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Fourier Series to Fourier Integral
Formula of Fourier Integral

The Fourier Integral of f(xz) defined on the interval (—oo, 00) is given by

Fz) = i/ooo AN cos(Ax) dA+ /OOO B(\)sin(Az) v, (1)

™

where ~
AN = / f(t) cos(At) dt,
and

B()) = / ~ () sin(M) dr.

Formula (1) can be written as
fz) = i/ooo /Oo F(t) cos At — x) dtdA. 2)
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Fourier Integral Fourier Series to Fourier Integral

Theorem

If f is absolutely integrable

(" 1) e <o0).

and f, f’ are piecewise continuous on every finite intreval, then Fourier
integral of f converges to f(x) at a point of continuity and converges to

f(x+0)+ f(z—0)
2

at a point of discontinuity.
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Fourier Integral Fourier Series to Fourier Integral

Example (1)
Express the function

1, |z|<1

f(x):{oa | > 1,

&
- sin A cos Az
as a Fourier integral. Hence evaluate / fd)\ and deduce the

) 0
value of/ Sm)\d)\.
0 A

Solution Since

f(zx) /OOO - f(t) cos A(t — x)dtdA

—00

S

o] 1
/ cos A\(t — x)dtdA
0 J-1
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Fourier Integral Fourier Series to Fourier Integral

1 [ sinA(t — )|
_ / sin A(t — x) O\
™ Jo A 1
1 [ g N a1
_ / sin A(1 —x) —sin A(—1 x)d/\
™ Jo A
1 [*®sinA\(14z)+sin\(1 —x)
= — dA
™ Jo A
2 [0 si
_ / sm)\cos)\xd)\‘
m™Jo A
Hence C Neos A 2]
FsinAcosAz [ T, |z <1
/0 A dr = { 0, |z|>1,

At x = £1, f(z) is discontinuous and the integral has the value
$(Z+0)=17.

Now by setting = = 0, we have

/ s1n>\d)\: E.
0 A 2
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Fourier Integral Fourier Series to Fourier Integral

Example (2)

Compute the Fourier integral of the function

0, —oco<z<-—-m

—1, —rT<x<0
flz) = 1, O<zx<mw

0, w<zx<oo.
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Fourier Integral Fourier Series to Fourier Integral

Solution We have

flz) = / / —cos A(t — x)dtd\ + — / /cos)\t—:z:dtdA

_ /OO sin \(t — z)|° g L /°° sin \(t —z)|" D
T Jo A . T Jo A 0
1 [ —si i
_ _/ sm/\x—i-sm)\(ﬁ—i-x)d/\
™ Jo A
n l/oosin)\(w—x)—&—sin)\xd)\
™ Jo A

- 2/ (1= COSAT) e ),
0 X\
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Fourier Integral Fourier Series to Fourier Integral

This Fourier integral converges at the discontinuities points —m, 0, 7

respectively to

(=)D + f((=m)7) 1

2 27
FO0) +£070) _,
2 )
fa)+fr7) 1
2 2

9 /22
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Fourier Integral Fourier Series to Fourier Integral
Example (3)

Consider the function

0, z<-1
fla)=< 1—-2, —-1<z<l1
0, z>1.

Sketch the graph of f, find the Fourier integral and deduce the value of

oo : A
/ sin QL
0 A

Solution
2 Yy
™0, 1)
V] I\
-1 1
-1
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Fourier Integral Fourier Series to Fourier Integral

MATH204-Differential Equations

/ ) cos(At)dt
/ (1 —t) cos(\t)dt
by parts
[sing\)\t) (1-— t)] 11 - [)\12 cos(/\t)} 11
%2 sin(—A\) — cos(Y) )\;OS()\) = %sin()\)
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Fourier Integral Fourier Series to Fourier Integral

o)

f(t)sin(At)dt

(1 —t)sin(At)dt

/{”
X

1

by parts

= [— COS)(\M) (1-— t)] 11 [)\12 Sm()\t)] 11
2
A

sin(A) — sin(—\ 2 cos(A 2sin( A\
oo( 3y - T = sin(X) _ 2005(4) _ 2sin(
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Fourier Integral Fourier Series to Fourier Integral

Thus,
f@®) + fa7)
2
1 [ L [ :
= /0 A(A)cos(/\m)d)\+7T/O B(\) sin(Az)dA

™

B 1/°° [QSin)\cos()\:v) n (2(:08)\ ~ 2sinA
0

3 3 2 ) sin()\x)] dA,

T
At x = 0, we have

- - 0 g
F(0T) 4+ f(07) 1+1:1:2/ sm)\d/\7
2 2 ™ Jo

hence,
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Fourier Integral Fourier Series to Fourier Integral

Exercises
Find the Fourier integral for the following functions

° 0 0
, r <
f(x)_{e_x, x > 0.
(2]
0, —oco<z<-2
-2, —2<x<0
f(z) = 2, O<z<2
0, T > 2.
© C, |z|<1
;x| <
f(x)‘{o, 2] > 1,

where C' is a constant such that C' # 0. Deduce the value of the
o
: sin «
integral / da.
0

«
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Fourier Cosine and Sine Series Integrals
Fourier Cosine and Sine Series Integrals

The Fourier sine integral is given by
2 o0
fa) =2 / CON) sin(Az)dA,
™ Jo
where
O\ = / F(t) sin(A)dt.
0

The Fourier cosine integral is given by

fz) = % /O " DOV cos(Az)d, (3)

where
D) = /O  F(t) cos(M)d.
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[EEIANIIIAEI  Fourier Cosine and Sine Series Integrals

Example
Compute the Fourier integral of the function

Isinz|, |z|<m

f(m):{ 0, |zl >,

* cos At +1 A s
————cos| — |d\ = —.
o 1-X2 2 2
Solution We observe that the function f is even on the interval (—o0, ).
So It has a Fourier cosine integral given by (3), that is

and deduce that

o) = % /O " D(A) cos(Az)dA,
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[EEIANIIIAEI  Fourier Cosine and Sine Series Integrals

where

D(\) = /000 f(t) cos(At)dt = /OTr sint cos(At)dt

B /7r sint(1 — A) +sint(1 + A)
) 2

T cost(1+)

0 2(14+ )

dt

™

—cost(l—\)
2(1— )

0

1
= 1_7)\2 [COS’TF)\ + 1] .

Thus o
f(z) = 2/0 1%)\2 [cos T + 1] cos(Az)d. (4)

s

Since f is continuous on the whole interval (—o0, 00), the above integral
converges to the given function f(x). Setting z = 7/2 in (4), we get

< 1 AT T
/0 1T [cos A + 1] cos<2>d/\ =5
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[EEIANIIIAEI  Fourier Cosine and Sine Series Integrals

Exercises
Find the Fourier sine and Fourier cosine integral for the following functions

o
f(2) = 22, 0<x<10
=1 0, x> 10,
o
z, 0<x<1
flz)=¢9 z+1, 1<z<2
0, z>2.
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Fourier Integral The Complex Form of Fourier Integral

The Complex Form of Fourier Integral

The complex form of Fourier integral is given by

f@ =5 [ B ax

where

BN = / T ) at
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Fourier Integral The Complex Form of Fourier Integral

Example

Find the complex form of the Fourier integral for the function

rm={ & 53

|z| > 1

Solution We have

BN :/ F(t)eMar = / ROSSIN

1 . 4

PN (2% o 511 (A1) _—(ix+1)
(M+1) ‘ )_1 (ir+1) (e ¢ )
1=\ g .

= - (Z>\+1) _ —(Z}Hrl)
1+ A2 [e © } '

Hence

1 [ 1=iXT1 . .
_ (GA+1) _ —(EA+1) | —iXx
f(x) 27r/—oo1+>\2[€ e }e dA.
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Fourier Integral The Complex Form of Fourier Integral

Exercise
Find the complex form of the Fourier integral for the function

0, <0
f(a:)—{ e, x>0.
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Fourier Integral The Complex Form of Fourier Integral
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