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Lagrange Interpolating Polynomials

Py (x) = Lo(x)f(x9) + L1 (x)f (x1); x0,%; given

X— X X—X
Lo(x) = - ;L1(x) = .
Xo — X1 X1 — Xp

P,(x) = Lo(x)f (x0) + L1 () f (x1) + Ly (x)f (x2)
; X0, X1, X glven

_ (x=x)(x —x2) (= xp)(x —x3)

b 1) T ) — %)
L. = (x —x0) (x — x1)
2 (%2 — x9) (X2 — x1)
In general

Fa(x) = Lo(x)f (x0) + L1 (x)f (x1) + -+ + L () f (x)

Error Formula:

(n+1)
1760 = PaCl < G — ) = ) (= )

whrer fO*D(n) = max |f (%)l

Xo
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Example: Given f(0) =1,f(1)=15,f12)=2,f3) =
2.5 and f(4) = 3. Use the quadratic Lagrange interpolating
formula to approximate f(3.5).

Solution:

....................................................................................................................................

............................................................................................................................................................

5 38=0(3E=4) () 4 (35=D(35:9) (9.5) 4(3:5-2)(3:5-3) 3)
......... (2230224 322)374) (Y23

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................
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Example. 1.et p,(x) be the quadratic Lagrange interpolating
polynomial for data: (0,0), (1, ), (2, 3). Find the value if o if
the coefficient of x in p,(x) is 3.

Solution:
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Example: 1et p,(x) be the quadratic Lagrange interpolating
polynomial for data: (1,2),(2,3), (3, a). Find the value of a if
the coefficient of x2 in p,(x) is 1. Find the approximation of
f(2.5) using quadratic polynomial p,(2.5)

Solution:

.............. %":‘,’9\41’2/752:3
B E D FC2) 23 23 m o
)z Lo (e (2 A L )Lt L O ()
..... D 0 i
........ Lo®) = (2 -2)(x -3 :,L(¢2..gx+a’)
I e 2 | U )
..... e e =1 (x-3) :_(xz—qxwtj’
L . L e
LolX)...= ~1)(%-2) _—;J.,(Qg_.gx,,:-z) ..............................
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Example: Use the quadratic Lagrange Interpolating
Polynomial by selection the best points from

x=17,18,19,2.1,23,24,3.1,4.2,59

On the functionf (x) = v2x + 1 to estimate V5. Also compute
the error bound and absolute error.

Solution:

.................. take 2% =8 X T2
....... .. The. best. poihs. For quadintic poly. owe
............ YT IS S 2 W U NV L N 2% N
........ 94(26«)~ 45,¢(m)=ﬁ4'€;fcxz\:/7>“~2
......... Bi2). = Lol 2) Fiwe) L) T K a (D) Py .
............................ =La(2). 2R + L) £ 9) o2 () FC20)
...... L
....... Lol2) = (2 -\aV(2-20) o
.................................... U8B 2 i,
)z : M im
................................ (R RS TR /)
L2022 (2208 (2 Ny
................................... (25 =AB2N =N T
> mmzsmw%wmxm pax (%)

.........................................................................................................................................................
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Example: Write the quadratic Lagrange interpolating
polynomials for f(x) = 6x?> +3atx =0,2,—2 .Then
compute the expression of the rational function

f(x) 6x*+3

glx) x3—4x

As sum of partial fraction.

Solution:

........;.....:-_.L%...(...an..:..2.).(.76.12)....+...Li’..g..gc.m.q).(%t@)....H.ZJ..(x.z.q).L.xzz)
pal 3

............................................................................................................................................................

.......................................................................................................................................................

.......... i ELITOTITIIIN A v

.......................................................................................................................................................

............................................................................................................................................................

............................................................................................................................................................
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Example: Using the quadratic Lagrange polynomial express
the rational function

2x%2 —9x—9
x3 —9x

As sum of partial fraction.

Solution:

............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
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Example. 1.et p(x) be the Lagrange polynomials of

f(x) =x3+x+1at thepointsx; =B + (i + 1)h,
i=0,12,0 constanand h > 0
Find h such that the error at x = B is bounded above by 1073.

Solution.
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Example: 1et p,(x) be the Lagrange polynomials which
interpolating

f(x) = x5+ 2x3 + 10 at the points x; = a + (i + 1)h,

i =0,1,2,3,4 where a constanand h > 0

Find h such that the error at x = a is bounded above by 107°.

Solution.

............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................

............................................................................................................................................................
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Example:1ct f(x) = (x + 2) In(x + 2) be a function defined
on [3, 4] find approximation of 2.5In(2.5) using quadratic
Lagrange polynomials for equally space data points defined over
[3,4]. Compute absolute error.

Solution:

......... ecl{uw@-s,mcc,a(wéd

.......... %%0:1(961-7/9,%2_:‘4
R T S

.............. He) P Bo4El...... A3F\ . \NOFEOR. ...

............ to oppromimate 2.5 la(2.6) pub =oh .
5.0(05) = (05-35)0F-4) B.04Z1).4.405 =3 (05 =4) (4 326))
................................ (3-35)(3-4) (35335 -d)

4 le:n=3)(0:B -?-Q(.L.a..-...zmg) ...................................................................

.........................................................................................................................................................
............................................................................................................................................................

........ - 203?\

.........................................................................................................................................................
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Example:1 et f(x) = 2x + In 2x be a function defined on
[1, 3]. Find the approximation of (5 + In 5) using quadratic
Lagrange interpolating polynomials for equally space data
points defined over [1, 3]. Compute an error bound and the
absolute error.

Solution:

............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
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Example: et f(x) = Vx — x? and p,(x) be the quadratic
Lagrange interpolating polynomials on x, = 0, x; = a, x, = 1.
Find the largest value of a in (0, 1) for which

£(0.5) — p,(0.5) = —0.25

Solution:
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Example: Construct the table for (a, Q(a)) by evaluating the
integral

Q@) = [, (a — 1) dx,

Ata=1,15,2.5,3.5,4 . Then use the constructed table to
find the best approximation of Q (3.4) by using quadratic
Lagrange polynomial. Compute the absolute error.

Solution:

...................................... Y S
QW)..= j(x——ﬁdz:(o«—\\x ......... 2 20 =) =(x-1)
................................ L Y
........ %@(ﬁdﬁx—\

............................................................................................................................................................
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.....................................................................................................................

i (2523902 =4) 2B
Ln(?‘!):(?‘i‘Q'E) (3"" ’q)...z.....g__z. .....................................
......................... (3:5-25)(35-4) 25
1003:4). - (34 =2.8)(34-35) = =3
......................... (4-3.5)(4-3.5) 2R
2.5G) 2 L (1LA) 4 22 (2.5).~ 2 (3)=2.4
25 2k 25
....... Now to Find the Absolte evior

.....................................................................................................................

........................................................................................................

.....................................................................................................................

...................................................................................................................

...................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................
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Example: the equation x — 97* = 0 has a solution in [0, 1].

Compute the Lagrange polynomial on x, = 0,x; = 0.5,x, = 1.
By setting the interpolating polynomial equal to zero and
solving the equation, find an approximate solution to the
equation.

Solution: —x

................................. 2 A/ ts W
D Oh e
Fley s = VG o 8 L e
Lo = L) Fee) AL 00 Fx) AL Fox)

...........................................................................................................................................................

N O A R R TS Tt A W DA L A
i 808 =) (O Y
L)oo d Xm0 (%-08) - 2( A =Vo) =04 =k .

............................................................................................................................
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Example: Let f(x) = % be the function defined in the

interval [2,4] and x, = 2,x; = 2.5,x, = 4. Compute the
value of the unknown point # in the error formula of quadratic
Lagrange interpolating polynomial for approximation of f(3)
using the given points x, , x4 , X5 . Also compute an error bound
for corresponding error

Solution:

............................................................................................................................................................

.......................... (2.8 22 ) (2 B A
2D (3-2)(3-25) e ——



Math 254 Khaled A Tanash

.....................................................................................................................

...................................................................................................................
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Example: 1etx, = 05,x; =0.7,x, =09 ,x3 =1.1,x, =
1.3,xs = 1.5,x¢ = 1.7 and f(x) = In(x + 3). Compute am
error bound for the approximation of In(3.6) using six degree
Lagrange polynomial.

Solution:

......... focmpw‘cwbrbawnv‘fafjwe“ﬁ"“é“"f/x)=lntx+3)
...... . intervak L0571 o pubszod .
....................... {z)l
......E,;....s....U‘-‘.(.Z.)_..\.(..,é._m;w.m.g(,AL.y,..:gc.z.)m.:x;).(.x:.xnx,sx.:zc.z)..éxr %)
.......................... ﬂta})‘?’l
.......... ukwﬂ’.f((,)!\{/vl—m”xlfl’d

o5 g\ F
2 W R P 3 W
X+7

\\__2 .................. ()i, s TR
............ FoxYmml 3 k) = 20 242)
................ (q)_,_lu;)_,s-
............. Fox)om =€ lxt3) o P = 24 (0 #3)
S 4 L¢3 N g
........... fix) = \20(v+3) ;B0 = 7200k43) .
MM = w20 | o F29 o @ NS

............................................................................................................................................................
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Example: 1.ct xy < x < x; and h = x; — x,. By using a
suitable Lagrange interpolating polynomial drive the linear

polynomial P; (x) that interpolates the function f (x) at the
points xq, x; € I. Prove also that the error in this linear

2
interpolates is bounded above by Es_ M where M = mglxl "l
X

Solution:

Xo < x <Xy

esessaccascassesssssnsnsssansecteiiiiiiiiininanel” S iasemccc Tieseeceseceencesntnatanasssenstecnaseneatsssates sttt tssassessnssuesnassaaseses

............................................................................................................................................................

............................................................................................................................................................

=J( %ot %\ ~2%o). (%o k) -2@..3.[ ....................




Math 254 Khaled A Tanash

.....................................................................................................................
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Example. 1et f(x) = 0 be defined on the three numbers
—h,0,hwhere h # 0. Use Lagrange interpolating polynomial
p(x) which interpolate f(x) at the given numbers. Then show
that this polynomial can be written in following form:

p() = o5 [F(=h) = 2£(0) + F(W)]x? + = [F(A) — F(—)]x + £ (0)

Solution.
................. xn;—h)QM:o,%g:\’\‘,»\qéO
i) = e () Bt a0 H) AN ) B

L\(x)(Xx)(xxz)wh)L&.ﬁ;_og“%h .................
.......................... ( x.—xa)(%.—xzs(o+h)(°-h\'\f\
Las (2o (=) (a4 (go0) o Xognh
o A= 2 K= () hmo)o 2N
N— — S
B0 = ZzXh ). 4 X =N Fro) oy XX FOR)
.......................... I .
..... N O e
P,l('x).:..ﬁ‘;h.)..x%..., ..... (‘h).,a....;, ..... é(_?_)%z.\.f(o\.{,ﬂ)_xz,p&ﬁﬂx
2h* 2h ~h* 2 h? 2 h
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.....................................................................................................................

12(46) —/f(-—h) 7;(0) A %_2_)),’ 4.(}‘901) f( h)) % +7g[o)

.....................................................................................................................

.....................................................................................................................

...............................................................................................................
.....................................................................................................................
.....................................................................................................................
.....................................................................................................................
.....................................................................................................................
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Divided Difference
ZerothD.D  f[x;] = f(x;)

1st D.D f[xi:xi+1] _ f[xi+1] - f[xi]

Xi+1 — Xi
flxive, Xiv2] = FIx5, %144]
2nd D.D f[xi; Xi+1) xi+2] =
Xi+2 — Xi
[%i 41y coos Xjrnd — FIXi) oers Xidn—1]
nth D.D f[xir ---:xi+n] =f i+1 L+n] f L 1+n-1
Xit+n — Xi

Newton’s interpolating divided difference polynomial

p1(x) = flxol + fx0, x1](x — x0)
p2(x) = flxol + flxo, x11(x — x0) + flxo, %1, x2](x — %) (x — x1)

Note:

M (x)

nl

f[xl-, oy x,;]

,xin+ 1time
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Example: 1f the best approximation of f(1.5) using Newton’s

quelsatic interpolating polynomial is 7 and f[1,2,3,4] = 8. Find the

Newton’s cubic p3(1.5) .

Solution:

............................................................................................................................................................

..................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
............................................................................................................................................................
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Example: consider the points x, = 0,x; = 0.4,x, = 0.7 and

for a function f(x), the divided difference are

50
flxz] = 6, flx1, x;]1 =10, fxo, x4, x2] = LA

Use Linear Newton’s polynomial to find the
approximation of f(0.5) .

Solution:

.......... Pie)=. Floo) + FLoos ) (o)
..... FORY 2 POt
..... Q=00 o AED 20 DD
..... F 4 2 I
2L A £ - 2 1 I -
ﬂ”*]=5 ......................... f[”l/%;]-lo ........................... f[%/%a/%z]=b%
f[%u%z]:: ..... f[z-tl' [xnll ....... S W
...................................................... it 2 T
ey LB 0 FLEA 7 B
............................ O O e
....... the heat  Poinb IS %o =04 120 20 F
..... Plo:f)z. Flodl +# 04,07 (0520 .
.......................... 2. 3. 300000) m
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Example: 1f a function f (x) satisfies the conditions
fl[-11]=1,f'(1)=5, f'(-1) = —1.Find f[1,-1,1]

Solution:

------------------------------------------------------------------------------------------------------------------

.................................................................................................................................

............................................................................................................................................................
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Example: 1f f (x) = i— then show that [1,1,1,2] = —=

Solution:
ISR T s A L
........................................................... i S
.............................................. \.\
..... E AR N L O
20
........... Nowfuc),,,\_. e 2
................ 7‘”
fé‘(l) _ _
............. W,%u e
N N
B A 071 I T
T - S
............................................ t) - £ -f_(_ll
2 -\

............................................................................................................................................................

I R R R L R T R T T D - T T T T T Tt )

sssecense -....--....----....-.-... -- e ---... CE LR T . S XX TRT SY Vo o) sesesessPPisscnccscssnenses e Bttt rsrsersrasesersresrncsssnsnsnnns

............................................................................................................................................................
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Example:

Let f(x) =e®**Hand xy = 1,x; = 1,x, = 2, x3 = 2
compute f[1,1,2,2] and then find the approximation of e>° by

using cubic Newton’s interpolating polynomial and absolute
ErTor.

Solution.

............................................................................................................................................................

........................................................ 2 e
..... £01,9] - FL21- 2L -.€ - € =055 nONEED .

................................................................................................................................................

............................................................................................................................................................
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.....................................................................................................................
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.....................................................................................................................
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...............................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................
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Example: 1et f(x) = e®**2) and

Xg=—0.2,%, = =0.1,x, = 0,x3 = 0.1, x, = 0.2, x = 0.3. If
p,(0.05) = 7.7679 and f[—0.2,~0.1,0,0.1,0.2,0.3] = 0.0649
then find the approximation of e2°% using fifth degree Newton’s

interpolating polynomial. Compute error bound and absolute
error

Solution:

............................................................................................................................................................

..................................................................................................................
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Example: Given f(x) = xIn(x + 1) at the points
-1,0,1.5,2,2.8 and 3. Use quadratic Newton’s divided

difference formula to find the best approximation of 2.5In 3.5,
also compute exact error.

Solution:
.......... p‘d%f—z-g

2 the heast POl ...
.............. %0=21%12284%2:3

R 8 AN X ¢
ENIE 100 W= N 103 N,

............................................................................................................................................................

............................................................................................................................................................

........... B2z H0) 2200322092

.......... £(2.8).2.2.8103:8.2.3-Z38 oo
......... P3Nz Bdnt o BB B

............................................................................................................................................................

3 -2.%
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.....................................................................................................................

.....................................................................................................................

.................................................................................................................

.....................................................................................................

..................................................................................................................

.....................................................................................................................

................................................................................................................

.....................................................................................................................

.....................................................................................................................

...........................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................

---------------------------------------------------------------------------------------------------------------------

.....................................................................................................................

.....................................................................................................................

.....................................................................................................................
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Example: let f(x) = x + 21In(x + 2) be given at points
x= 0,1,2,4 and 5. Use the quadratic Newton’s interpolating
formula to approximate f(2.5) ,and compute the error bound for

your approximation.

......... put 2= 25 . the best pouts ¢
....... % 0::1.:%4 :24’4{2:"’

.........................................................................................................................................

ANV N 01 It X0 577 R
...................................... 2 T e
....... Prawidc ELALZFIE] 21408
4 -2
f[l,z,q] ...... :fizz‘il‘fg‘/ 2_} Ry o XY« 11 SR
q -\
2 2B LLRE) e
2.2:1922 + 1.5ZRU(2.5-\) ¥ -0-0686 (2 5-1) (2.5-2)
RN Y1 - S
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o LSS G OTN s AT NL 2D A A DS

.................................................. (3).

whee M= me R
I <S4

B AN A R N N

....... \._l

..... ft%\\ir._,,@.m-wz(mz)
A +2

...... o

7{-;‘3].,6\:-"2(%1'2)’ .........................................................................

) s 4D o .

(x+2)

.................................... (he

Ndw\rglef(%)\ ...... S O L

B e e

..... EgleudB (a5 -0025-20C2 =40

o]

....................................................................................................................
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Example: let f(x) = 3x5 then compute the value of divided
difference f[—1,0,—1] and f[—1,0,2,3,4,5]

Solution:
A0, s L) f[oye) LAl
o - -\
....................................................................................................................... O—
Now | }P ...-.,L.7.O] ..... :....fl'_o]—f[-l] ........ 0 =3C¢1 g0 S
. S, e
R T,
............ A I 1 N
\ Y \

................. R AR L A T 4 B Nt LI
%}f[_bo/_ﬂ ..... - _2...?..].9.:—\2. ........................................................................
..... . - N
......... f [”'/0/2/3Jq/5]:i(f'): '3_(_5-%‘“(3"2&):3

............................................................................................................................................................

............................................................................................................................................................
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Example: Consider the points xq = 2,x; = 2.5,x, = 3,x5 =
3.5 and for a function f(x) , the divided difference are f[x,] =
1
4, f[x1;x2] = 5! f[xOrxlixZ] =10 and f[xO'xli x2'x3] = E .
Use this information to construct the complete divided

difference table for the given points. Also find the
approximation of f(2.9) using linear Newton’s polynomial.

Solution.

....... Tt 08 D D

....... 710z b= ff?ﬁg/%A=>%P[xoz%ﬂ=—E
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bz LE o FLY 5 AL %Y.

..................................................................................................................

.....................................................................................................................
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...................................................................................................................

U000 1-stDO. ... 2 D0 7-ral D.1)..
N 22 T B
25 FLadehs Pl =b
3. Ay Bzl =5 Pl s)o
......... f [3‘3]""‘5}?[%2/953]:/53f[?@'xbi/?‘]ﬂojJE[;“/Xuxvz;]‘-"/’S
Naw..the. Newtons. D.D. ufzp”f ...... (C ONE .
B(X)fff%.]*f[%/%n(%-%ﬂ .......................................
put = 2.9 > Ko =25, HiE3
26029 = FL25 £ #25,3) (29-25) ...

= e 0 N % WY ) N

................................

.....................................................................................................................
.....................................................................................................................
.....................................................................................................................
.....................................................................................................................
....................................................................................................................
.....................................................................................................................
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Example: 1.t f(x) be defined on x, x1, X, such that

h =x;.1 —x;,i = 0,1 then show that

1
flxo, x1,x2] = h? [f (x2) — 2f (x1) + f(x0)]

Solution:

R Z1 - %, % - 760 .............................................

......................................................... Y .2

........................................... Lo =L = Foa) —Fexs)

..................... ot eteestensenneenssannnnns h
2 h

..........................................................................................................

............................................................................................................................................................



