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intervals covering A. Then 1 = m*([0,1]) = m*A < m* (U L) = m*(UTn) < Sm*I, = S 1U(T,) =
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5 < 6. Given any set A and any £ > 0, there is a countable collection {I,,} of open intervals covering
7 A such that > I(I,) €< m 4 +¢. Let O = |JI,. Then O is an open set such that A C O and
m*0 <> m I, =Y I(I,) <m*A+ =. Now for each n, there is an open set O, such that A C O, and
m*Op <m*A+1/n. Let G =[O0, Then G is a G; set such that A C G and m*G = m* A.

7. Let E be a set of real numbers and let y € R. If {I,,} is a countable collection of open intervals such
that E C |JIn, then E+y C | J(In+y)som*(E+y) <> I(I.+y) =3 1(I,). Thusm*(E+y) <m*E.
Conversely, by a similar argument, m*E < m*(E + y). Hence m*(E 4+ y) = m*E.

BT W AN - —

xmﬁi)le 9: Show that, for any set 4 and any € > 0, there is an open set 0 con-
ing A and such that m*(0) <m*(4) + €.

fuﬁon:Chooseasequence of intervals /,, such that 4 ¢ \UJ I,, and > () —
Ayt R n=1

n=1
\J T
n=1

nce if 0= \U I, 0is an open set and
s St

n=1

m*(0) < i II,)= i I(I,)+ €/2 <m*(4) + e.

n=1 n=1
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open mtervals somiEY<(1+e¢) mm(E) +e(l +¢), for any € >0, so m*( 4
mk (E), as required. é
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J’l— L— 10. Suppose E; and Fs are measurable. Then m(FE; U Eq)+m(E1NE2) = mE; +m(E2\ E1) +m(E1 N

R)/f - Eg) = mE1 + mEg.
11. For each n, let E,, = (n,00). Then E,41 C Ey, for each n, [ E, = 0 and mE,, = cc for each n.
12. Let {E;) be a sequence of disjoint measurable sets and let A be any set. Then m*(AN 2, E;) =
m* (U2, (AN E;)) < Yoo, m* (AN E;) by countable subadditivity. Conversely, m*(An U2, E:) >
m* (AN, Ei) = X, m" (AN E;) for all n by Lemma 9. Thus m*(AN2, Ei) = Yoo, m™(ANE;).
Hence m*(ANUZ, Ei) = Yoy m* (AN E;).
13a. Suppose m*E < cc.
(i) = (i1). Suppose £ is measurable. Given ¢ > 0, there is a countable collection {I,,} of open intervals
such that £ C I, and > I({,) < m*"E +¢e. Let O = |JI,. Then O is an open set, £ C O and
m*(O\E)=m(O\E)=m(U@L) —mE=m*(UL) —-m'E<Y I{I,)-m'E <e.
(ii) = (vi). Given € > 0, there is an open set O such that £ C O and m*(O \ E) < ¢/2. O is the union
of a countable collection of disjoint open intervals {I,} so 3" (1) = m(JIn) < mE + /2. Thus there
exists N such that 07 v I(1,) <&/2. Let U = Uf:l I,. Then m*(UAE) = m*(U\ E)+m*(E\U) <
m*(O\E)+m*(0O\U) <eg/2+¢/2=¢.
(vi) = (i1). Given € > 0, there is a finite union U of open intervals such that m*(UAFE) < ¢/3. Also
there is an open set O such that E\ U C O and m*O < m*(E\U)+¢/3. Then EC UUO andk
m*(UUO)\ E) =m*(U\E)U(O\ E)) <m*((O\(E\U))U(E\V)U(U\E)) <e.
13b. (i) = (i1). Suppose E is measurable. The case where m*E < co was proven in part (a). Suppose
m*E = oco. For each n, let E,, = [-n,n]N E. By part (a), for each n, there exists an open set O, > F,
such that m*(O, \ En) < £/2™. Let O = (JOp,. Then £ C O and m*(O\ FE) = m*(JO. \UE,) <
m*(J(On \ En)) <e.

e 4 g e e e e —— e
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Example 4. Let be A a non-measurable Lebesgue set. We take the function f(x) = x + A4, where A4 is characteristic
function of A.
; x+1, xe€A : : x ;
Then f(x) = Therefore {x € R | f(x) > 0} can be A or CA or R. Since A is not Lebesgue
X x e CA.
measurable set it follows that f is not Lebesgue measurable function, but f”(c) = {c} or {c¢ — 1}, points which are
Lebesgue measurable sets.
8 XEA

Example 5. Let A C R, the set which is not Lebesgue measurable and 7 : R — R, h(x) = { i CA Then this
-1, xe€CA.

function is not Lebesgue measurable.

Proof. Indeed {x € R | h(x) > 0} = A, which is not Lebesgue measurable set. Therefore from Proposition 2 it follows

that the function 4 is not Lebesgue measurable. O

= - " : X, X€EA -

Example 6. Let f: R — R, A C R, A non-measurable Lebesgue set, f(x) = CA Then f is not Lebesgue
-x, x€CA.

measurable function.

Proof. We have that f = x - h, where h is the above function. If f were Lebesgue measurable, then f; = f | R\ {0}
were measurable. O

We denote by iy = h'\ {0}. We have f; = x - hy. If fj were measurable it follows that #; measurable, hence £ is
Lebesgue measurable, contradicting with the example above.




-~ .
Gl ol 1ol ) Juadl)

Emw&mwmwmﬂ

Begin by defining a function f : [0,1] — [0,2] by
fle) = c(z) +z

where ¢ : [0,1] — [0, 1] is the Cantor function. The graph of flooks much like that of ¢, except the horizontal
lines are now all tilted with a slope of 1. I've drawn the graph for the first two iterations. This function has the

following properties:

e . A T
f is strictly increasing o | J

e since f' = 1 almost everywhere (recall ¢’ = 0 almost everywhere) +

. . qu i "
f is continuous <1 /
e since both ¢ and z are continuous 5

f1exists e | £6)= Loy x X

o | ¢

e fis1-1since it's strictly increasing; it's onto by the Intermediate Value

Theorem: since f(0) =0, f(1) = 2 and f is continuous, it assumes all

values in between 0 and 2! t ii ¢
4 A Y% hh 41

o

f~1is continuous (hence f is a homeomorphism)

* see footnote *

We should also observe that f maps the intervals of [0, 1] which are removed during the construction of the

Cantor set € to intervals of [0, 2] of the same length**. This implies
u(F([0,1] < %)) = u([0,1] . %) = 1.
But since [0,2] = f(%) U f([0,1] ~ %), we see that 2 = u([0,2]) = u(f(%)) + 2(f([0,1] ~ F)) = p(f(¥)) +1

whence

u(f(€)) = 1.
From this we deduce that f(%") C [0, 2] contains a non-measurable subset, say N (see fact #1 in the
introduction). And here is where we make our
Claim: f1(N) is Lebesgue measurable but not Borel.

This is easy to prove, but its substance lies in the following

Lemma: A strictly increasing function defined on an interval maps Borel sets to Borel sets.

Proof of Lemma

We follow exercises #45-47 of ch. 2 in Royden's Real Analysis (4ed). Let f be any strictly increasing function
defined on some interval. By our analysis above, we know that such a function is a homeomorphism. This fact
enables us to show that f maps Borel sets to Borel sets. To do so, it suffices to show that for any continuous

function g the set

o — {E: g '(E)is Borel}

\L—J
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is a o-algebra containing the open sets. Once we show this, we can conclude & contains all the Borel sets and
therefore, taking g to be f ! (which we know is continuous!), we'll have (f ') 1(E) = f(E) is Borel for any
Borel set F/, which is what we want.

Showing & is a o-algebra (the first two bullets) which contains the open sets (the third bullet) is simple enough
(recall that & denotes the Borel sets):

o If{E;} C & then f1(UF;) = Uf }(E;) € % since #is a a-algebra, hence UE; € &

o If B C & then f1(E) = (f 1(E))¢ € #since H#is a o-algebra, hence E° € &

e« If Uis open, then f 1(U) is open and thus an element of . Hence U € /.

We are now ready for the

Proof of Claim

Since N C f(‘¢), we know that f~'(N) C % is measurable (and has measure zero) since it is a subset of a zero
set and the Lebesgue measure is complete. Moreover, f~1(N) is not Borel! If it were, then since f maps Borel
sets to Borel sets by our Lemma, we'd have that f(f"l(N)) = N is Borel. But that's impossible since IV isn't even

measurable! This proves the claim.

measurable! This proves the claim.

Footnotes
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*Proof: Let h = f~1:[0,2] — [0, 1] and suppose U C [0, 1] is open. Then [0, 1] ~. U is compact and hence
closed (and bounded). Since f is continuous, f([0, 1] ~ U) is also closed. But we can rewrite this as
F([0,1]~U) = ([0, 1]) ~ f(U)
=1[0,2]~ f(U)
—=100,2] < kYD)
which allows us to conclude h~1(U) is open.

**Proof: This follows simply because ¢ is constant on any interval in [0, 1] . €. Indeed for any interval

(a,b) C [0,1] ~. €, we have ¢(a) = ¢(b) and so

p((£(a), 7(b))) = 7(b) — f(a)
=c(b)+b—cla)—a

=b—a.
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ok bl 4

Xarnp =Xa Xg (@)

Xaus = Xa TX3 ~ Xanp (1)
Xanp =|Xa — XB‘ (111)
Xpe=1=x4 (V)
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1s measuraplie and J 1S measuraple.

JB‘/{ =— 20. Let ¢1 = Yoty agxa, and let pp = 372 Bixs,. Then @y 4 @2 = 30 auxa, + 202, Bixs, is a

simple function. Also w12 = >, ; @ifljXxa,XxB, is a simple function. xanp(z) = 1 if and only if 2 € A
and z € B if and only if xa(z) =1 = xp(2). Thus xanp = xaxs- If xaup(x) =1, then z € AUB. If
z € ANB, then xa(z) + xp(z) +xaxs(z) =1+1-1=1.Ifz ¢ ANB, thenz € A\ Borz € B\ Aso
xa(z)+xp(z) =1and yaxs(r) =0. If yaus(z) = 0, thenz € AUB so x4(z) = xp5(z) = xaxu(z) = 0.
Hence xaup = XA + X5 + XaxB- If xac(z) =1, then z ¢ Aso xa(z) =0. If xac(z) =0, then z € A so
xa(z) = 1. Hence xac =1 — xa.
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B f) xalz)=1. Hence xac =1— Xx4.

5 (¢ -—- 21a. Let D and E be measurable sets and f a function with domain D U E. Suppose f is measurable.
Since D and F are measurable subsets of DUE, f|p and f|p are measurable. Conversely, suppose f|p and
flg are measurable. Then forany « € R, {z: f(x) > a} ={w € D: flp(x) > o«}U{z € E: f|p(z) > a}.

.. Each set on the right is measurable so {x : [(z) > o} is measurable and [ is measurable.

l—)’(‘U s 21b. Let f be a function with measurable domain ). Let g be defined by g(z) = f(z) if z € D and
7 g(z) =0if z ¢ D. Suppose f is measurable. If a > 0, then {z : g(z) > o} = {z: f(z) > a}, which

is measurable. If a < 0, then {z : g(z) > &} = {z : f(z) > a} U D¢, which is measurable. Hence

¢ is measurable. Conversely, suppose g is measurable. Then ' = g|p and since D is measurable, f is

measurable.
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Proposition 21 Let ¢ be the Cantor-Lebesgue function-and define the function  on [0, 1] by
W(x) =@(x) +xforallxe|0, 1]. '

Then  is a strictly increasing continuous function that maps [0, 1] onto [0, 2],

Q, “") «— (I} maps the Cantor set C onto a measurable set of positive measure and
. (ii) maps a measurable set, a subset of the Cantor set, onto a nonmeasurable set.

Proof The function ¢ is continuous since it is the sum of two continuous functions and
is strictly increasing since it is the sum of an increasing and a strictly increasing function.
Moreover, since ¢(0) = 0and (1) =2, ¢([0, 1]) = [0, 2]. For O = [0, 1]~ C, we have the
disjoint decomposition

[0,1]=Cu0O
which ¢ lifts to the disjoint decomposition
[0, 2] = ¢(O) U(C). (18)

A strictly increasing continuous function defined on an interval has a continuous inverse.
Therefore y(C) is closed and () is open, so both are measurable. We will show that
m((QO)) =1 and therefore infer from (18) that m((C)) = 1 and thereby prove (i).

Let {1]%2, be an enumeration (in any manner) of the collection of intervals that are
removed in the Cantor removal process. Thus O = |2, k. Since ¢ is constant on each I,
 maps I; onto a translated copy of itself of the same length. Since ¢ is one-to-one, the
collection {( Iy )}5e; is disjoint. By the countable additivity of measure,

m($(0)) = iz(wm)) - ile(m = m(0).
k= k=

Butm(C) = 0sothatm(Q) = 1. Therefore m(y(©)) = 1 and hence, by (18),m{y(C)) = 1.
We have established (i).

To verify (ii) we note that Vitali’s Theorem tells us that y( C) contains a set W, which
is nonmeasurable. The set ¢~ ( W) is measurable and has measure zero since it is a subset of
the Cantor set. The set =1 (W) is a measurable subset of the Cantor set, which is mapped
by ¢ onto a nonmeasurable set.

“(('t'i')

Uf/f Section 2.7 The Cantor Set and the Cantor-Lebesgue Function 53

Proposition 22 There is a measurable set, a subset of the Cantor set, that is not a Borel set.

Proof The strictly increasing continuous function ¢ defined on [0, 1] that is described in
the preceding proposition maps a measurable set A onto a nonmeasurable set. A strictly
increasing continuous function defined on an interval maps Borel sets onto Borel sets (see
Problem 47). Therefore the set A is not Borel since otherwise its image under ¢ would be
Borel and therefore would be measurable. g
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