Chapter 2

Life tables

LEARNING OUTCOMES:

1. To apply life tables

2. To understand two assumptions for fractional ages: uniform distribution of death and
constant force of mortality

3. To understand and model the effect of selection

4. To calculate moments for future lifetime random variables

2.1 Life table functions

A life table is a concrete way to look at the survivorship random variable. A life table specifies a certain
number of lives at a starting integer age zy. Usually xg = 0. This number of lives at age x; is called the
radix. Then for each integer x> z(, the expected number of survivors is listed. The notation for the
number of lives listed in the table for age x is /.

Assuming for simplicity that o = 0, the random variable for the number of lives at each age, £(x),
is a binomial random variable with parameters ¢, and ,py. so the expected number of lives is

ly =Ly zpo. Similarly, C..; =l ip..

More importantly, ;p, can be calculated from the table using ;p, = %ﬁ. A life table also lists the
expected number of deaths at each age; d, is the notation for this concept. Thus

dx:éx_gw-i-l:gx_garpx:&c(l_pz):&c qz-

Therefore,
Qz = 7

In other words the difference ¢, — ¢, is the expected number of deaths over the age interval of [z, x+1).
We denote this by ;d,. It immediately follows that

tdz = gm - ngrt-
We can then calculate g, and ,,j,q,, by the following two relations:

gx-i—t o gx - gx—i—t o tdx

ly ly Uy

( 0 d o d

z+m — tz+m+n _ nUWz+m k=0 Yz+m+k

minGe = 7 == = 7 = P((x) dies between age x + m and x+m + n).

tde = 11—
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The Illustrative Life Table contains a lot of information.
https://www.soa.org/Files/Edu/2018/ltam-standard-ultimate-life-table.pdf

For now, you only need to know and use the first three columns: z, ¢,, and q,. For example, to obtain
the value g4, simply use the column labeled ¢,. You should obtain g = 0.003398. It is also possible,
but more tedious, to calculate ggo using the column labeled ¢, we have

96,305.8

——=1-0. =0. .
96, 634.1 0.996603 = 0.003397

6o =

To get values of ;p, and ;q; for t > 1, you should always use the column labeled /.. For example, we

have
Les B 94,579.7

5P60 = E_

60 ) .

Exercise 2.1.1 You are given the following excerpt of a life table:

x 20 21 22 23 24 25
£, | 100,000 | 99,975.0 | 99,949.7 | 99,924.0 | 99,897.8 | 99, 871.1
d, 25 25 26 26 27 27

Calculate the following: a) spa, b) qaa, ¢) 4/G20-

Solution:

Example 2.1.1 You are given So(t) =1 — & for 0 <t < 100 and £y = 100.

(a) Find an expression for {,, for 0 < x < 100. (b) Calculate qz. (c) Calculate 5¢q5.
Solution:

Exercise 2.1.2 Use a radiz of 1,000,000 at age 60 to complete the following mortality table

T 60 61 62 63 64 | 65
g | 0.001 | 0.002 | 0.003 | 0.004 | 0.005

ly ? ? ? 7 ? 7
Solution: We shall recursively calculate ¢, x =61, ... , 65 using ¢, = {,(1 — ¢ ), thus
x 60 61 62 63 64 65

G 0.001 0.002 0.003 0.004 0.005 | Unknown
¢, | 1,000,000 | 999,000 | 997,002 | 994,011 | 990,035 | 985,085

Exercise 2.1.3 You are given the following life table:

x| 0 1 2
l, 890
d, | 50
Da 0.98

Calculate opg.
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Solution: We know that ¢y = ¢; + dy and ¢y = ¢1,1 = {1 p1, hence

Ly ly ly 890
2po fo 0 + d() f;—? + do % + 50

Exercise 2.1.4 You are given:

(i) The probability that a person age 50 is alive at age 55 is 0.9.

(ii) The probability that a person age 55 is not alive at age 60 is 0.15.

(7ii) The probability that a person age 50 is alive at age 65 is 0.54.
Calculate the probability that a person age 55 dies between ages 60 and 65.

Solution: The required probability is

5P55 — 10P55
P(5<T55 <10) = 555¢55 = 10955 — 5455
5P55 X 5460-

From given information we have spso = 0.9, 5q55 = 0.15, 15p50 = 0.54. First observe that 15p50 =
_ 1spso _ 054

5P50 X 10P55, hence 10P55 — = 09 — 0.6. Flnally 55955 = 0.85 — 0.6 = 0.25.

5P50
Remark: we can also write 5060 — 1— 5P60 — 1— 5P50+10 — 1— 1551)%.

2.2 Fractional age assumptions

2.2.1 Uniform distribution of death between integral ages

The Uniform Distribution of Death (UDD) assumption is extensively useful to calculate survival and
death probabilities for fractional ages. The idea behind this assumption is that we use a bridge, denoted
by U, to connect the (continuous) future lifetime random variable T, and the (discrete) curtate future
lifetime random variable K,. T, = K, + U, hence U takes its values in [0, 1]. It is assumed that U
follows a uniform distribution over the interval [0, 1], and that U and K, are independent. Then, for
0 <r < 1 and an integral value of x, we have

e =P, <r)=P(K,+U<r)=PU<nrK,=0=PU<r)P(K,=0)=rq,.
This means that under UDD, we have, for example, ¢3q35 = 0.3¢35. The value of ¢35 can be obtained

straightforwardly from the life table: ¢35 = 0.000391. To calculate ,p,, for 0 < r < 1, we use ,p, =
1— ,q. =1—rq,. For example, we have o7ps =1 — 0.7q40.

Remark 2.2.1 Observe that undeer UDD ,p, # rp.. The equation ,.q, = rq, for 0 < r < 1 and an
integral age x is equivalent to a linear interpolation between €, and €, 1, that is,

Em_;'_r = (1 — T)gr + T€z+1.
Indeed

Er—i—'r - gm rPz = gz (1 - TQm) - Em (1 - qu')
= L(1—r(1=p) =0 =7r)ly+1rlpy = (1 —1)ly 4+ 1rlyiq.

Exercise 2.2.1 Calculate under UDD 7pso using ILT (see LMS)
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Solution: We have under UDD

14
07P30 = 2P30 0.7P32 = 2P0 (1 — 07¢32) = 6_32 (1 —0.7¢32)
30
99, 663.2
= " (1—-0. . 41) = 0. 12
30,7273 (1~ 07 x 0.000341) = 0.999
or alternatively
27P30 = 2P30 0.7P32 = PsoP31 (1 — 07¢32) = (1 — g30) (1 — g31) (1 — 0.7¢32)

= (1-0.000315) (1 —0.000327) (1 — 0.7 x 0.000341) = 0.99912
Under UDD, we have the following equation for calculating the density function:
fo(r) =¢q, forall0<r<1.

Indeed f,(r) = et — dre) _ o

We can write also that

Qm - fl‘(r) - T‘p$lux+r = (1 - Tqiv) /’L;c—‘,—r = (1 - Tqﬁ) Mx-i—r)
therefore the force of mortality under UDD is given by

qw qx — /’Lz+r
- T4z THyyr +

Question: What if the subscript on the right-hand—side is not an integer? for example use ILT to
calculate 0.2P25.6 and 0.5930.7 under UDD.

Popr = forall 0 <r <1 (2.2.1)

Solution:
1— 1-0.8 1 —0.8 x 0.000273
02D25.6 = 0.8P25 _ 0.8425 UDD 425 _ X — 0.99995
0.6P25 1= 0.6925 1-— 0-6(]25 1—0.6 x 0.000273
and ¢5q307 = 1 — o.5p30.7. First. we have
Py = 12P30 P30 0.2P31 (1 = gso) 1 — 02931 UDD (12 ga0) 1 —0.2¢g5
5P307 = = =Ul—@q) 77— = o —
0.7P30 0.7P30 1 — 07430 1—0.7g30
1—0.2 x 0.000327
= (1-0.000315) = 0.99984

1 —0.7 x 0.000315
Flnally 0.5930.7 = 1 —0.99984 = 0.00016.

Exercise 2.2.2 For a certain mortality table, you are given:

(i) pgos = 0.020202, pgy 5 = 0.040816 and pigy 5 = 0.061856

(ii) Deaths are uniformly distributed between integral ages.

Calculate the probability that a person age 80.5 will die within two years.

Solution: The required probability is 2ggg5 = 1 — 2pso.5. First calculate opggs. We have

25080 _ 2P80 05Ps2  DeoPsi (1 — 0.50s2) UDD (1 —gso0) (1 — gs1) (1 — 0.5gs2)

0sPs0 1—o05q0 1 — 0.5 3s0 1 —0.5¢s0
Recall also that from (2.2.1) ¢, = ﬁ thus
0.020202
Gso = Ha0.5 = =0.02
0.5 % pgo5 -1 0.5 x 0.020202 + 1
0.040816
gs1 = Ha1.5 = =0.04
05 % pigy 5+ 1 0.5 x 0.040816 + 1
0.061856
gs2 = Heos = = 0.06

0.5 X figys +1 0.5 x 0.061856 + 1
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Therefore

(1 —gso) (1 —gs1) (1 —0.5gs2) (1 —10.02) (1 —0.04) (1 — 0.5 x 0.06)
_ - = 0.92179.
2P80.5 1— 0.5qs0 1—-0.5x%x0.02

Fmally 2480.5 — 1-— 2P80.5 — 1—-0.92179 = 0.07821.

2.2.2 Constant force of mortality or Exponential distribution between in-
tegral ages

The idea behind this assumption is that for every age z and any 0 < r < 1 we assume that p, . = p.
This implies that
Dy =€ Jo Hoyudu — e~ Jo mdu — e M.

For any integral age x, we can write
Dy = e Jo Horudu _ o= fopdu _ —pr (67;1)7 =V O0<r<l1
Moreover, for any integral age x and any r, u such that 0 <r <1 and r +u < 1 we have
rPetu = € Jo parurs ds — o= Jop du — gmpr — (e_“)T =p..

Exercise 2.2.3 Calculate oapase and 59307 under CFM using ILT (see LMS).

Solution:

0op56 oM P02 — (1= gp5)"2 (1 — 0.000273)°2 = 0.99995

and 59307 = 1 — o.5p30.7. First we have

0.2
1.2P30 P30 0.2P31 CFM p 0.3 0.2

= =" pao—t = (1—g30) " (1— g31)
0.7P30 0.7P30 DP3p

= (1 —0.000315)"? (1 — 0.000327)°? = 0.99984.

0.5P30.7 =

Finally 95q307 = 1 — 0.99984 = 0.00016.

Exercise 2.2.4 For a certain mortality table, you are given:

(i) pgos = 0.020202, pgy 5 = 0.040816 and g, 5 = 0.061856

(i) Assume constant force of mortality between integral ages.

Calculate the probability that a person age 80.5 will die within two years.

Solution: The required probability is 2ggg5 = 1 = 3pgo.5. First calculate opggs. We have

0.5
_2.5P80  2P80 0.5P82 CFM Pgo P81 Pgo
2P80.5 = = =

= pgf Ds1 (pg‘25) = ps1 (Pso p82)0'5

0.5
0.5P80 0.5P80 Pso
Recall that
1
Py = € Jo Bsopudu e Hsos — 0020202 _ 0.98,
1
P = e Jo Bsipedu e Hs1s — o—0.040816 _ 0.96,
1
Pgo = e fo pg2pudu e Hs25 — 6—0-061856 =0.94.

Therefore
2ps0s = (0.96) (0.98 x 0.94)*° = 0.92140.

Flnally 2480.5 = 1-— 2P80.5 = 1 —0.92140 = 0.0786.
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2.3 Select—and—ultimate tables

Suppose you selected two 40-year—old men from the population. The first one was selected randomly,
whereas the second one had recently purchased a life insurance policy. Would the mortality rate for both
of these, g4 be the same? No. The second person was undelwritten for a life insurance policy, which
means his medical situation was reviewed. He had to satisfy certain guidelines regarding weight, blood
pressure, blood lipids, family history, existing medical conditions, and possibly even driving record and
credit history. The fact he was approved for an insurance policy implies that his mortality rate is lower
than that of a randomly selected 40—year—old male.

Not only would g49 be different. If both men survived 5 years, q45 would be different as well. A man
whose health was established 5 years ago will have better mortality than a randomly selected man.

A mortality table for the insured population must consider both the age of issue and the duration
since issue. Mortality rates would require two arguments and need a notation like g(z,t) where z is the
issue age and t the duration since issue.

International Actuarial Notation provides two-parameter notation for all actuarial functions. The
parameters are written as subscripts with a bracket around the first parameter and a plus sign between
the parameters. In other words, the subscript is of the form [z] +t. When ¢ = 0, it is omitted. Thus the
mortality rate for a 40-year—old who just purchased a life insurance policy would be written as qq. The
mortality rate for a 45-year—old who purchased a policy at age 40 would be written go15

Exercise 2.3.1 You are given: {5 = 1000, 5qu5 = 0.04, 5qusj+5 = 0.05. Calculate £i45110.

- Asit10
Li45]45
Due to the effect of underwriting, a select death probability g4+, must be no greater than the

corresponding ordinary death probability gq,.;- However, the effect of underwriting will not last forever.
The period after which the effect of underwriting is completely gone is called the select period. Suppose
that the select period is n years, we have

Solution: We know 5q[45]+5 = 1-— 5P[45)4+5 =

Q)+t < Guye forall £ <n and g4 = oy forall £ >n

The ordinary death probability g, is called the ultimate death probability and g, is called the
select death probability. A life table that contains both select probabilities and ultimate probabilities
is called a select-and-ultimate life table. The following is an excerpt of a (hypothetical) select—and—
ultimate table with a select period of two years:

x qlz] Qlz]+1 Q12 T+ 2
40 0.04 0.06 0.08 42
41 0.05 0.07 0.09 43
42 0.06 0.08 0.10 44
43 0.07 0.09 0.11 45

It is important to know how to apply such a table. Let us consider a person who is currently age 41 and
is just selected. To further illustrate, let us consider a person who is currently age 41 and was selected
at age 40. The death probabilities for this person are as follows:

Age | 41 | g1 = 0.05 Age | 41 | quo+1 = 0.06
Age | 42 | quy41 = 0.07 Age | 42 | quo+2 = 0.08
Age | 43 | qui42 = qa3 = 0.09 | and | Age | 43 | quoi+3 = qu3 = 0.09
Age | 44 | qui13 = qaa = 0.10 Age | 44 | quot4 = qaa = 0.10
Age | 45 | quita = qs5 = 0.11 Age | 45 | quo+s = qa5 = 0.11

We may measure the effect of underwriting by the index of selection, which is defined as follows:
. qlx]+k

I(z,k)=1 —
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One can interpret this formula as follows: If the effect of underwriting is strong, then gp;)4x would be small
compared to g,ix, and therefore I(z, k) would be close to one. By contrast, if the effect of underwriting
is weak, then gp1 would be close to g4k, and therefore I(x, k) would be close to zero.
For example, on the basis of the preceding table,
qia1)+1 0.07 Z 1
8

I(4,1)=1———=1-— =1—-=-=0.125.
( ’) 442 008 8

Example 2.3.1 Aicha was a newly selected life on 01/01/2000 and her age on 01/01/2001 is 21. Let p
denotes the probability on 01/01/2001 that Aicha will be alive on 01/01/2006. For a select-and-ultimate
mortality table with a 3—year select period:

x 4] Qlz]+1 Qlz]+2 Qz+3 r+3
20 0.09 0.11 0.13 0.15 23
21 0.10 0.12 0.14 0.16 24
22 0.11 0.13 0.15 0.17 25
23 0.12 0.14 0.16 0.18 26
24 0.13 0.15 0.17 0.19 27

Calculate p.

Solution: Aicha is now age 21 and was selected at age 20. So the probability that White will be alive 5
years from now can be expressed as p = 5ppo+1. We have

5P201+1 =  DP[20]4+1 4P[20]+2 = P[20]+1 P[20]+2 3P[20]+3 = Pl0)+1 p[20]+2 P[2014-3 2P[20]+4
= PR0j+1 P20j+2 P[20]+3 P[20]+4 P[20]45 = Hp[20]+k H (1 — gpojk)

(1 - q[20]+1) (1 - Q[20]+2) (1 —qo3) (1 — C]24) (1- 6125)
= (1=0.11)(1 =0.13) (1 = 0.15) (1 — 0.16) (1 — 0.17) = 0.45887

Sometimes, you may be given a select-and-ultimate table that contains the life table function f,. In
this case, you can calculate survival and death probabilities by using the following equations:

o E[m]—&—u—ﬁ—t . g[m}—l—u - g[w]—l—u—i—t
tQz)4u = 1 — 7 = 7
[z]+u [z]+u

g z|+u+tt
tDla]+u = [g] and
[x]+u

Exercise 2.3.2 A select-and-ultimate table with a select period of 2—years is given as follows:

x Em g[le £x+2 T+ 2
70 22507 22200 21722 72
71 21500 21188 20696 73
72 20443 20126 19624 74
73 19339 19019 18508 75
74 18192 17871 17355 76

1. Compute 3q73.

2. Compute the probability that a life age T1 dies between ages 75 and 76, given that the life was
selected at age 70.

3. Assuming UDD between integral ages, calculate o5qp70)+0.7-

4. Assuming CFM between integral ages, calculate o 5qpro)+o0.7-



18

Solution:

1. We have p 17355
— 1B 2% 0,161
3473 lms 20696

2. The probability that a life age 71 dies between ages 75 and 76, given that the life was selected at
age 70 is given by P (4 < T < 5) = 4q[70]+1, hence

41q[7o1+1 = 54[70)+1 — 44[70]+1 = 4P[70]+1 — 5P[70]+1
14 —/ Ogs — 0 1 —1
_ Lrois — frropee  brs — fre 18508 — 17355
g[70]+1 g[7g]+1 22200
3. Assume UDD, we have
1.2P[7
05470407 = 1 — osPro+07 =1 — L2270
0.7P[70]
_ P Xo2Propn Pl (1 —0.2 qproj+1)
0.7P[70] 1 —0.7 qrro)
1-0.2
o1 Pro) ( Q[70]+1) (UDD)

1— 07(][70]

o (- 02 (1- {2
1 — [70] [70]+1

1-07(1— “M)

£i70)
L Emaoo20-mE)

1= 0.7(1 = 5552)

4. Assume CFM, we have from 3.

Prroj 0.2P[r0]+1 _ 1— Ppro] (}9[70]+1)0'2
0.7P[70] (p[m})o'?
= 1= (po)”* (Prrop1)™

0.3 g 0.2
_ [70]+1 [70]+2
( Ui > (5[701“)
22200 21722\ %2
= 1 - ~ (. .
(22507) (22200) 0-008

Exercise 2.3.3 A select-and—ultimate table with a select period of 4—years is given as follows:

0540407 = 1—

x ] Q] +1 lz]+2 Q[z]+3 Qat4 r+4
40 0.00101 0.00175 0.00205 0.00233 0.00257 44
41 0.00113 0.00188 0.00220 0.00252 0.00293 45
42 0.00127 | 0.00204 0.00240 0.00280 0.00337 46
43 0.00142 0.00220 0.00262 0.00316 0.00384 47
44 0.00157 | 0.00240 0.00301 0.00367 0.00445 48

1. The index of selection x is defined by I(xz, k) =1 —
1,23

qq[””]—::. Calculate the index at age 44 for k =0,
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2. Construct the select life table function of table Ly y for v = 40, 41, 42 and k = 0, 1, 2, 3,4 gwen
that €[40] = 10, 000

3. Calculate 1) 3q[41)+1, i) 3[29[41]-

Solution:
1. We have
q[a4] 0.00157 q[ad)+1 0.00240
I44.0)=1-"*—=2=1— =0.38911, /4. 1)=1——-=1— = 0.18089
(44,0) Gaa 0.00257 » 1U4,1) a5 0.00293 ’
and
qa4]+2 0.00301 q[a4]+3 0.00367
(442 =1~ =/~ =1 — =0.10682, I(44.3)=1— —"="=1— = (0.044271
(44,2) a6 0.00337  1(44,3) Qa7 0.00384

2. The select life table function of table £, for o = 40, 41, 42 and k = 0, 1, 2, 3,4 is given by the
following table using the formulas

Cuoritr = (1 = quopsn) o+ and Lungps = las = (1 — qua) laa,

moreover /
5[41]+k = 1[41]¢ for k=0, 1, 2, 3 and 5[42]+4 =Ly = (1 - Q45)£457
— q41)+k
: ¢
and then use again (jo) ), = % for k=0, 1, 2, 3.
x ) U1 Uiy 42 Uy 13 lota r+4
s e — e
40 | 10000.00 | 9989.90 9972.42 9951.97 | 9928.79 | | 44
— — — —
41 9980.20 | 9968.92 9950.18 9928.29 | 9903.27 | | 45
— — — —
42 9958.74 | 9946.09 9925.80 9901.98 | 9874.25 46
3. By the definition in terms of the select life table function we have
U4 9903.27
=1- =1- = 0.006585
st ) 9968.92
and 14 14 9928.29 — 9874.25
3129[41] = 3P[a1] — 5P[41] = (4143 AU+S : — = 0.005415.

O] 9980.20

Exercise 2.3.4 You are given the following select—and—ultimate life table with a two year select period.

T g[m] g[m]—i—l loto

90 t+1

91 1250 o920 | W4 et = T3 et
92 1000 900

Calculate Ligo)+1
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1. By definition
loojra L9 Loy

Lo+ = = = :
o qooi+1 1 —qoor1 1= 3qo

So we need to find gg;. For t =0, go1) = %qgl and

_ 5[91]+1 1 1 6[91]+2 _ 1 920

G = 1 =1—-— -1 - —
1 o Ciony 1 — qpo1)+1 12501 — %qu
Moreover y 900
[92]+1
=3 =3(1 - )=3(1—-—1=03
q92 q192] ( 6[92] ) ( 1000>
Hhus 1 920
do1 = 3q[o1 = 3 (1 ~ 1250708 %> =0.24.
3
Finally
14 1 1 1 1 920
Goin = 0oj+2 92 93 ~ 1565

— = = X
I—qoo+1  1—qooer 1—3¢gnl—ge 1—-2x024" 1-03

Exercise 2.3.5 Select mortality rates for [45] are half of the lllustrative Life Table’s mortality rates for
a selection period of 3 years. Calculate oj3q(as).

Solution: We know that
2|134[45) = 2P[45] 39[45]+2 = 2D[45] (1 - 3p[45]+2) )
so we need 2P[45) and 3D[45]+2- So

2P[5] = Plas] Plsj+1 = (1 — Q[45}) (1 — Q[45]+1)

and
3P[45]4+2 = Ps5)4+2 Pl45]+3 Pls)4+4 = (1 - Q[45]+2) (1 - Q[45]+3) (1 - Q[45]+4) .
For qus) and qps41 we use half of the ILT rates. Then

2pus] = (1 —0.5(0.004))(1 — 0.5(0.00431) = 0.995849,

moreove qps4+2 = 0.5q47 but qusi+3 = qug and qusj+4 = ga9 since the selection period ends after 3 years.
Mortality for duration 3 and on is no different from standard mortality.

The answer is

2.4 Moments of future lifetime random variables

First, let us focus on the moments of the future lifetime random variable T,. We call £ [T,] the complete
expectation of life at age x, and denote it by ¢,. We have

E[T,] = é, = /OOO tf(t)dt = —/OOO £S5 (t)dt.
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Using integration by parts and the fact that lim; ., tS,(¢) = 0, we can show that ¢, = fooo (Dedt.
Note that if there is a limiting age, we replace co with w — z: that

0

The second moment of T, can be expressed as

E[Tj}:/o 2 f. (1) /Ooo

Using integration by parts and the fact that lim; ., t2S,(t) = 0, we can show that the above formula
can be rewritten as

Eﬁﬂ:/QMMt
0

which is generally easier to apply. Again, if there is a limiting age, we replace oo with w — z: that is

Eﬁﬂ:/_%mw
0

In the exam, you may also be asked to calculate F [T, A n] = E[min(T,;n)]. This expectation is known
as the n—year temporary complete expectation of life at age x, and is denoted by é,n. It can be shown

that .
éx:m N / tpxdt
0

Exercise 2.4.1 You are given p, = 0.01 for-all x > 0. Calculate the following: a. éy.7, b. Var (T}).

Second remember that if K, stands for the Curtate function we have:

o =E[K,) =Y 4p. and E[K]]=> (2k—1)yp,
k=1 k=1
If there is a limiting age, we replace co with w — x that is
eo i =E[K,] =) ip. and E[K2] =) (2k 1) xp,.
k=1 k=1

and
n

E min(K,,n)|] = Z kpe and FE [(min(Km,n))Q] = Z (2k — 1) kpe.
k=1 k=1
This is called the n—year temporary curtate expectation of life at age x, and is denoted by e,.. It

can be shown that .
Cr:m = Z kPz-
k=1

that is, instead of summing to infinity, we just sum to n.
There are two other equations that you need to know. First, you need to know that e, and e,,; are
related to each other as follows:

er = pu(l+ epr1).
Formulas of this form are called recursion formulas.

Assume that UDD holds, we have T,, = K, 4+ U, where U follows a uniform distribution over the
interval [0, 1]. Taking expectation on both sides, we have the following relation:
1

€y = €y + —.
+2
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2.4.1 Uniform distribution of death for all ages

Recall that the uniform distribution on [0, ] has a mean of %, which is its median and midrange. Its

29
variance is *1‘—; It is traditional to use the letter w to indicate the upper limit of a mortality table. For a
uniform model, age at death T} is uniformly distributed on (0, w).

While the uniform distribution has memory—after all, you can not live beyond w, so the older one is,
the less time until certain death—It has the following property that simplifies calculation: if age at death
is uniform on (0, w], then survival time for (z) is uniform on (0,w — z).

Here are the probability functions for T}, if Tj is uniform on (0,w): After working out several problems,
you should recognize the uniform distribution on sight.

For the uniform distribution of death (UDD) or De Moivre’s law we have:

1 w—x—1t t t
Ky = ) Sw(t) = Pz = =1- ) Fw(t) = tQz = )
w-— T wWw—x wWw—x wWw—x

2
6, = w-u, fx(t):wiw, BT, =2"" and Var(Tx):%

2.4.2 Constant force of mortality or Exponential distribution for all ages

If the force of mortality is the constant u, the distribution of survival time is exponential. Survival
probabilities are then independent of age; ;p, does not depend on z. The constant force of mortality
1 is the reciprocal of mean survival time; in other words, a life with constant force of mortality p has
expected future lifetime +, regardless of the life’s current age.

Here are the probability functions for 7, if T, has constant force of mortality p. Notice that none of
the functions vary with age x

V z, V t7 :U“x—i-t = Sx(t) = tPx = e—lﬂf7 Fx(t) = tQz = 11— e—ltt’ fa:(t) b ,ue—ltt’

consequently

1 1
ET,|=—- and Var(1,) = —.
[12] p (72) e

Practice

Exercise 2.4.2 You are given: (i) Deaths are uniformly distributed over each year of age.
(i1) €s5.9.52 = 0.396. Calculate pugs 5.

Solution: We have p55, = =%5— and
0.4 04 o pss 1 0.4 0.4
€55.2:00 = / tP55.2dt = / : dt = / (1= 021¢9s5) dt = / (1 —(0.2+¢)gs5) dt
0 0 0.2P55 0.2P55 Jo 0.2P55 Jo
1 0-4 0.4 — gs5 x 0.16
= ——— 04— 0.24t)dt | = = 0.396.
1— 0.2¢s ( q55/0 (02+¢) ) 1— 0.2

Therefore gss = 0.04950. Thus fi555 = 7552015z = 0.049995.

Exercise 2.4.3 For a select—and—ultimate mortality table with a one—year select period, you are given::

T |l | dp) =) Y | €l
85 | 1000 | 100 5.225
86 | 850 | 100

Assume deaths are uniformly distributed over each year of age.
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1. Calculate pgs), pge) and psg.

2. Use the decomposition ipigs) = 141—1Pjgs) to calculate ff tP[ss)dt
3. Calculate égs) — [, 1pssjdt and deduce the value of [;° yps)dt.

4. Calculate ésg

Solution:
1. We have
dss) 100 disey 100 15
=1 1= =09 =]—-—=1—-——=— =0.88235
Piss] Uiss) 1000 > Plsel Usg 850 17 ’
and

le L Vg — d 850 —100 750 5
P = oF — eI+ _ 786 T TG — 2 .83333.
lss lsoe1 Uss —diss 1000— 100 900 6

2. We want to calculate ff ¢Pss)dt. Use the change of variable t = r + 1, so when ¢ = 1, r = 0 and
when t =2, r =1, and dt = dr, thus

2 1 1 1 1
/ tp[85]dt = / r+1p[85]d?" Z/ Digs) rp[85]+1d7°:p[85]/ rp[85}+1d7" :P[Bs]/ (1 - rQ[ss}H) dr
1 0 0 0 0
UDD ! ! 1
= D85 / (1 - TQ[85]+1) dr = Diss) (1 - Q[85]+1/ Td?”) = D85 (1 N §Q[85]+1>
0 0

1 1 1
= pgs | 1— 586 | = Piss) 1- 3 (1 —pgs) | = P (1 + pss)

= 109 1+5 = 0.825
= 50 5] =0
3. We know that é[85} XK f;o tp[85]dt = fol tp[85]dt+ ff tp[85]dt. And
1 1 1 1
| st = [ (= )t = [ (1 —tam)ar= [ (1=t (1= puo))
0 0 0 0
1
_ / (1—t(1—0.9))dt = 0.95
0
Therefore g5 — f;o tPss)dt = 0.95 + 0.825 = 1.775. We deduce that
/ tP[gs)dt = €gs)— 1.775 = 5.225 — 1.775 = 3.45
2

4. We have

1

€[s6]

1 o)
tD[ge)dt + / tD[ge)dt = / (1 — tqpse)) dt + ppse) / t—1P[86]+1dt
0 1

/
1 o) 1 o)
= / 1 — tq 86] dt + Djse] / t—1DP[86]+1dt = / (1 —t (1 — p[SG])) dt + pise) / perdt
0 0 0
[
16

15 & 16 15 1 &
1—¢t|l1—— dt dt = — dt
< ( 17)) =+ P[s6) / D87 17 + 17 39 /0 t+2P[85]

15 1 o 16 15 3 45
= —+— / psjdt = — + — = 9.

17 17]? 5]P86 7 17 106
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Exercise 2.4.4

1. A survival function is given by

(10 — t)?

< 1
100 for 0<t <10,

So(t) =

Calculate the difference between the force of mortality at age 1, and the probability that a life age
(1) dies before age 2.

t
2. For life aged 60, the probability of survival is ¢pgo = (1 — @)0'4. Calculate fug.

3. Assume that the future lifetime T5q is subject to force of mortality

1
100 — x

[y for 0 <z < 100.

a. Calculate ey,  b. Calculate eyy55, ¢ Calculate Var(Kay).

Hint )
Exim = €om + % nlas En = €p+ % and ;kQ _nnt 1)6(2" +1)
Solution:
1. Recall that p, , = %T(g) where S, (t) = Sggaz;)t) then
~Si(z+t) 2010~ (z+1) 2

Mot = 50w+ (10— (e+0)? 10—z—t

therefore e (1) ) )
- 0 = 2 —=0.22222
M="5@1 ~10-1 9

and the probability that a life age (1) dies before age 2 is given by

So(2) 82
O<Ti<l)=q b1 So(1) 92
So py —qp = 0.22222 — 0.20988 = 0.01234.
£\ 04
2. Given Sg(t) = <1 — @) , we have
—Sio(t) 04 60 0.4

oot = "G () ~ 6060 —t 60—t
then 0.4 0.4

Hgo = Heo+20 60 — 20 60 — 20 0.0

3. a. We know ey = €, — 0.5,

100—20
€20 = / tP20dt and ;poo = € 20 09T = eln(B0—)—In(80)] _ 1 _ %
0
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therefore "
t
égo = / (1 — —) dt = 407 thus €90 = 40 — 0.5 = 39.5.
o 80

50 50 t 50 t 275
Ea0.55 = pdt:/ (1——)dt:/ (1——)dt:—:34.375
20:50) /0 120 o 80 . 80 8

Therefore using the formula

b. and

. 1 1
€20:50] = €20:50] T 5 50920 = €205 + 5 (1= s0p20)
e set 1 150
620:@ = éQO:m — 5 (1 — 50]?20) = 34.375 — 5% = 34.063
c. By definition Var(Ky) = E [K3,] — (E [Ky))” and
80 80 80
k 1 1 (1+80 79
E[KQO]—ZkPQO—Z(l—%>—8O—% k—SO—%( 5 80)———39.5
k=1 k=1 k=1
and 2= 39.5
80 80 I 80 | &
E[Ky] = > (2k=1) ypo =) (2k=1) (1—%) =Y @k—1) - 5> (2K k)
k=1 k=1 k= =1
1+ 80 2 80(80+ 1)(160+1) 1 (/1480 4187
= 2(—7—80) —80 == — 80 ) = —— =2093.5
< 2 ) 80 6 * 30 2 2

Finally Var(Ky) = 2093.5 — (39.5)2 = 533.25.
Exercise 2.4.5

1. The force of mortality of a life is p, = 1555- Calculate egs 5.3

2. The force of mortality for life (x) is the constant p, = 0.01. Calculate the curtate life expectancy
of (x).

Recursive formulas

€r = Com t nP2Cains Com = Coml T mPoCotmin=m);, fOr m <n

€x = €7 + npa:ém—i-n = Coin—1) + nDz (1 + ém+n)

€r = Pz +pxéz+1 = Pz (1 + é:c-H)

o = Com] T mPeCotminmm] = Com=i] T mPe(l + €oymm=m), for m <n
Crx:n] = Po + P2Cy1:n-1) = Pa (1 + 6x—1:m) :

For any integral age x,n > 1,0<r<land 0<r+t<1
Function | Uniform distribution of deaths | Constant force of mortality
€$+T‘ ez - Td:p gxp;
rqx T4z 1— p;:
rPz 1— T4y pg
rqz+t % 1 - p;
gy 1—(1_;% —In (pm)
rp:v,ux-i-r Gz — rPx ln (pm)
€am) Crm 1+ 0.5 ¢
€a e, + 0.5




