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Double integral

Definition 1.1 (Riemann sum)

Let f be a function of two variables that is defined on a region R and let
P = {Ry} be an inner partition of R. A Riemann sum of f for P is any
sum of the form

D Flug, vp) AA
K

where (uy,vg) is a point in Ry, and A Ay, is the area of Ry,. The
summation extends over all the subregions R, Rs, ..., R, of P.
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Double integral

Definition 1.2

Let f be a function of two variables that is defined on a region R. The

double integral of [ over R, denoted by/ f(z,y) dA, is
R

J[ f@ aa= tim m, 3k )2
R

provided the limit exists.
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Double integral

Example 1.1

// cos(z%y + 1) dA for the rectangle R with —1 <z <1and 0 <y < -
R

using Riemann sums with regular partitions of each side of the rectangle
and evaluation points where each coordinate is as small as possible.
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Double integral

For positive integers n and m, let the regular partitions be

2

—l=xp<z1 <2< <X, A = —
n

T
0:y0<y1<92<"'<ym7Ax:72
m

These regular partitions divide the rectangle R into mn subrectangles each
of area AxAy. The vertices of each subrectangle are of the form
(@i—1,¥j-1), (@i—1,95), (@i, Yj—1), (@5,9;) for 1 <i<n, 1 <j<m,so
the point with the smallest coordinates is (z;_1, yj—1). To add up the
terms of the Riemann sum in a systematic way, we first fix a value of 7 and
sum over the rectangles that lie above the subinterval [z;_1, z;] This gives
the sum

2 7
n2m

m
Zf Ti—1,Yj— 1)A$Ay—Zcos i yj—1+1)—
j=1 g=1
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Double integral

Next we add up these sums as i varies from 1 to n, which yields a
Riemann sum I given by

n

n
2 Zcos Ty 1Yj— 1+1) :%Z ZCOS i 1yj—1+1)

=1 \j=1 =1 \j=1

m I

10 | 10 | 0.996659
30 | 20 | 0.974834
50 | 30 | 0.959850

3
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Double integral

Definition 1.3

Let f be a continuous function of two variables such that f(x,y) is
nonnegative for every (x,y) in a region R. The volume V of the solid
,y) and over R is

V= //f:z:ydA

that lies under the graph of z =
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Double integral

Theorem 1.1
o // cf(z,y) dA = c//f(:v,y) dA, for every real number c.

R R
° / / @, y) + o)) dA= / / F(z) + / / e
R R R

© If R is the union of two nonoverlapping regions Ry, and Ra,

J[ 1w aa= [[ s@u+ [[ 1@y s
R R1 Rao

Q If f(x,y) > 0 throughout R, then // f(z,y) dA >0
R

. —w

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 203, 11/63




ouble integral

To evaluate the double integral, we begin by the case when the function f
is continuous on a closed rectangular region R of the type illustrated in
Figure 1.1

figure 1.1: Rectangular region R
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Double integral

It is shown in advanced calculus that the double integral //f(w,y) dA
R

can be evaluated by using an iterated integral of the following type:

Definition 1.4

o /ab/bcf«c,y) dydx:/ab [/bcﬂx,y) dy} dx
o /bc/abﬂx,y) dxdyz/bc Uabf(x,y) daz} dy

Example 1.2

4 2
Evaluate / / (2x + 62%y) dy dz.
1 J-1
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Double integral

4 2 4 Y2 2
/ / (2z 4 62%y) dy dw:/ [wa—l—ﬁwz—} dx
1 J-1 1 2 1
4

_ / (42 + 1222) — (=22 + 322)] dz
1

4
= / (62 + 92%)dx
1

= [3x2 + 3%3];1 =234
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Double integral

Example 1.3

2 4
Evaluate / / (2x + 62%y) dx dy.
-1J1

2 4 2 A
/1 /1 (2z + 62%y) dx dy = / 2% + 22%y] | dy

-1

= /2 [(16 + 128y) — (1 + 2y)] dy

2
:/ (15 + 126y)dy
—i

— [15y + 63y%]* | = 234
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Double integral

The fact that the iterated integrals in Examples 1.2 and 1.3 are equal is no
accident. If f is continuous, then the two iterated integrals defined in
definition 1.4 are always equal. We say that the order of integration is
immaterial.
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Double integral

An iterated double integral may be defined (in definition 1.5) over an R,
or R, region of the type shown in the Figure 1.2.

figure 1.2: R, and R,
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Double integral

Definition 1.5
92(x) b g2(x)

0// f(z,y) dydw—/ / f(z,y) dy| dx
g1(z) a g1()
hz(y) c ha(y)

9// f(z,y) dwdy—/ / f(z,y) dz| dy
ha( b | Jhi(y)
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Double integral

Example 1.4

Evaluate the following integrals

2 2x
(1] / / (:U3 +4y) dy dx
0 Jz2

3 pry?
Q / / 2y cosx dx dy
1 Jg
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Double integral

Solution

2x
0// (23 + 4y) dy dz =

2
y:x 4 2y 5 dx

2
21‘ + 8z2) — (z° + 2x4)] dz

2

I
<:»\..c’>\c\

8z3  2671% 32
0 3

8 d————
:r;—i-:r::c{?’ 5

2

3 ry
Q / / 2y cos x dx dy—/ 2y [sma:]y dy
1 Jz 1

& 1
= / 2y (sin y? — —)dy
1 2

3 Y2 3
= / (2ysiny? — y)dy = [— cosy® — —]
1 2

9 1
=(—cos9— =)+ (cosl+ )~ —2.55
2 2
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Double integral

Theorem 1.2 (Evaluation Theorem for Double Integrals)

Q Let R be the R, region shown in the left of Figure 1.2. If f is
continuous on R, then

[ty aa= | b /g g(()) f(z,9) dy d
R

@ Let R be the R, region shown in the right of Figure 1.2. If f is
continuous on R, then

//fxydA // f(z,y) dx dy
h1(y)

For more complicated regions, we divide R into R, or R, subregions,
apply Theorem 1.2 to each, and add the values of the resulting integrals.
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Double integral

Example 1.5

Let R be the region in the xy-plane bounded by the graphs of y = 22 and
y = 2zx. Evaluate //(:U3 + 4y) dA when

Q@ R=R,. R

@ R=R,.

2.9

=5

figure 1.3: R, and R, region for R
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Double integral

The region R is sketched in Figure 1.3. Note that R is both an R, region
and an R, region.

@ Let us regard R as an R, region having lower boundary y = 22 and
upper boundary y = 2z, with 0 < z < 2 drawn We have a vertical
line segment between these boundaries to indicate that the first
integration is with respect to y (from the lower boundary to the upper
boundary). By Theorem 1.2,

//(x3+4y) dA:/OQ/:(a::)’—Hly) dy dx
R

. 32
From Example 1.4, we know that the last integral equals to —
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Double integral

The region R is sketched in Figure 1.3. Note that R is both an R, region
and an R, region.
@ Let us regard IR as an R, region having lower boundary x = % and

upper boundary x = /y, with 2 <y < 4. The horizontal line
segment in Figure 1.3 extends from the left boundary to the right
boundary, indicating that the first integral is with respect to . By
Theorem 1.2 (

//:U +4y) dA = // :C+4y dx dy

. VY
= / [ + 4:Uy] dy
2 [ 4 y

= [ & +ab-Gran) w=2
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Double integral

Example 1.6

Let R be the region bounded by the graphs of the equations iy = /x,
y=+V3x — 18 and y = 0. If f is an arbitrary continuous function on R,

express the double integral // f(x,y) dA in terms of iterated integrals

R
using only
Q@ R=R,.
Q@ R=R,.

The graphs of the equations y = v/ and y = v/3x — 18 are the top halves
of the parabolas y? = z and y? = 3z — 18. The region R is sketched in

Figure 1.4
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Double integral

figure 1.4: R, and R, region for R

@ If we wish to use only Theorem 1.2 (1), then it is necessary to employ
two iterated integrals, because if 0 < x < 6, the lower boundary of
the region is the graph of y = 0, and if 6 < x < 9, the lower boundary
is the graph of y = v/3x — 18. If Ry, denotes the part of the region R
that lies between x = 0 and = = 6 and if Ry denotes the part between
x=06and x =9, then both R; and Ry are R, regions. Hence,
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//Rf(:v,y) dA:/le(x,y) dAJF//RQf(x’y) JA

:/Oﬁ/oﬁf(x,y) dy dm+/69/\/;f(x,y) dy dx

@ To use Theorem 1.2 (2), we must solve each of the given equations for
1
z in terms of y, obtaining z = 3 and z = §y2 +6, with 0 <y <3

Only one iterated integral is required in this case, since R is an R,
region. Thus,

sy an= [ [ s anay
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Double integral

Remark 1.1

Generally the choice. of the order of integration dy dx or dx dy depends
on the form of f(z,y) and the region R. Sometimes it is extremely
difficult, or even impossible to evaluate a given iterated double integral.
However, by reversing the order of integration from dy dz to dx dy, or vice
versa, it may be possible to find an equivalent iterated double integral that
can be easily evaluated. This technique is illustrated in the next example.
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Double integral

Example 1.7

4 2

Given / / ycosz® dz dy, reverse the order of integration and evaluate
0 IV

the resulting integral.

figure 1.5: graph
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Double integral

Solution

The given order of integration, dz dy, indicates that the region is an R
region. As illustrated in Figure 1.5, the left and right boundaries are the
graphs of the equations z = /y and = = 2 respectively, with 0 <y < 4.
Note that R is also an R, region whose lower and upper boundaries are
given by y = 0 and y = 22 respectively, with 0 < < 2. Hence by
Theorem 1.2 (1) the integral can be evaluated as follows:

4 r2 2 rz?
/ / ycosz’ dx dy://ycosa;5 dA:/ / ycosz® dy dx
0 Jyy R 0o Jo
27,2 z? 2 /.4
:/ [ycosx5] da::/ (xcosm5) dx
o L2 0 0o \2

= i i (5:164 cos a:5) dr = i [sin :c5]2
10 J, 10 0
sin(32)
= ~ 0.055
10
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Area and Volume

Previously, we saw that, if f(z,y) > 0 and f is continuous, then the
volume of the solid that lies under the graph of z = f(z,y) and over a
region R in the zy-plane, is given by

Vz//f(x,y) dA
R

Area

In the volume formula, if we take f(z,y) = 1, we find the area of the
region R given by

[ s

R
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Area and Volume

Definition 2.1

IfR=R, ={(z,y) € R*la <z < b,gi(x) <y < ga(x)}, then

// dA = / /:::m dy d:vz/ab [92(x) — g1(x)] dx

gure 2.1: R= R,
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Area and Volume

Definition 2.2
IfR =R, = {(v,y) € R*c <y < d,hi(y) < x < ha(y)}, then

// dA = //My) dmdy=/cd[h2<y>—h1<y>] dy

figure 2.2: R = R,

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 203, 34 /63



Area and Volume

Example 2.1

Consider the triangle T' = {(x,y) € [0,1]*|z + y < 1}. We have:

Area(T) = /01 </01—x 1dy) dx = /01(1 —x)dx = %
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Area and Volume

Example 2.2

An artificially created lake is bordered on one side by a straight dam. The
shape of the lake's surface is that of a region in the zy-plane bounded by
the graphs of 2y = 16 — 22 and z + 2y = 4. Find the area A of the
surface of the lake.
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Area and Volume

we sketch the region and a typical rectangle of area dy dzx, as in Figure

2.3. We solve the equations for y in terms of =, and we label the

(172

boundaries of the region y =2 — g and y = 8 — X

figure 2.3:
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Area and Volume
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Area and Volume

Example 2.3

If the depth of the lake described in Example 2.2 at the point (z,y) is
given by f(z,y) = 2% +y, find the volume of water in the lake.
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Area and Volume

Since the depth is nonnegative for all points in the region, the volume V'
of water is the double integral over the region of the depth function. Thus
we have

vz/_4 /i_ f(z,y) dy da

8_7
/ / 22 +y) dy dz
3

g—z>

Ll e
[l 6o2) 05 e e}
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Area and Volume

4
3 1 15
V:/_3 (—§$4+§m3+§x2+$+30) dx

3 5, 14 53 1, !
= |—— — — — 30
[4Ox+8w+8$+2$+ :13_3

7889

40
= 197.225
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Area and Volume

Example 2.4
Find the area A of the region in the zy-plane bounded by the graphs of
r=y r+y=2 andy=0.

figure 2.4:
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Area and Volume

1 2—y 1 2—y 1
/ / dx dy:/ [/ dat] dy:/ [2)%5Y dy
0 Jy3 0o LJy3 o Y

=/ 2-y—y*) dy
0

I
| —
)
<
|
oS,
|
IS
_ 1
o
[l
| on
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Area and Volume

Example 2.5

Consider the triangle T' = {(x,y) € [0,1]*|z + y < 1}. We have:

Area(T) = /01 </01—x 1dy) dx = /01(1 —x)dx = %
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Area and Volume

Example 2.6

Consider the disc D of center 0 and radius 1. Then

1 V1—z2
Area(D) = / / ldy | dx
z=-1 —V1—a?

1
= 2/ \/1—x2d:1:—2/ \/1 — sin?(6) cos(6
1 z

g
:2/

cos?(0)df = /2 (14 cos(20))dd =

Zz
2

[ME]
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Area and Volume

Example 2.7

Consider the domain Q = {—v2 <y < V2, -2+ 9% <z <2492}

~ .
—

-
s

V2 2—y?
// dxdy = / / ldx | dy
Q —V2 —2+y2
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Area and Volume

Example 2.8

The volume of the solid that lies under the graph of the function
f(z,y) = 422 + y? and over the region in the zy—plane bounded by the
polygon with vertices (0,0), (0,1) and (2,1).

1)
34
// (422 + 52 dydm—g
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Area and Volume

Example 2.9
The volume of the solid in the first octant bounded by the graphs of
equations
z2=4—-2? 24+y=2,2=0,y=0, 2=0.
(0,2) =2—-z
(2,0)
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Area and Volume

Example 2.10

The volume of the solid in the first octant bounded by the graphs of
equations z =z, 22 + 42 =16, 2 =0, y = 0.

(0,4)
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Area and Volume

Example 2.11

Find the volume V' of the solid in the first octant bounded by the
coordinate planes, the paraboloid z = 22 + % + 1 and the plane
20 +y = 2.

figure 2.5:
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Area and Volume

A= 2x 1 y3 2—2z
// (2 4+ 92 +1) dy dx :/ [m2y+§+y] dx
0 0
14
—/0 (—gm +102% — 10z + 3) dx

7 10 14 10 11
— |:—6334-|— 3 x3—51‘2+?:p}

g 6

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Math 203,



Table of contents

© Double Integrals in Polar Coordinates

BEN AMIRA Aymen (King Saud University) Differential and Integral Calculus (Mati



Double Integrals in Polar Coordinates

Definition 3.1

Polar coordinates are defined by x = r cosf,y = rsinf. The area of the
shaded region R = {(r,0) :a <r <b, «a<6<p}

The integral of a continuous function f(x,y) over a polar rectangle R
givenbya<r<b a<r<p,is

//Rf(x,y)dA:/j /abf(rcosﬁ,rsiné?)rdrdg
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Double Integrals in Polar Coordinates

Example 3.1
Q Find // (2x — y) dA if R is the region in the first quadrant bounded
R

by the circle 2% + 32 = 4 and the lines z =0 and y = x.
@ Find // eV’ JA if D is the region bounded by the semicircle
R

x = /4 — y? and the y-axis.
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Double Integrals in Polar Coordinates

Definition 3.2

If f is continuous over a polar region of the form

D={(r,0):a<0<p3,h(0) <r<hsb)}

B [h2(0)
// f(x,y)dA:/ / f(rcos@,rsin®)rdrdb.
D a Jhi(0)

then
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Double Integrals in Polar Coordinates

Example 3.2

The volume under the paraboloid
2z = f(x,y) = 2% + y? and above
the disc 22 + 32 < 3.

In polar coordinates, the disc is
parameterized by: = = rcosf,
y = rsinf, with » € [0,3] and
6 € [0,27m]. Since polar coor-
dinates f(x,y) is transformed to
g(r,0) = r2. Hence the volume
under the paraboloid z = 2% + y?
and above the disc 2% + 3% < 3 is

&3 2
V= / / r2drdf = 18.
0 0
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Double Integrals in Polar Coordinates

Use polar coordinate to evaluate

a py/a?2—y?
o / / ydxdy
0 0

a pyai—y? s
(2] / / (z* + y?) 2 dxdy
0 0
Q= / / 2%(z? + y*)3dA, with R is the region bounded by the
R

semi-circle y = v/1 — 22 and z-axis.

Q J= // (z +y)dA, with R is the region bounded by the circle
R

z? + y2 < 2y.
Q K= // v 22 + y2dA, with R is the region bounded by the triangle

R
with vertices (0,0),(3,0) and (3, 3).
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Consider a surface S defined by z = f(z,y), for (z,y) in a closed region
R € R?. We assume that f(x,y) > 0 and f is continuously differentiable.
We assume also that no normal vector to S is parallel to the xy—plane.

(6f Of) # (0,0) for all (x,y) € R. The surface area of S is

oz’ dy
o, 5,
A://R \/1+(a‘£)2+(8“£)2dxdy.
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Surface Area

Example 4.1

Consider the surface z = 1 — 22 — y?, for z > 0.

We have g = —2zx and g = —2y. Then
Ox oy

A = // V14 4x? 4+ 4y?dxdy
z2+y2<1
2T 1
= / / rv/ 1+ 4r2drdf
0 0

3
o 231l (52 —1)
= QWE [(1-1—47“ )2]0——6
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Surface Area

Example 4.2

Consider the sphere S = {(z,y,2) € R®: 22 +y? + 22 = R%}. The area
of S is the double of the area of the surface of the upper half sphere

S/Z{(x,y, eR3: z—m}

We have — = — and = — y .
8;1; R2—x2—y2 ay R2 — 22 — 42

The area is

z2 + 12
A = 2 1 —d d
//ac2+y2<R2 \/ i R? — 2% — e
2
= 2R / / drdé? = 47 R?.
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Surface Area

Example 4.3

Consider the surface S = {(z,y,2) € R®: 2z = 13 — 4% — 4y?} on the
domain z =1, x > 0 and y < 0.

We have % = —8z and % = —8y. Then the area of S is
ox oy

i // V1 +16(x2 + y2)dxdy
224+9y2<3,2>0,y<0

LRVE]
= / / V' 1+ 1672rdrdd
o Jo

= g% [(1+16r%)3] v

™
5"
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Surface Area

Find the area of the surface S if S is the part of the sphere
x? + 3% + 22 = 4 that is inside the cylinder 22 + 3% = 2y.
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