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First Derivative Formula

Two-Points Formula

1- Forward —difference

iy < fO0 D) = FG)

h

2- Backward —difference

f'(xo) =

f(xo) = f(xo—h)
h

h
Error bound < > max|f" (n)|

n € (xg,xq + h), forward
n € (xg—h,xp), backward
Three-Points Formula

1- Three points central

F1(x) = f(xo+h)— f(xg—h)

2h

h2
Error bound < —6—max|f(3)(n)| N € (xg — h,xg + h)
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2- Three points forward

—3f(xo) + 4f(xo + h) — f(xo + 2h)
2h

f'(xo) =
h2
Error bound < —3—max|f(3)(n)| , N € (x9,x9+ 2h)

3- Three points backward
, f(xo—2h) —4f(xo — h) + 3f(x0)
f'(x) = o

h2
Error bound < ?maxlf(3)(n)| , N € (xg—2h,xp)

The best formula is Central

Second Derivative Formula

Three-point central formula

f(xo—h) = 2f(xp) + f(xg + h)
h2

f'(xo) =

2

h
Error bound < Emax|f(4)(n)| ,NE(xg—h,xq+h)
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Example: 1.ct f(x) = x?*cosx, then

a- Compute the approximation value of f'(x)at x = 1, taking
h = 0.1 using the 2-point difference formula forward and
backward. Also compute the error bound

b- What the best maximum value of the step size h required to
obtain the approximate value of f'(x) correct to two
decimal place

Solution:

............................................................................................................................................................

........................................................................................................................................................

..... f\fiéa)= Fio+h) - ;‘frxa)
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Example: 1et f(x) = x*cosx, then

a- Compute the approximation value of f'(x)at x = 1, taking
h = 0.1 using the 3-point difference formula central. Also
compute the error bound

b- What the best maximum value of the step size h required to
obtain approximate value of f'(x) correct to two decimal
place

Solution:

D D

2h
2 B e PO = l09) - (L) o) = (o) coslo:9).
........................................................ O O
SN © X% Yo V-3 Wil R XS L NI O XV VX o N
......................................................... O e
to. Fi 'np.é....thg....igmq.ﬁ..bg%m( .................................................................................
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¢ LEEE SAX B
............ R S

...................................................................................................................................................

................................

.........................................................................................................................



Math 254 Khaled A Tanash

2IEED] S o0l (Z4222) 20004 ..
8

.....................................................................................................................

..................................................................................................................

...............................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................



Math 254 Khaled A Tanash

Example: When using the 2-point forward formula with

h = 0.2 for approximating the value, where

f(x) = In(x + 1). Compute the approximation of f'(1). Also
compute the error bound.

Solution:

............................................................................................................................................................
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Example: Using the table data

x 00 01 02 03 04 045 05
f(x) |-20 00 30 50 80 100 14.0
To compute the following

1- The best approximate value of f'(0.3) using 3-point
difference formula
2- The beast approximate value of f'(0.4)

Solution.

..........................................................................................................................................................

2.h
o) = flowy -Fe2) g -3 95
o2 o-2

............................................................................................................................................................

............................................................................................................................................................

2) The on@- }Dormula. "71J 2-Pont of J-pcl olevivabive (g

R SRR R R IIL DRI AR RS R A AL R

....... LX)z BlHo-) 2Fye) ¢ Flaosh)
..................................................................... D e
Ploa) = Plog-on) -2 flaw) +F(04ror)
.................................................................... (e
= t03) 22 o)1 FC0B) - 5 -2\ - B0a. .
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Example: Using the table data
X 0.9 1.3 1.7 1.9 2.1 2.3

f(x) 2.3 205 18 165 14 115
To compute the following

1- The worst possible for approximation f'(1.7) using 2-
point formula

2- The beast possible for approximation f’(1.9) using 3-point
formula

3- The worst possible for approximation f’(1.5) using 3-point
formula

............. ). Chopse. the mot value o

Forword h =068 | Boekpoyd h=0.8

aocsco3aay TEL L Rt P r R R R PP R R T R PR

........................................................................................................................................................

............... Cereh b 02,
TNV 1 20:8.....cmel bkl Fileh ...
...... %}ﬂie—bea{mm/(h:oﬁ
............. 7"9 (’C’)‘-—‘;p(Q N - 7‘0(/' 7)=M=’Oq ==l

2 (0-2.) 0-4 ?;:“
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Example: Using data

(0.-2),(0.1,-1),(0.15,1), (0.2, 2), (0.3, 3), find the best
approximation of f’(0.1) using 3-point difference formula. So
use the same data find the worst approximation of f'/(0.1)
using 3-point difference formula.

Solution:
............. cenbrad hzo.l ;. Fororcl hz0.08

.......................................................................................................................................................

........................................................................................................................................................

..........................................
............................................................................................................................................................
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Example. Consider the following data:
(0.2,0.39), (0.4,1.08), (0.6, 1.49), (0.8, 1.78), (1, 2)

Use the numerical formula to compute the best approximation
for f'(0.6). The data in this problem were taken from the
function f(x) = Inx + 2. Compute the actual errors and also,
find error bound of your approximations.

Solution:

............................................................................................................................................................

.........................................................................................................................................................

............ )’leZ
........... £00.6). = Lloa) <2 f o) ¥ Plo8)
A’-’.
..................... =108 -2(1.49)+ V28 _ -3
(0-2)*

.............................................................................................................................................

= | Expet —afm¢| =

............. \ ““

......... fle)=..l....-=> Fix) s =\ =>9€(O6'.)="277}

............................................................................................................................................................

............................................................................................................................................................

.......................................................................................... e
eror bound E & B o 1) i x € (0d08).
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.....................................................................................................................
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Example:1.ct h = 1 and f is a function such that

f(x+h)=—f(x—h).Iff""(1) = 1.2, then find the
approximation of f(1).

Solution:
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Example: Let f(x) = e*. Then find the worst approximate
value of f'(0) with h = 0.2 using 3-point differentiation
formula.

Solution.

......................................................................................................................................................

......................................................................................................
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Example. The function f(x) satisfies a given equation
f"(x) = x%f(x) and satisfies the condition

f£(0.5) = 2, f(0.7) = 4. Use the central- difference formula to
find approximation of f''(0.6)

R e L g s P
.................................................................... h e —
............... Xz 0.6 o hozol and P = Fie)
D Hod).= For) -2 08 tHoZ)
........................... le)"
Sloh).. o) = 2 -F(og)¥n
........................................................................... Q O]
D.0:0038. F(0.8) 2 82008
2002 @)
............. 2o OB 2 2 AU e
.......... e

............................................................................................................................................................

.........................................................

............................................................................................................................................................
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Example:1.¢t f (x) = x> + 1 defined in the interval [0.1,0.2].
Use the error formula of three-point formula for the
approximation of f"/(0.15) to find the unknown point

n € (0.1,0.2).

Solution:

............................................................................................................................................................

.........................................................................................................................................................

....................................................................... R R R RS U SO SO SSOTRNS

the exced volue o F(0NB)

fie) = 52, i) =2022, Fo)=60x>

.................................................................................................................................................

q)
............. AR VLo N

.....................................................................................................................................................

........... LT R W = 13- Y

;e(OIE) ..... =f602)_2f60‘15)+}0(0\):O'Ozl ..........

.............................................................. (005)1

2E s 0:06F5 -20:0F 5. =0:0035 ...

20003 .—n..-.-..(.e..-..cr;,».’.,.)f.(.l_z.o...z.) ....................................................
|

............................................................................................................................................................
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Example: et f(x) = x3 + 1 defined in the interval
[0.1,0.2]. Use the error formula of two-point formula for the

approximation of f'(0.1) to find the unknown point n €
(0.1,0.2).

Solution:

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................
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Numerical Integration

Trapezoidal Rule
- Simple Trapezoidal Rule

b h h
|| P i) =3 1) + £G)] = 5 [F(@ + 70

local error Er (f) <

h 14 144
12f (n)l — rr%g;lg)lf (x)|

whereh=b —a

- Composite Trapezoidal Rule

b h
[ e~ 1.p =3

n-1
fF@+2) fo) + f(b)]
i=1

b—a , _
where h = ~ ,x-=a+lh L=0,1,2,...,n

144

local error Er, (f) < 3", max If”(x)l
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Simpson’s Rule

- Simple Simpson’s Rule

h
f F)dx = $,() = 3 [f(a) + 4f(a + ) + £(B)]

h
(4) —— (4)
local error Es (f) < 90f (n)| 30 rer%a%)lf €3]
b—a
whereh=—2— , n=2

- Composite Simpson’s Rule

b
j F)dx ~ Su(f) =

__1 n

S|f@ +2 Z fx) + 42f(le D+ f(b)

b—a
n

where h = x; =a+ih, i =012, ..,nand n even

local error Eg (f) <

ax | (x)|

hS
N @
180" (")l 180 xetab)



Math 254 Khaled A Tanash
Example: 1f f(0) = 3, (1) =% , f(2) = a, and Simpson’s
rule for foz f (x)dx gives 2. Find the value of «

Solution:

................................ N N T =

............. Siple SimOSon s TUde e
b g . {,,C)...d).,x....:....SQ_...(..f.)....?..._g....[.‘..#(.a\.:k.H.f(é&.-lrh).i’..f.(..b.);l........

e ettt —————eter et ettt ——————ettetettaa—————————ttttteae——————_—ttotttttnn———_.—otttan——_——.—ottatnnnnaaeeteesereereene

............................................................................................................................................................

=>._’...[3-i-2.<... ..... } ...... e

3 > A4

R 2 N T

........... R - S
2

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

...........................................................................................................................................................
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Example: When using simple Trapezoidal rule for

approximation the integral | 11'5 % dx, we have the computed

approximation is.

Solution.

............................................................................................................................................................

..... bjfcx,)w‘n::: mf):_g_[ﬁq)ﬂ‘-’cb)]

BBt be b s R e b A eh e s A e Attt eh et ARt oA e s eRe e b et e R e b e R e e R et eRs et e s e st eRersere e ebereabens

................. h =5-“=O‘5J§£[2§,.)=,//x

> T(f) = 08 ..[.f.(..l)....-k...f(.l..o.ﬁ.)] ....................................................
2

............................................................................................................................................................

............................................................................................................................................................
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Example.: The number of subintervals required to approximate
02 ﬁ dx, within the accuracy 10™* by using composite

Simpson’s rule is.

Solution: ,
C’Wﬂ)ﬂwﬂﬁ(d‘?‘)COWJOﬂ&SW/DfoMPwle .............
A (y)

E ..... <....Ln ..... }0 (%) ..............................................................................................
......... R Y- = S
......... h=..'2.._,.::.9}-7+2;“

N n
...................................................... N T S —
............ TANI 2 AW 1 AR N 2 =) N
............ \n_q(‘"
......... Foo) = —leen) ., P = 2%
5
...... ( Aﬂ.(q)(x*—“»
...... PL) ool 2l 2N o 002343
oxs2 H'?

............................................................................................................................................................

[ Esl<] DA 0002343 NG

.............................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................
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Example. The number of subintervals required to approximate

0.2 L B . .
fo ;%—1- dx, within the accuracy 103 by using composite

Trapezoidal rule is.

Solution:
i vy ol For Trmpezoidende
3 \
i SO /) N
7y 12
......... = ..}2..:3.—3_2.2.
p Y
g o — (e T
....... Pog) ol E) s 2t o2
(z+)~
........... \L.(\
f(2)="”’?¢/7€“‘)1;9_,2-.. ..... v S
xe(oj0 2) |
....................... ettt e et eerteeeeaateeater——aateeatteake st eeneeaaseeeteaaaeaarteaareaaeeatesareenseeaeesreeanes
.................. o -
SN S R Y /1 /N Y T X —
| 2
....................................... .
............ SN € oL/ W< W c ST S R O ¢SO 4 X T,
12 p2 n*t (o2

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................
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Example: Using the data points:
(0,-2),(0.1,-1),(0.15,1),(0.2,2), (0.3, 3), the best

approximate value of the integral | 00'3 f(x)dx, using the
composite Trapezoidal rule is.

Solution.

........ Pk He PO e
2.2 ) 002005 DO NEB
.............. Dt ettt ettt ee e st e s e e e e s e s s eseeer e
) T TolED e
........ B e
e -l....[.y.‘—?(.o).#( .f(g.:.\.\..t.;...‘.f.C..Q:.Z)).i:.f(Q.:3.).], ...................................
......... L e

=~ T W g 2+2('l+2) ..... + 3 ........ = ..Q___.‘.;(.'B ..................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................
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Example: The upper bound for the error in approximating
fol fl- dx using the composite Trapezoidal rule with n = 5.

Solution:

................................................ T

........... Ernzf\s%nfih.?>,ﬁ

......... f(x)—mwi\amo(#’m 3O

(1)
............ . V.42 N
....... £1). < BT R PR P
e (os1) ‘

....:..’..E- ....... .l ...... 2 .......... ‘)‘ ...).1 ........................................................................................................

el s .LL.(..3.0.3...\...,—;..o....l .....................................................................
)2

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................
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Example. Estimate the integral f_ll 1?;2 using the Simpson’s

rule with n = 8.

Solution:
B 2 R T
| +2%

..... Jreeneeerr e e e et e et et e e s te e ea et e e et e s st e e e hr e s aate e e bt e st eesent e s nbe s s et R At sk eee e R et e e R s te s eRaae e s aee e e tensrn e e seesaaaens

...... j;f[x) £ :_\%(}a)
ﬁ;:[}’};{f;}%"'(ﬁ%é};;{%;%i;;ﬁi}%&fé&;iﬁ;é%é}ﬁcﬁ;&)fﬁ;éﬁﬁzﬁﬁi(ié‘?é%éi}é%é%ﬁé&}%ééi) )|
;ﬁ;gm—ﬁf;é;;;{;ﬁ;'(ﬁ}?}Qﬁ;.;}éjﬁf;%é}féﬁ{éﬁ%iﬁéﬁﬁ%&é}ﬁé}}fiﬁ%éff’icﬁf%éf{%éﬁ)’fﬁfi .............

3
.......... +.2 fC-O’ﬂ‘rf(O)He("‘;))*fm]

.........................................................................................................................................................
......................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
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Example. Use the composite Trapezoidal rule for
approximation the integral . ’ % with h = 0.5. Also compute

an error bound.

Solution:
(” :......L._. ......... )h:O}; ..... oenee ﬁ:‘f .............................................
?-2 % .................................................
.......... f}ftx,)clx;']",(f)
!

........................................................................................................................................................

.;._Q;g.[.,ﬁé,.}..*.g.(..;ec./....es.)....f...f.c.z)..i.f.c.z..,.5.))..15.2?(.3.).] .........................
2

~ui§[01+2(oz5+oa3+05)+1];08‘4 ..............
e e e NO'»’: ........................ 0TI
LEL (D). % 'b{ A0 N

\
........ o i
BT N € ey X A Ny N N & Y 2 N
..... Fix)s = Fo0k) omde B
. ka2 S
F) s megt fo)| = 8 oedd
xe(1:3) (Z-2)

...........................................................................................................................................................

3 -
YEL (D < (@:8)cy(0-0649) = 2.666X10
12
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Example. compute the approximation of the integral

I(f)= ] 12 ¢ dx when h = 0.2 using integration rule. Compute

X
the error bound.
Solution:
............ NOWh:OZ'-‘—‘)"’.b..:.&:—‘—-:FS
n o2

............................................................................................................................................................

= .’...;.f?.u)...i.z.(..f‘.’.(.n...z)...t.fc.t.,.ﬂ.)...f.m.é)..ec..if.’.(_!.-.zs.))..i«_..f(..%)1 ......
...-:..w;.?._.[a,.saa..,eﬂ,(9.:2.59?&..tQ.-.J..Zé.!..tQ.-..'.z.éZ..tQf.Q.ﬂls)..t.Q.:QéZf]
2
..... ot [LZ2R6) 20N
..... Now3
.5.}.(%)...§.l..%. P
............ S ST —
.......... ﬁ‘“=/m['+(’x]f‘“'.@w[wzﬂ.;&,.
x x y.4
....... e
B o ot ) RO s B e
’)(JC'UIZ\
................................................... g
=>E7;_(f)<(g__2)xnxg ........ Sl ) BNIXNL
12
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Example: Suppose that £(0.25) = £(0.75) = a. Find a if
composite Trapezoidal rule with n = 2 gives the value of the

folf(x)dx = 2 and with n = 4 gives folf(x)dx = 1.75

Solutjon:

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............ Iff’fﬂ=“l==>h=02[°—
.'.f. oo = Tal2). 5. 225 " 20w 2Fio15) 4 Pron) + Foza) +H) %

............................................................................................................................................................

..................................................................................................................................................

..................................................................................................................................................

............ i Y
..... S - T s W S o W o SO0 SO
..... = I ST N

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................
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Example: Evaluate [ 12 In xdx, with h = 0.25 using best
numerical integration formula. Also compute the error bound.

Solution:

.................. ALz toten 0z 02BN
...... Since. f1.1s.even > the heast methocl is Simpson's vule. .
(A

f-lf)%#:s‘i("f) .........................................................................................................
ettt e e e e e e e e e e aeeeseaeeaeaaeaaaaaasaaaaaaaaaannennnnnnnsnnnannnnnnnnnnnnnnnnnanraereeeretererrarerrrereresresensanrans
e 3&[.,1?41.;.4-..ft.{.if.(.t...z.s..)...t..#g.l..-.z..s)).aaz.(.f(.f..-.!i))...t.f..t.%)] ...............
e,za[ow(ozz?l+é>ss%)+2(oqom)+omﬂ]

3

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................
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Example: The following function tabulated is f(x) = In(x + 1)

x {00 (.01 (02 (03 (04 |05 |06 |07 |08 |09 |1.0 |1.1
f(x)|0.00{0.10 {0.18 [ 0.26 | 0.34 | 0.41 | 0.47 | 0.53 | 0.59 | 0.64 | 0.69

1.2
0.74 | 0.79

Find the approximation of [ 01'2 f (x)dx taking h = 0.4 by using

the best numerical integration rule. Also find that how many

subintervals approximate the given integral to within accuracy
107

Solution.

............................................................................................................................................................
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...........................................................................................

\
........ Foed s load > Fos
2+
................. A
u-rf(# ...... -2 FUR U O OO OO OSSR U U PR
(%+)
.................. BSOS et e OO O
o P s mee LEO) =
o $4Xg\02 |

.......... (N 1 S
n 3 PSP P

> Fn(d s .‘.‘.ﬁm......n..cn..‘ ..... NG

12
...................... S —
B T 3 e =
W y)a‘

._& ....................................................
......... TSN PRSI AN 1V SV - SO
.................... T N
................... 2 6
..... Dl O AN RN
n.= 32‘1-L| ................................................................................

.....................................................................................................................
.....................................................................................................................



Math 254 Khaled A Tanash
Example: How many subintervals approximate the integral
2 5 . :
Js ;iz dx to an accuracy 10~° using the Simpson’s rule. Also

compute the approximation

Solution.

..................................................... Lo eeeeeee e e e e e e e e et e e ese e s e e eee e e e s eaneeareeereesseanesaeeaees
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....j....}?.{z@).q%.;.,&.(.f) ...........................................................................
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Example: Use the best numerical integration rule to

approximate foz I:lz_x dx when h = 0.5. Also compute an error

bound for your approximation.

Solution:

............................................................................................................................................................
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............................................................................................................................................................
............................................................................................................................................................
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