Addition and subtraction ) sasic Technical Mathematics with Calculus Peter K. F. Kuhfitting
Chapter 5 Factoring and Fractions (Summary September2648

Exercises/ Section 5.8 (page 183-185)

Combine the given fractions and simplify.

2 -
Problem # 1. 1 i+§ Problem # 11. 2 1 y'+2x-2y
2 18 9 Xy X xy(x-y)

2
Problem # 23. arb _a , 2 Problem # 35. —; : =" = : =t — : 5
b b(a+2b) (a+2b) 2X°+3xy+y° X +4xy+3y°  2X“+7xy+3y
Problem # 9, X3Y . X-3Y Problem #15, —2_+_+ . 2X-1
X-Yy X+y X-3 X+2 (X-3)(x+2)
3 1 1
Problem # 29. - +
(x- y)(x+2y) (x+y)(x+2y) (y- x)(x+y)
(Problems solved in class # 1, 11, 23, 35) HW: Problem # 9, Problem # 15, Problem # 29,
Problem # P1: 1o XE(Answer: ﬂ) Problem # P2: 2 +i (Answer: M)
X-y&y Xg Xy ww+l) W W (W+1)
Exercises/ Section 5.9 (page 188-189)
Simplify the complex fractions.
1- 1? 1 N 1 x ’
Problem #7. — X, Problem#19. E-1 E-2 Problem # 23. x-2 (x-1)(x- 2)
4 1
1+ 1+ (x- 4)
X E-2 (x-1)
Problem # 31 The total resistance of the circuit shown in the figure is given by R= ] 1 —' simplify the expression for R.
—+
R R+R
R,
VWV
1 w
N : 3-= W-
Simplify the complex fractions: Problem # 5. X Problem # 15. w- 5 Problem # 21
1 -
_ w5
k6
k+1 (k+1)2
9
(k+1)
(Problems solved in class # 7, 19, 23, 31) HW: Problem # 5, Problem # 15, Problem # 21,
2 1
. e . X-3 . m . 2
Problem # P3: _x-2 x (Answer: ) Problem # P4: 2- (Answer: 2- nm’)
3 2 X(x- 2) 1. 1- m
X-5 XxX-5 -m
1
- 5x+9)(x+3
Problem # P5: > x+2 (Answer: ( )( ))
3 (x+2)(4x+3)
14—y
1+>
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Chapter 4 (Parti a fractions Page 54-59) Engineering Mathematics (Fifth edition) John Bird BSc(Hons)
7.1 Introduction to partial fractions

In order to resolve an algebraic expression into partial fractions:

(1) The denominator must factorise

(i)  The numerator must be at least one degree less than the denominator. When the degree of numerator is
equal to or higher than the degree of the denominator, the numerator must be divided by the denominator (see

problem 3 and 4).
Table7.1

Type Denominator containing Expression Form of partial fraction

Linear factors (see problem 1 to f(x) A . B | C

4) (x+a) (x- b)(x+c) (x+a) (x-b) (x+c)

2 Repeated linear factors (see f(x) A B C
3 + 2 + 3
problem 5 to 7) (x+a) (x+a) (x+a)” (x+a)

3 Quadratic factors (see problem 8 f(X) Ax+B N C
and 9) (ax® +bx+c)(x+d) (ax* +bx+c) (x+d)

7.2 Worked Problemson partial fractionswith linear factors

Problem 1. . Resolve 211—3)( into partia fractions

X°+2x- 3

2x°-9x-35 | . .
Problem 2. Convert into the sum of three partial fractions
(x+1)(x- 2)(x+3)

2

+
Problem 3. Resolve 2X—1 into partial fractions
X - 3x+2

x> - 2x% - 4x- 4
X°+x- 2
7.3 Worked Problemson partial fractionswith repeated linear factors

Problem 4. Express in partia fractions

Problem 5. Resolve 2X—+32 into partial fractions
(x-2)

5x° - 2x- 19
(x+3)(x-1)°

2 +16x+
3)(1—6)(315 into partial fractions
(x+3)

7.4 Worked problemson partial fraction with quadratic factors

2 2 3
7); *ox+13 in partial fractions Problem 9. Resolve 3+6);+A;X 2x
(x +2)(x+1) X (x +3)

Problem 6. Express as the sum of three partial fractions

Problem 7. Resolve

Problem 8. Express

into partial

fractions
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"ORING AND FRACTIONS | =
| | ige %
| ”_.o m%- (or subtract) two or more fractions, we find the LCDH
asm_.mm:osm and .n:m:mn each fraction to an equivalent fraction having t, M
1epfor its denominator, Next, we add (or subtract) the numerators of gy

._rh:o:m. placing the result over the LCD, Finally, we sim lify 3
fraction. n Y the s i

cen pLHE | _g%\mpnﬁ_ | |
Combine

5 4 « B
6a’bc  15ab’c ~ 20abe?

Solution. In terms of prime factors, the different denominators are
mmu&num.u.mu.w.n
15ab¢ JeSeqepleg
20abc? = eu.m.a.v.nu

To construct the LCD, observe that the factors are 2,3,5,a,b, and Al

largest exponent on the factor 2 is 2, the largest €Xponent on the factor 318
and so forth. So the LCD is given by

LCD =22x3x5x a’b’c? = 60a2p2e2

I

Now we write the fractions so that they all have the

. i same denominators;
example, since 60a2pc2

= (6a’bc)(10bc), we get for the first fraction

5 _ 5 ._cwnr 50b¢
mnuvﬁ 6a’bc  10bc ~ 604’522

The other fractions are adjusted similarly:

5(10bc¢) _ 4(dao) 3(3ab)
6a’bc(10be) ~ 15abic(dac) ~ 20abc(3ab)
_ 50bc __l6ac 9ab
60a%b°c?  §0g2p2c2 60abc?
_ 50bc — . 16ac ~ 9ab
60a’bic?

The procedure for adding or subtracting fractions containing polynomE4

als is similar. . |
PeA2 Tvanmpliag)

Combine

5.8 ADDITION AND SUBTRACTION OF FRACTIONS 179

"ﬂnw .

Thie acceleration of the system is

Basic Technical Mathematics with Calculus ;|
Peter K. F. Kuhfitting :

S

rr-.,llil.,.ll.

(w1 — w2)g

wy + owy

a=

n the study of the dispersion of X rays, the expression
Ne® :

wm(fe® — )

%wnm. K.._Eu_w.m by m(fy + f) and simplify.

flexible cable. suspended from two
its lowest point is

.b.“

points at the same height, hangs under its own weight. The

o

: .,Mv A perfectly
== tension Ty ar.

S it it

; where s is the length of the ¢able, / the sag. and w the weight per unit length. Find an expression for

9.8 Addition and Subtraction of Fractions

In considering the addition and subtraction of algebraic fractions, recall from
arithmetic that the fractions 4 and ¢ can be added if } is changed to %, so that
e d D1

6767672
The number 6 is called the lowest common denominator (LCD).
Since algebraic fractions are added by the same rules, let us first state

the definition of the lowest common denominator.

Lowest common denominator: The lowest common denominator
(LCD) of two or more fractions is an expression that is divisible by -
every denominator and does not have any more factors than needed to
satisfy this condition.

The LCD can be found by the procedure described next.

To construct the lowest common denominator for a set of algebraic
fractions, factor zach of the denominators. Then the LCD is the prod:
uct of the factors of the denominators, each with an exponent equal to
the largest of the exponents of anv of these factare




FACTORING AND FRACTIONS ~

36. A light rod of length
end of the rod, then the deflection is
.x\ A.«m Lv

W LT i bhere
Y E G

0=x=<

2] =

where # jc o roncstant Writa v ac'a inala Fraciian

1 is clamped at both ends and carries a load W' atthe center. If x is the

X it

Linte Y

. CHAPTER § xmx
r\.m u.ﬂ+ulu_l...._. 6. X1 _ x  7x
\. 4x x x * Sy .wa‘ﬂlwcle.
4y 3a _4a a-3 X X -y
_Q.A..v 9 * 36b m.k+u| X
Vioox+ 3y x-— 3y X x
.w.».l% X+ mc.mh+.<r.,..+v_
/. 2 )
1 2 _1_ 3y +2c-2y x Y
hdl, Sos = L 2T 2E" Iy ; -
; 1 Xy x x(x = y) 2 X—=3r 2x+y
/
W X+ y X 3 4
Hu.x.+m%+..nl.._.. Ha.klulhlu
;. 2 26— L& } X 1
v A, x—-37 ﬂ Tix = INx +2) Is, (x ¥ ¥Nx + 2y) ¥ X+y
7 1 4y F T g X ¥
&_._ Li. x + 3y + (x = 3vix —7y) i 18 25 ~% Y = 3x
" 2x 2y 1 2 |
Q..Hw. 3x -y 3y -3y .Nc. ¥t Yox+ ¥
¥ 1 ¥ i ¥ 2y X+ 2y
- 2L £ ¥ 2zt _ _ 2 &4y e +y) * x
,\Nma+vl a4 g , 24, 306 a a-p
R TR s B I R
/ A B 2B _ 35— 1
25, - ) - =
_\ A+ B \:&lw_l*.b mm.:u.r: .q+«+u.
n m Im?
27. . - — !
z\. n—m ntm p>= g2
28. 4 7 A G RN N
) (R+3r(R~71) " (R = INNR+2 "R+ IR F r)
3 1 , I q
29, !
v (x = ¥)x + 2y) (x4 ) (x+ 2y) .m = x)x +y)
30, -2 2x . - B g .,,_: X" 2 x?
&+ T B x =1 _ 4 x=2 .«+N.l.~ufa
32 T R . r_ 33 € _ ¢
N.cjlm ,.H.c1.m h!m.om : . .ﬂ.*m&. Nn.+n~.
2 3 e . |
M, — e A S N
¥=y Fio-32Ta7 3oy = 2y
as, lrgl.l_JlJll_|l|I+,'e_l.,l -
258+ 3xy + 57 T T 0 dxy + m.—.u. 2 + Ty + 3y % w\.m w isthe dilanee

frow one y

G e nhimn

AL a m.ﬁqwﬂ\mm.
m\wh&@cﬁ

e T —
TP TE aT

Common errors

Ra

e

“f ke

ot

g

e S

i
'

TR
i b £

s
e

{ IR 1

)
&y

Eae 4

e
e

(1) Failing to change all the sj

(A4

ens when subtracting the nimerator,

o B oy €xample, in.step (5.18).of..Example .3, both.signs. in the numeratgr ¢

middle fraction are changed to become —6x — 6.

(2) Forgetting that

(3) Forgetting that

1 1 1
— G + .
X+ * X oy

In case (2) the correct procedure is

1 3 X
v oo v

x+y
xy

!
X

In case (3) Em fraction

1
X+

is already in simplest form and cannot be split up.

Wﬁ'g‘@‘@éﬁ‘ﬂ’?ﬁm o

Example 4 -Two perfectly

tive masses are

elastic balls collide with a common velocity v. If their re
m and M, then the velocity of m after the collision is

pu\%. _w.e.._‘ ﬂa?ni_l
b A M m v 2vm
B : ¢ M+m M+m M+ m
I Simplify this expression.
¢ Solution. A M i v St
) BV ¥ g M+nm/ M+m £ Cs)
| = _—
| B WM um _ 2um . S
i M+ m T MAm M+m - ¢
W, , UM —vm - 2um M N
f ¢ oy M Fm
m “ - UM — 3um By
e T M+m -
.Wﬂ.’"” —
mexmqo_mmm / Section 5.8 _
%m..wxn_.ommom 1-35, combine the given fractions and simplify.
: .m ! 3 5 3 1
LA 2% 15 *g
Al B £ 13 a4 L
8§ tE-3 LA el




188 CHAPTERS  FACTORING AND FRACTIONS - - 5.9  COMPLEX FRacTIONS 187
2 I . 2
Each such vesse] offers a certain resistance to the flow of blood. If, digey gl - I8 .
: ° <1 2 g 1 (xr + v) <
,qu q " a:&& are the respective resistance forces of the blood vessels in parg IIJEJ\L \n\i.qq. bn\.\u.q_
e he combined resistance is given
Tn _u»itﬂrs s given by . [ e
" ¥ w I.'l.-,l‘ . m *—
e H—II.I_ (e—7J(x +7 1
e i u?..t+?+:uw.mnw
n n n X X

The remaining examples further illustrate the alternate technigue dis-

. 5 1 3 ; ?
Solution. B . 110203 cussed”in the previous example,
: H + ,W + F I_t + F A.T m nnr -
h n rn. n ar m%ﬂgﬁx@nﬂ.‘w ,
. {
- rirrs Simplify the fraction /

rars + ey + ryry

Exercises / Section 5.9

In Exercises 1-26, mmanz.@\ the complex fractions.

~+M M.TW
1 3 7 7
. 3 2. 5
N+w. _+W
1 1 ) |
-4 — / u||l
432 /g
_3 gl
6 x2
4 16 9
_|||m. _I.I
\q._ - m...llw.
I+ - ] it
x | x
B 7% 3_Io
10, U1 X P
vy X X
17 10 3c
- = = —
\Hm h K s+ 6
' .u+Wm|]m| 9
h K2 s+ 6
4z / 1 1
z+ — + 5
Hm..ll.m.u_lu. /\H.E.ml_mllm
o

B -1

= QN. =~ 3R + 3), it follows that

_+M_ LCD = (R — 3)(R + 3)
1 As before, multiplying the numerator and denominator of the complex frac-
& 6 tion by the LCD will reduce the fraction directly.
1, R ..EI&E+ R (B3R +3)
Z .l R+7 1 R:—9 I
1
4~ L_ B3R +3)
| J = +1+(R-3)(R +3)
ol i R(RR-3)+R
H \ . RFDFTR-HER T
Q_ﬁ‘N m: | m ol .mmmisw.~&+.mm s b oo
B x_ 6 R+3+ R o
¥ y? _ R*-2R -,
5 e il 3 "R+ R%
e LR T _ R(R—7 A
we M g | CRHIE— | :
W = .m. _n.,.._..‘ b MN ‘ "
:_r_cmm i : .Hb+w
T & .
a— 3a +72 XD:\_MM@F&,F&
TR it ) b Justas electrical components can be connected in parallel, biood vessels that
R Rl branch out and come together again are said to be connected in riarallal



ANSWERS TO ODD-NUMBERED EXERCISES A-29

Section 5.4 (page 166)

L +2yF 3, (3r-4y) s, (= Dxr=3) 7. («x=-dx+3) o 2a = 2p)°

1. 2(x + 6)(x + 1] 13, (x - 6y)(r + ») 15, (D + 7D - 2 17, (v = y)ix - ¥)

19, (5x - y)(x - 2y) 2L (4x + y)(x + 3y) 23 (2x - IGr + 4y) 25, (5w, — 2un)(wy ~ 4us)
27. B(L -3C)L +2C) 29, 23f = 4gP 31 xx -2y 33. nol factorable

35 (@a+b-3)a+ b+ 2) 3 n+m =2+ m-— 1) 3. Qa+2b-1)a+p - 4)

AL (fy + 2003, + 21y = 1) 4. (I=-x+v){l +x- YA = ey 4+ vY) 45, (7g - 2b)4a + p)
47, (5x = y)(8x + 3y) 4. (Ba - 28)4e - 58) S, 1= 1sec 53 1=133sec-

Section 5.5 (page 169)

L (x = y)a+ b) 3. (x+ )2+ 1) 5. (a=b)dc + 1) T (x = )5k - 1)

9. 2(x + y)a - ¢) 1L 3R = r)a -2p) B, (= yfe-3-2 15 (X + v)a = x + y)
17, (x — y)x = Yoo ) 19, (v =) + 4v - 1) AL Qv =y - o)y - ¥+ oz)

23, (x + 2y — =}x + 2y + =} 25. (3a = 2b - ¢)3q + 2p - ) 27 -3 -y = 4y}

29, (X + 2y)a - x FIv) 3L atA - 1MAg - 4)

Section 5.5 (page 174)

x a 2 . 5 X =y
1. 5 3: o 5 x T =z 9. x -4 I, »* = 3 13. e -
. 3-' -4 7 L) 5 ",
. R+2R+4 17 x-q 19, j-5 g = 23, == g5 Mtm
: X3 v+ ] my — 2ma
2L+ C X -4 a — 4h | 1 I
— e d —— i —— T e e
27. 1 29, L ac 3L - 33. T 35, P 7. T 39.- Ee
. ] M+
B - — o 5
41. 3E-3 B P-0Q 45 M+ mpE 37 21 - 6 (amperes)
Section 5.7 (page 177)
C3xy Bxiy 6 dv 5 A X+ v a+ 25
- S © 373 5 3 bc‘.t:x‘ 7. s P -y 1L =y R
' . . H2a - p) vy — 40y, ~ 6)
o=+ 3a)a - 2 . 2
B U+ -ip+ 9y n Be=1la=5) " By~ 3iEe = 1]
(3T + )5k - ¢) X =3y . l
23, = - 3s, 27.
@r+)K-7 (F + 2)r" — 2o + 437 x = 2v (R+2r(R+r-1)
2(2L - 7) 2 Qi pies I
————— ‘ o3 . — . oSw(s =2
L +4Cc=73 31 P 33 _ 35 Ty 37 g " (s H)
v -3 Wy 8w [ 2ol 4 2y -yt
& 9 B 4y D - 7=yl i Y= x T 2¥)x = v)
1 1 4r7 — 27 X 4a + 2p A+B
—_— — = —_—— 2 —_—— 7 |
= x=3 K X 19. (3x = ¥)( 2y = 3v) ok I+ v T a+ 2 ’ A
1 4 * = ed 3y i
I 3 ' 3. ———— 25 _
o 2% =yt e wog 3 (¢ = 2d)2c - o) | 2 (X4 VM2 + 3)(x + 3y)
k(2np - p) b= -
7 5 5 e T—
: nn — p) » ke o+ L°



Partial fractions

7.1 Introduction to partial fractions

By algebraic addition,

1 3 GHD+3(:-2)
=2 x+l @—2)@+1)
4% —~3
T x—x-—2
. 4x—35
The reverse process of moving from —— - to
: W—x-2

= + = is called resolving into partial fractions.

Inorder to resolve an algebraic expression into partial
fractions:

(i) the denominator must factorise (in the above
example, x> —x —2 factorises as (x — 2)(x + 1),
and

(i) the numerator must be at least one degree less than
the denominator (in the above example (4x — 5) is
of degree 1 since the highest powered x term is x!
and (x* — x — 2) is of degree 2)

When the degree of the numerator is equal to or higher
than the degree of the denominator, the numerator

Table 7.1

must be divided by the denominator (see Problems 3
and 4).

There are basically three types of partial fraction
and the form of partial fraction used is summarised in
Table 7.1 where f (x) is assumed to be of less degree than
the relevant denominator and A, B and C are constants
to be determined.

(In the latter type in Table 7.1, ax?+bx+c is a
quadratic expression which does not factorise without
containing surds or imaginary terms.)

Resolving an algebraic expression into partial frac-
tions is used as a preliminary to integrating certain
functions (see Chapter 51).

7.2 Worked problems on partial

fractions with linear factors

Problem 1. Resolve s into partial
X

1 24+2x—3
fractions

The denominator factorises as (x — 1)(x +3) and the
numerator is of less degree than the denominator,

A - B 0 C
x+a) (x+aP (x+a)P

TR 4 N v AN o




Partial fractions

11-3
Thus o may be resolved into partial fractions.
¥ +2x -3
Let
11 —=3x 11— 3x A B

Bl k=t s =1  EF

where A and B are constants to be determined,

11-3x  Ax+3)+Bkx-1)
x—Dx+3)  (x-DE+3)
by algebraic addition.

Since the denominators are the same on each side of the
identity then the numerators are equal to each other.
Thus, 11—-3x=AKXx-+3)+Bx-1)

To determine constants A and B, values of x are chosen
to make the term in A or B equal to zero.

When x = 1, then 11 — 3(1) = A(1 +3) + B(0)
ie. 8=4A

i.e. A=2

ie. 20=—4B
ie. ~ B=-5
T M3 _ 2 -5
X+2-3 x—1)  (x+3)
2 5

“x-1) (+3)

[Check: : — >
x-=1 &+3)

= 2x+3)—-5x—-1)
T xk=DE+3)
_ 11 —3x
T x242x—3

: 22?2 —9x — 35

Convert

- into
x4+ Dix—2)(x +3)
the sum of three partial fractions

Ly 2R-9x-35
GTDe—2x13)
A B C

T T TR

Ax—2)(x+3)+Bx+ Dx+3)
+Clx+ D(x—2)

(x + D = 2)(x + 3)
by algebraic addition

Equating the numerators gives:
22 —9x —35=A(x —2)(x+3) +B(x+ 1)(x+3)
+ Clr + D(x = 2)
Let x=~—1.Then

2(—1)* — 9(—1) — 35 = A(—3)(2)+B(0)2)

+ C(0)(—3)
ie. —24 = —6A
—24
ie. 7, W~
ie s
Let x=2. Then

227 — 9(2) — 35 = A(0)(5) + B(3)(5)

+ C(3)(0)
ie. —45=15B
—45
1.€ 15

Let x=—3. Then

2(—3)* — 9(—3) — 35 = A(=5)(0) + B(=2)(0)

+ C(—2)(=D)
iLe. 10 = 10C
ie. Cc=1
s 2x% — 9x — 35
(x + Dix — 2)(x +3)
4 3 1

=EFD &-2 T @+

2

: X
Problem 5. Resolve —
x4

into partial
—3x+2

-

fractions
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BB The denominator is of the same degree as the numerator. X —2x% —4x—4 x—10
Pt . e ; Thus =x—3
= Thus dividing out gives: 4x-2 P )
=1 . _, x—10
ey =x— e
\‘g:‘n x2_3x+2ix2 +1 (x+2)(x—1)
X2 —3x+2 x—10 A B

(x+2)(x—1)E(x+2)+(x—l)
_ AKX -1)+Bx+2)
T G+ E—-1)

3x—1

For more on polynomial division, see Section 6.1,

page 48.
Equating the numerators gives:
o 241 3x—1
ence v e 2 =Bz x—10=Ax—-1)+B@x+2)
_ 3x-1 Letx= —2. Then —12=-34
- Dx-2) ie. A=4
—1 = i
Let 3x _ A " B Letx=1. Then 9=3B
G-DE-2) x=1) x-2) ie. B=-3
_AG—-2)4Bx-1) x—10 4 3
== (x _ 1)(x _ 2) Haﬂce " = s
G+2)x-1) " x+2) (x—1)
Equating numerators gives: x3 22 4y _ 4
Thus —
3~ 1=A(x—2)+Bx— 1) *+x-2
B 4 3
=x- -—
x+2) (x-1)
Letx=1. Then 2=—A
ie. A=-2 Now try the following exercise
Letx=2. Then 5=B
Tp ] _ Exerc er probilen
Hence al - ] yctions with lir )

G-Da-2 6-D a2
Resolve the following into partial fractions:

2 +1 2 5
Thus 'ﬂx ;»fzzl_cx ol e e 2 2
C x2-9 =3 &+3
‘ -2l 4y 2 2 Hx—4) R
Express ¥ rr_g  inpartal o TR G+ -3
fractions

: ¥ —3x+6 B 4
=) e—1) il -1

The numerator is of higher degree than the denomi-
3(2x% — 8x — 1)

nator. Thus dividing out gives:

4.
3 E+4Hx+DH2x—1
x —
P+x-2)3 22 4z 4 [ e T e :‘
x4 x— 2 G+4) @+ (-1
—3x2 — 2% — 4 X% +9x+8 2 6
5- SRR 1 T,
—3x* —3x 46 x24x—6 {: +(x+3)+u—2,):[

x—10



: X2 —x—14 s 2 i 3
S ox2—2x-3 (x—3)  (x+1)
3x? — 222 — 16x 420

7
(x—2)(x+2)

1 5
[3x_2+(x-2)_(x+z)]

7.3 Worked problems on partial

fractions with repeated linear
factors

B
Problem 5. Resolve C 2?,, into partial fractions
)

The denominator contains a repeated linear factor,
(x—2)

Let 2x+3E A B
x—22 (x—2)  (x—22
_Ax-—2)+B
T o@-22

Equating the numerators gives:

2x+3=A(x—2)+B
Letx =2. Then7 = A(0)+B

1e. B=7
2x+3=Ax—-2)+B
=Ax—-2A+B

Since an identity is true for all values of the unknown,
the coefficients of similar terms may be equated.

Hence, equating the coefficients of x gives: 2=A
[Also, as a check, equating the constant terms gives:
3=—2A+B.WhenA=2andB=7,

RHS = -2(2) + 7=3=LHS]

2x + 3 2 7
Hence = +
-2 -2 (x-27
2 —2x—1
Problem 6. Express 2 b as the sum of

(x+3)x — 1)
three partial fractions

Partial fractions 57

The denominator is a combination of a linear factor and
a repeated linear factor.

Lot 5x2 —2x— 19
G+ 3)x - 1)
A B c
=&t Te-nTic1p

_ A -1 +B(x+ 3)x — 1)+ C(x + 3)
B (xd e~ 1P
by algebraic addition

Equating the numerators gives:

572 -2x—19=Ax—1D*+BEx+3)&x-1)
+Cx+3) (D)

Letx=—3. Then

5(=3)% — 2(=3) — 19 = A(—4)* + B(0)(—4) + C(0)

i.e. 32 = 16A
ie. Ar=2
Let x=1. Then

5(1)2 — 2(1) — 19 = A(0)? + B(4)(0) + C(4)
ie. —16 =4C
ie. C=-4
Without expanding the RHS of equation (1) it can
be seen that equating the coefficients of x* gives:

5=A+B,andsince A=2,B=3
[Check: Identity (1) may be expressed as:

502 —2x—=19=A(* - 2x+ 1)
B Ze=NECet B
je. 52— 2x—19=Ax*~2Ax+4 A+Bx?
+2Bx — 3B + Cx + 3C

Equating the x term coefficients gives:
—2=-2A+2B+C

WhenA=2,B=3and C=—4then -2A4+2B+C=
—22)+23)—4=—-2=LHS
Equating the constant term gives:
—19=A -3B +3C
RHS=2-33)+3(-4)=2-9-12
= —19 = LHS]
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5x2—-2x—19
Hence T ——
E+3IHEx-1)
2 3 4
= -+ = 3
@+3)  (x-1) (x—_q)
,, ~
2 5
Problem 7. Resolve £ AR into partial
(x+3)3
fractions
Let
3 416x+15 A .. B ___¢C
(x+3)3 T (x+3) (432 " (x+37

_A@+3P+Bx+3)+C
h (x+3)
Equating the numerators gives:

Letx=—3. Then
3(=3)* + 16(~3) + 15 = A(0) + B(0)+C
ie. —6=2C

Identity (1) may be expanded as:

ie. 3x2+16x+155Ax2+6A.x+9A

Equating the coefficients of x2 lerms gives:
3=A
Equating the coefficients of x terms gives:
16=6A+B
Since A=3, B=-2
[Check: equating the constant terms gives:
I5=9A+3B+C
WhenA =3, B=—2 and C=—¢,
9A +3B+C=9(3) + 3(=2)+ (—6)
=27-6—-6= 15 = LHS]

e 3x% + 16x + 15
(@ +3)3
3 2 6

TG+ Giar x+37

3x2+16x+15EA(x+3)2+B(x+3)+C (1)

3x2+16x-i—ISEA(x2+6x+9)+B(x+3)+C

+Bx+3B+C

Now try the following exercise

Exercise 27 Further problems on partial
fractions with repeated linear

factors
’ 4x -3 [ 4 7 ]
L @12 @+ (x+1)
SR P i ) 1
X2 (x+3) R T

5x% — 30x + 44
(x—2)3
i = 10 s 4
x—2)  Hx—TpR (x—2)p

18--21x — 12
(x —5)(x +2)2

[ 2 o 53 45 4 ]
(x=5) (x+2) " (x+2)2

744 Worked problems on partial

fractions with quadratic factors

o A i

Problem 8.  Express 2D+ 1)

In partial

fractions

The denominator is a combination of a quadratic factor,
(x* +2), which does not factorise without introducing
imaginary surd terms, and a linear factor, (x ++ 1). Let

712 4+5r+13 _ Ax+B C
CHe+D) 242 T GE D
_ (Ax+B)x + 1) + C(x? +2)
- (2 +2)(x+1)

Equating numerators gives:
7x* 4+ 5x 4 13 = (Ax + B)(x + D+CE?+2) (1)
Letx=—1. Then

7=1)* +5(~1) + 13 = (Ax + B)(0) + C(1 +2)



Partial fractions

ie. 15 =3C
ie. C=5

Identity (1) may be expanded as:
7x* 4 5x + 13 = Ax* + Ax + Bx + B + Cx? +2C

Equating the coefficients of x? terms gives:
7=A+C,andsinceC =5, A =2

Equating the coefficients of x terms gives:
5=A+B,andsince A =2, B=3

[Check: equating the constant terms gives:

13=B+2C
WhenB=3andC=5,B4+2C=3+410=13=LHS]

Tx* + 5x+13  2x+3 5

Hence e+ D242 T G+ 1)

34 6x+4x2 — 223

= into
X2{x% +3)

roblem Y. Resolve

partial fractions

Terms such as x*> may be treated as (x -+ 0)?, i.e. they
are repeated linear factors

34+ 6x + 4x% — 2x°
x2(x% + 3)

A+ B a Cx+D
x  x2 (x243)

Let

_ Ax(x® + 3) + B(x? + 3) + (Cx + D)x?
a x2(x2 +3)

Equating the numerators gives:
3 + 6x + 4x% — 2¢° = Ax(x® + 3)
+B(x? + 3) + (Cx + D)
= Ax’ + 3Ax + Bx* + 3B
+Cx® 4 Dx?

Letx = 0. Then 3 = 3B
1. B=1
Equating the coefficients of x® terms gives:

2=A+C 1)

Equati

ng the coefficients of x? terms gives:

4=B+D

SinceB=1,D=3
Equating the coefficients of x terms gives:

6 =3A

ie. A=2

From equation (1), since A=2,C=—4

Hence

3 4 6x + 4x? — 223
x2(x2 + 3)

¥ —x—13 [ 2x+3 1
x2+7)x—2) !_(124—7) (x—2)
6x—35 [’ 1 : 9=
(x —4)(x* +3) Lx—4) (x243)
15484502 —dx® . 82—y
22(x2 4+ 5) x x2 (@x2+5)

x3 4402 4 20x — 7
(x — 1)2(x* 4 8)

4 A 2 +1—2x
x—1 @x-=17% &2+8

When solving the differential equation
20 6d9 106=20—¢* by Laplace
—_——H— — =2 —¢ ;

di? dt : K

transforms, for given boundary conditions.
the following expression for £{¢] results:

e
457 — —s° + 425 — 40

s(s — 2)(s% — 65 4+ 10)

Show that the expression can be resolved into
partial fractions to give:

2 1 553

D e

s 2s—2) 2 —o05+10)

L8} =

Lio)=
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