy = 375 and curlF = (My, Ny, P1).
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Example 11.1
Use Stoke's Theorem to evaluate the line integral

7{ (y + 22)dx + (x + 22) dy + (x + 2y) dz, where C is the curve formed
c

by intersection of the sphere 2 + y? + 22 = 1 with the plane
z+2y+22=0.

Solution
Let S be the circle cut by the sphere from the plane. Find the coordinates
of the unit normal vector nn to the surface S,
1-1+2-j+2-k 1-» 2 2=
L T LA N g
V12 + 22 4 22 3 3 3

In this case P =y + 2z, Q =z +2z, R =x+2y. Hence, the curl of the
vector F is
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VxF — (5_R_a_Q>?+<@_5_R>ﬁ+<3_Q_3_P)ﬁ
_>
J
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Using Stoke's Theorem, we have
7{(y+22)d$+(x+22)dy+(ac+2y)dz — //(fo‘)-ﬁds
C S
[[3- (G534
= . 71 p— -5
P VR
2
- //dS.
3JJs

As the sphere 22 4 4% + 22 = 1 is centered at the origin and the plane
x + 2y + 2z = 0 also passes through the origin, the cross section is the
circle of radius 1. Hence the integral is

2 2 o
I== dS==.7-1> =",
3//3 3 " 3
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Example 11.2

Use Stoke's Theorem to calculate the line integral
% y3dz — 23dy + 23dz.
C

The curve C is the intersection of the cylinder 2 + y? = a? and the plane
r+y+2z=0>.

We suppose that S is the part of the plane cut by the cylinder. The curve
C'is oriented counterclockwise when viewed from the end of the normal
vector n which has coordinates

- 1=
j+—=k.

51
VIZF12+12 /3 V3 3
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As P =3, Q = —23, R = 23, we can write:

oy 0z
= -3(2*+y?%)

0z ox

_ (6R 8Q> - <8P 8R) - <8Q BP) —
= 1+ k
or Oy

J +
_)
k.
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Applying Stoke's Theorem, we find:

I = j{ 3dx — 23dy + 23dz

— // (V x F) - ndS = // < F)-
= ://S —3(:1:2+y <3? 13 +13E>>ds
= —\/3//5(9024—3;2

We can express the surface integral in terms of the double integral:

I = —\/§//S(:I;2+y2)d5
— _\f//[)(oa z® +y?) \/1+(g;> +<g;) dzdy.
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The equation of the plane is z = b — & — y, so the square root in the
integrand is equal to

e (3 (5) - i

Hence,

1= _\fg// (acz I y2) V3dzdy = —3 // (CL‘Z + y2) dxdy.
D(0,a) D(z,y)

By changing to polar coordinates, we get

27 ra 7,.4
123/ /rgdrd9:3-27r-
0 0 4

a
0 2
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Example 11.3

Use Stoke's Theorem to evaluate the line integral

f(:n-l—z)dx-l—(x—y)dy—l—xdz.
C

: . : : 2 2
The curve C is the ellipse defined by the equation % + % =1, z = 1.

Let the surface S be the part of the plane z = 1 bounded by the ellipse.
Obviously that the unit normal vector is n = k. Since )
P=x+2z2 @Q=z—vy, R=uz,then the curl of the vector field F is
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- (28 _9Q\7p, (2P OR\= (0@ OP\p
VxE = <8y 8z>1+<8z 8x>‘]+<8x 8y>k
- 1-0)K=K.

By Stoke's Theorem,

fc(x—l—z)dx—i-(x—y)dy—l—xdz // -ndS
= // VXF -ndS
= //_> KdS = //dS

The double integral in the latter formula is the area of the ellipse.

Therefore, the integral is
//dS:ﬂ-2-3:67r.
S
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Example 11.4

Show that the line integral 7{ yzdx + xzdy + xydz is zero along any
C

closed contour C.

Let S be a surface bounded by a closed curve C'. Applying Stoke’s
formula, we identify that P = yz, Q =zz, R = zy.
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- (OR 0Q\ - oP OR\ — 0Q 0P\ =
VxE = <8y 82) 1+<8z 83:)‘] +(8x 8y>k
= (a:—$)—i>+(y—y)?+(z—z)ﬁ=O~_i>+0-?+0-ﬁ:

Hence, the line integral:

j{yzda:—i-:vzdy—i—xydz:// (VxF)-ndS://O-ndS:O.
C S S

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 203, 107 /107



	Vector Calculus
	Vector Fields
	The Divergence
	Line Integrals
	Line Integral in Space
	Independence of Path and Conservative Vector Field
	Green's Theorem
	Surface Integrals
	Flux Integrals
	The Divergence Theorem
	Stokes's Theorem

