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Lagrange Interpolating Polynomials 

x -x1 
L0 (x) =-

Xo -x1 

(x-x1)(x-x2 ) (x-x0)(x-x2 ) 
Lo = L1 = ------

(x0- x1)(x0 - x2) ' (x1 - x0)(x1 - x2) 

In general 

(x- x0)(x- x1) 
Lz=------

(x2- x0)(x2 - x1) 

Pn(x) = Lo(x)f(xo) + L1(x){(x1) + ··· + Ln(x)f(xn) 

Error Formula: 

fCn+l)(rJ) 
lf(x)- Pn(x)l < , (x- Xo)(x- x1) ... (x- Xn) 

n. 

whrer fCn+l)(rJ) = max lf(x)l 
Xo:SX:SXn 
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Example: Given f(O) = 1,[(1) = 1.5 ,[(2) = 2 ,[(3) = 
2.5 and f( 4) = 3. Use the quadratic Lagrange interpolating 
formula to approximate [(3.5). 

Solution: 
............ 8-'.~J ... E .... L.ol.t) ... t(~~) ..... ±.~l,x).l.<~.~.) .... +.k~.r..~}.f.(X .. ;.~ ................ . 
. . . . . . . . . . . ~ ,:r~r;.~ ............ ~ .... ::: .. !. : .. ? ................................................................................................. . 
.......... ~ ......... ~.9. ... -::..g .. l ....... ~ .•... ~ .. 1. .. .t ..... ~ ... ~ .. ~ .. ~ ............................................................ . 

..... 9. .... &..C!.:.!i) .... :: . .LQ.C1.:.~rJ .. ft.2.\ .... t..L.I.C.'-: .. 5.J ... t.cn .... +.~.2(1:.5..l.!J.iiJ . 

.. ; .. J.1.: I)-3 )( j.f)-~ ).(Q) .. *.(!.·.£ -2) (J. 6" -q) {2!.r.) .. ~.(.J. J) -2.)(3. J) -'3) (1) 

........ (~.::.!.J(.~ .. ~.~ ........................ (~ .. ~~)(.!.~.~.) ...................... .<.'i.~.~).C~ .. :~.l.J ...... . 

. ::F. .... (.:i).~.).~.?.) .. (~) ... !. .. .C .. 9.:.16.)(2~!i) .. +.(O.:.J. .. l.8 .. ).{}.} ......................... . 

. . ~ ... Pa. .. t.!.. ~ .. s?..) ...... ;: ..... 2 .. · ... :r: !i.. ...................................................................................... . 
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Example: Let p2 ( x) be the quadratic Lagrange interpolating 
polynomial for data: (0, 0), (1, a), (2, 3). Find the value if a if 
the coefficient of x in p2 (x) is 3. 

Solution: 

....... &.fxt} ... ~ .. La.(i.?.) .. t.(9.} ... :\:.ki.t~1 .. #.c~.} .. ±L.2.C.~)..t(~.) ............................. . 

........... t.P. ... ;; ... 9. ................ ~· ........ ~J ... ;.;~: ........... I. .... ??..~ .. ;:..~ .................................................... . 

...... /l:t.Q.)..;; ... t.<.e.J ... 7. .. t? ..... J ..... f(X.I) ... ~.fi.~.l ... :: .. ~ ... ~ .... f(X.2.) .. ; .. /.(~l .. ~ .. l.. ..... . 

;:~c:~i:.~i:.:;:c;·~~):t~)::::.t"L~:;~i~:;i ... ::::.:.: ... : .. : .. :· .. ::.:·::::: ... ·· : 
.................. ~ ... ( X -::.9.) ( X -2\(()(.) .... +. .. .C.X ... 7:.~).c~.:77J1.(.2.) ......................... .. 
.......................... .<~ ... ~.~1.~ .. ~ .. ~.~) ......................... ~.~ .. :.~.).~.~~-~.} .......................................... . 
···········=·~--~·-·{···X·~·-m·1-·%)·······+···..:L(.X~~-~.) ....................................................... . 

2 

::::::::::::~::~:~:::~~::;:i.~:1.::::::+.::::~:::;:~:::;::?;;,::::~::::::::::::::::::::::::::::::::::::::::::::::::::::::: 
R (~L~ ..... <.. ... ~ .. ~ .... t. .. ~) .. ~-~ .... t. .... C2. .. ~ .... ~ ... ?(.~) ..... ~ ........................................ .. 

.......... N.g.~ ........ ~ln~.l?. ...... t.h.~ .... gf.f!:J.~t. ... d....~ ... i~.ll .... i-!. ... J. ................... . 

···*································································································i'"l················································· 
)P\ - 'A = 3 9 2o< :: YQ ..................................... ~ .................................................................................................................. . 

··········~······~·····=·······:::!__······································································································ 
'1 
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Example: Let p2 ( x) be the quadratic Lagrange interpolating 
polynomial for data: (1,2), (2 ,3), (3, a). Find the value of a if 
the coefficient of x 2 in p2 (x) is 1. Find the approximation of 
f (2.5) using quadratic polynomial p2 (2.5) 

Solution: 
.............. ~~ ..... ?..~ ............... ...i ....... ~.1-: .. ~.1 ...................... .)..'J?.J .... ;:;. .. ~ ........................................ . 

.... t..(.IJ .... :;; ... 2 .......................... t.(?.) .. :7:.1 ....................... t.,_7.J ... :;; .. ~ ................................... . 

.... &.l:t.) ... ~ ... Lo .. (~).(.2). ..... t. .. Lt .. l.~ }. C .1.) ....... ± .. L.2.(~ ~--(~) .......................... . 

..... No..~ ....................................................................................................................................... . 

........ Lo.~~J..=.J t, -2)( X -l) ... :: ... ..L . .(..Jt.~.~;..x; ... +.t..). .................................. . 
(\ -2. )(\ -l) !2.. 

···························································································································································· 

.... Lrt;t:) ..... :. ..... ( X -I) ( x -1J ..... ::. ..... ~ .. ( .. X..~ .. ~ .. :i .. X .. + .. ~.) ........................... .. 
( 2. -I) c 2. - J) 

............................................................................................................................................................ 

-Lr;.(x). ..... ;;. ..... l i -I) ( x - 2] ...... = ... L .. ( .. f.t~-J..~ .. *--2-..) ............................ .. 
(:J-t)ts-2) 2. ............................................................................................................................................................ 

. ;) .. .Ji.l.x'J .... : ... ~~.L~~-=.~.t.±P.J.L~) .. ~.L.~~.~-~.1..±?.).(}J.~ .. ~lJ.~~!1!~(o<1 
···························································"'2.······························································································ 

= 't 7..- 6 ~ + 6- 3'i + \2 ?( -.q +- cy2. 1\11. - s ~ ?G + D( • ............................................................................................... ~ ........................................................ . 

..... =..LJ..:::} ... ± .. Y~) ... ~~ .. t.J: .. ?.!..!.~ .. :.~~-)..~ ... t ... L:} .. ± .. ~ .. J ................... .. 
·······························································t························si>(··············.············································· 

... 1?.2..C.K1 .. ~ .. L: .. ~ ... ~ .. ~~.J. .. ~ .... ±.\.i. ... ~ ... ~.J. ... ~±.(:.1..±~ .. ) ................. .. 
"''ow . ........ 1.~ ......... ) .................................................................................................................................... . 
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::::::::;,~~::;,~~:::::~:if,:~t:::;;:::~~::::::;;:::::;,:::::::::::::::::::::::::::::: 

..... 9. ... ... -:-:2. ..... + ... ~2. ..... 7. .. \ .................................................................... . 

. . . . . . . . . ~ ....... ~2, ...... :::::-.. ~ ........... ~ ... ~ .... ~ ... 0.. ......................................... . 

·········~~~····~;~} •. /k~···~~··~;;/··~· t~;;,;;O.~':~~~··········· 
....... It~ J .... . qJ, ... ~ ... 77. 2. ~.E ................................................................... .. 

::?~:c:2.:.:i.:)::::~:i:;i.::;::~;,>:ii.~:~)~;::<:i::;:~:):,:;,~~)::t.<;:;:;:d.>.::::::: 
................................ ''1. ................................................................................. . 

. . . .. . ... ... . ~ .... ,( 2.: ~) ... ~ .... ~(~~.f) .. t. ?. ...... ?7: .. 4. ~1 ~ ............................. . 
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Example: Use the quadratic Lagrange Interpolating 
Polynomial by selection the best points from 

X = 1.7 1 1.8 1 1.9 1 2.11 2.3 12.4 1 3.114.2 15,9 

On the functionf(x) = ..J2x + 1 to estimate ..JS. Also compute 
the error bound and absolute error. 

Solution: 
.................. ~e.-.... ~.'}{; .. ±!. .... 77: .. 5 ............... ~ ......... ~ .... :;:::,2 ................................................ . 
....... ~ ..... T~e. ... .b.es.i .. .p9.Mft ..... to.'( .. r:f.~4..~~.P.~.'If.~ ... ~ .......................... . 
............ XQ .... ~ .... 1 .. · .. ~ ...... , ... X.l ... ::;:; .. .l: .. 9 ....... /. .. ~.2. .. ;:;.2..~.~ ...................................................... . 
....... .t.(~J ... :: .. J.j.:6 ....... / ..... t.c.~ll ... ::: .. J.~ .... o. ...... !. ... !.(f.:.:z:) ... ; .. lid ............................. . 
......... &.C:.2.l .. = ... .Lol2J .. /i;P.;.) .. .±L.L2.) .. l(~J.l .. t.~2..(~). ... 4.~~} ...................... . 
............................ ~.La . .C.2.l ... f.<.t.~.~.) .. t..LLC2.) .. f{(:.~O .. :t .. le2.(.~) .. f.:r..2.~.~.l. ........... . 
...... w.~~ ........................................................................................................................................ . 
....... La .. C2.t .. :; .... L.2 ... :-:.\. .. q).( 2 - 2 .1 > ........ ~ ....... ~._L ........................................ .. 
.................................... (.1.!.8. .. ~.\~.~)(~.~.~ ... :..~:.~1 .................. ~ ........................................... . 
... L, .. Cj.) ....... = .... !..2 .. ;;:..\.~.~.)( ... 2 .. ::: 1. l ) ........... ~ ........ ~ ............................................. .. 
................................ C.J.~.9 .. :-:.J~.B.) . .l.\..·.~ .. ::-:.2..:.,.) .................................................................. . 
.... L.2.l.2\ ..... : ...... ( .. .2. ... ~ ... \.:.~.J .. ( 2 - \ · '\) ....... ~ ...... .1.. ........................................ . 

... :J' 
.................................. L.2.:.r..:-:.\:~J..\ .. h:\.::.\: .. )) ............................................................. . 

~::tfi:::~::&::,is::;.::z~:.~::~:(~~:):±::w:~:~:~):::;:J~~;:x<:s):::::::: 
..................................... :::: ..... 2..:.2 .. ~4.:~.~ ............................................................................ .. 
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.. f!h.s.cf.yk. ... <;(rr'Qf:. .. :: J l.FJ .... :J~ wJ ................................. ::. FJ .......... . 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . ;;.l.[S ..... ~ .2: .~. 7. ~<?.. ~ .. \ .... ~ ... \. :.~ .. ~.~.~ .. ~ .\ P .............. . 

. . . %. .. htJI. .. !.". r.raf .. b9~ ............ ....................................................... . 

···ji .. Ii\I····~······.c.{Jtf·············· .·········· ~·\:~··· ;_·~i:~)·y········· 
.......... 2. ............... ~ .... 1JJJ. .... i .. (. tL. ~ t .. BJ. (. 2 ......... . ) ( .......................... . 

s ~ (9) ..................... .( ·?·) ... ........................................ ·;· ...... '\ .................................. . 

...... ~h~ ..... f(1..) ... ~ .. !0 ..... ~ ... ~.~ .. .1. ..... ~~~ ..................................... . 
\. .'b ~ ~ < j, . \ 

........................................................... \' ....................................................... . 

.. . f: (tl .. ~ . J 2.t..;\ ...... -.-.. ~t )(, :1: \). ~~ ..................... -.1;2; ........................ . 

.. . . i.< ~ .. ),. ::; .. .... 1~.2 .. ( .~.~. t.~) .... ~.!. .~ ..... ? .. .(. ~. ~ .. +. .\. ) ....... ·- .1/~ ................. . 

... :/.~'1..\. ... : .... ~1{ :Z·>H-1). 1/2. ..• 2 ... :: .. cc(,J...~ +I.) ....................... . 

.. . ... . ,( 3.1 .............................................. ..... ;-/! ... ........................... :'7.15;1'2 ............. . 

... ... f..c .?k.) .... ~ .... t.~:2, .... ( .. 1?? ... +.\} ...... . • .. 2. ,,;;, .... ?..C. 2~tJ) ... ::r... J 

..................................................................................................... .C. {)...'tf:.l ... )I) 

......... M .. :::: .... .m.t?:it.... '3 .. 8' ...... ::....... 3 ....... )j ....... := .. o .. o.6~l .. 

... ... ... ... ~: ~ .. ~ .. ~.~~:.~ .(./.~.~;,,),, ............. ( f~.~~:l).7.~. ,) ............................. . 

. : ~:. JE.;: i: ;.) i.:. :~:: J. ~ ~· ~;; i: (. ~: :~ ~: S )(: ~· .-: i .. ~) ·<. ·z ~:; · .. i) I.:.:::: .. : .. 
6' ........................................................... ·:.:. .,. .................................................. . 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . :;; .... . 1.~. 2.. o .~~.X .. \.9 ........................................................ . 
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Example: Write the quadratic Lagrange interpolating 
polynomials for f(x) = 6x2 + 3 at x = 0, 2,-2 .Then 
compute the expression of the rational function 

f(x) 6x 2 + 3 
------
g(x) x 3 - 4x 

As sum of partial fraction. 

Solution: 
't! 0 2 -2 .........•.•........................................... :;)· .......................... :1- ................................................................... . 

. . . . . . . . . . . . . . . . . . . . . I!.~.: ........... :?.. .................. 2.1 ..................... ~ .. l. ...................................................... . 

... ~{ .. ¥:J ... ; .. ~.9..(.~) .. /(9.} ..... t .. Lt..(.~) .. t(~) .... :t ... ~2.(~J .. f.<~.~) .......................... . 

...... :: ... .Lx- ZH 't/+2) .•. ] ... + .. ( ~-o)( tt+ .2) .~.2.1 .. ~~~.:::9.K~~2l ... K2.7 .. 

............... (P .. ~.~)(C?.j1.) .................. ~.?.~.~){.~!.~} ............. ~.-:~ .. ::.?.).~.::~.:~.) ............. . 
········= ..... ~J... .. ( ... -£ .. ~.~>..c.'t!.t2) ... +. ... 2 .. :i. .. {.~.--·o).CX.t.~1 .......... u .. r.x..~~J..~ .. ~.::-2) 

~ 3 8 

........ ~.'?.~ ..... &r.~ .. >. ... ~ .. f!~) ............................................................................................. . 

... z:).~ .. 1.' v .... ; ... ~.~ .. .c~~~.)(~rzl ........ +.~?z.x' x.~ 2) ·+ .. 2~ ~ ( x -1) 

............ a.(~~ ............... ~.(.'{.~.~.).(.'f::+~) ......... i.:J.x-::.~)~.'!:.!.~) ......... 'f(~~.~J.(~.-!~). 

0
::: • :::::::::::: ~:::: • • • ~· ~ uuo::: ~:.:: ~ii~ ~uu::: :~ 

0
::1 i g• ·::::: 

0 
:::·: 

0

::::.::::
0
::::::: :::::::::.

0

:: :::•: 

0 

::::::: 

'f.. ~-2. ~-n ............................................................................................................................................................ 
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Example: Using the quadratic Lagrange polynomial express 
the rational function 

2x2 - 9x- 9 

x 3 - 9x 

As sum of partial fraction. 

Solution: 
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Example: Let p(x) be the Lagrange polynomials of 

f(x) = x 3 + x + 1 at the points xi = {3 + (i + 1)h, 

i = 0,1,2, {3 constan and h > 0 

Find h such that the error at x = {3 is bounded above by 1 o-3 . 

Solution: 

......... .& ... 7. . .9. ...... -#.1. ...... ~.~---;;,···R.t{ .. ~ ... ~ .. l.}.h ..... ;: .... f!..± .. h ................................................. . 

..... t.. .. :;. ... 1. ..... ~) ...... ~ .. ~ ...... ~ .. P..±.~.~ .. ± .. ~.).h ..... ?.: ... P. .. ±.2.h .............................................. . 

.... i. ... ~ .. 2 ..... ~ ......... ~2 .... ~ ..... P..~ .. ~ .. 2: .. ~~}h ...... :7...!?! .. !h. ............................................. . 

f/, e eff'r o Y' b ol,L.Hlcl 

: :·::]; .·:~.. :~:;;;:::t.2~ii~::~::.;.:¥·~):(.~:.;.~:!).(:~.-~:~:~).(~ ::\:;.~-~:::. 
2 -:J\ 

············································=······················,\·································l'lJ ............................................... . 

··=>··· ... :f.~t.J. .. ~ ..... ~.'X.~!-.~-··· .. I. ... t.. -~-~) .. -~-~2'-. ··"'·· .tr.~) ..... ?..f. ................................. . 
[:J) 

.......... ~ ....... @..~ .. .l ... t.J.~).J ...... ::::: ... O.. ...................................................................................... . 

:::::::~::~::::~~:p~:7.~~;.·::::;P..±2.b.)"(P..;i!.±ih.:hJ .. §:\:~j 
····································································································1··················: ................................. . 

..... . .... ~ ...... !... ... :::.~.(:.~.~\~-~?h.}\. ..S \"-~··· . . ...... "'.J.. .... .... .... .. ..... . . 

........ ...... ":":":>. ......... I.. h. ....... < .. \ .. <?. ............... :::>. .......... n. ..... < ..... l.e.__ ..................................... . 
6 ............................................................................................................................................................ 

h ~ (j • Q J) Jj 0 32. ............................................................................................................................................................ 
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Example: Let p4 (x) be the Lagrange polynomials which 
interpolating 

f(x) = x 5 + 2x3 + 10 at the points xi =a+ (i + l)h, 

i = 0,1,2,3,4 where a constan and h > 0 

Find h such that the error at x =a is bounded above by lo-s. 

Solution: 
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Example: Let f(x) = (x + 2) ln(x + 2) be a function defined 
on [3 , 4] find approximation of 2.5ln(2.5) using quadratic 
Lagrange polynomials for equally space data points defined over 
[3, 4]. Compute absolute error. 

Solution: 

·········~·~ ... s~ .. ~ ........................................................................................... . 
.. .. ...... $ ........ ~ .. ~ ... ::::: .. ?. .......... .. t. .. ~ .. 1. ...... ~ .... ?.: .. fi. .. ...... /. .. ~..2. ...... ?.. .. :f ................................. . 

. . . . 7. ......... X ...... ; ........... ~ ...................................... !..~ !i. ................................. !J. .............................. . 

.............. lc~J. ... ; ....... ~.~P.:t .. l:.l. ..................... 9.~ll.9..J ....................... \.Q.~.r..§..9.5. ............... . 

............ ~ .... Pf..f?.rJ?.'t./m.¢.~ ...... ~ ... !:?. .. L.,.(2 ... li.) ...... p..?41. ... ~ .. ;: .. 9.~.fi. ...................... . 

~ .. Pa.(0:.6.l.E .... ( o.E:.:.!~E)(p.Jl -'1) fS~.o..~.l.l) .. +{o·J? :;:1}(e.·.5. .. ~~).(q ·1160 
( 3 -3·6")( "3- l.l) (3.r; -3) (3.~ -'-f) ........................................................................................................................................................... 

.. +.(9.:.~.~!.)(~.:.~ -3 .[) (.t.o..: ... 1:6..0.6.). ................................................................ .. 
( 4 -'J) I 'i - "3 .f.)) ........................ \. ................................................................................................................................ . 

...... ~ ...... .\.6. .. 8. .. : .. ~ .. ~.~ .. ~ ..... ~ .. 1.~ .. ~ ... ~.f.6...-;r..f.>.. .. t ... I .. Q..!..: .. ~ .. ~.t.!?.. ............................. . 

. . . . . . . ,;:: .... 2.. : ... Q .. 5..~ .. \ ................................................................................................................... . 

.... No.~ ..... "¢..h~ .... B..b.s.t:!.~ ... ~m.c ................................................................................ . 

.......... :7: .. l .... f.( .. f!.:~.) ..... ~.&..(~.:.~)~ ....................................................................................... . 

..... ;; .. l .. 2 ... ~t..tJ.C.~:.P.) ... :: ... 2..~a .. 6..!...l .. \ .... ~ .... o. .. ~.~.P.1.~ ............................................. . 
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Example: Let f (x) = 2x + In 2x be a function defined on 
[1, 3]. Find the approximation of (5 + In 5) using quadratic 
Lagrange interpolating polynomials for equally space data 
points defined over [1, 3]. Compute an error bound and the 
absolute error. 

Solution: 
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Example: Let f(x) = ~x- x 2 and p2 (x) be the quadratic 
Lagrange interpolating polynomials on x0 = 0, x1 = a, x2 = 1. 
Find the largest value of a in (0, 1) for which 

f(0.5) - p2 (0.5) = -0.25 

Solution: 

.......... P2.c~.) ..... ;;:: .. ~9..C~J.ftg) .. ±.b.l . .ci!.} ... f.c~.) ... ± .. ~.2.(~) .. f.(J.) ....................... . 

.. .......... ;;;, ..... L9}dJ C...o.) ...... .± .. l,t.~.~) .. [~.~?{..~ ... .. .t.L;.tx;5. .. fC.q. >. ... ..................... . 

.......... ~ ..... L.~ .. :::.9.1.C. -t - u .... /.~ .. ~.~.~ .................................................................. : .. ·· 

................... .C.~ .. ~.Q).( .. ~ .. --:: ... 1.) .................................................................................................... . 

:::;::::&.:(:~:~:i.:s:::::;::::·co:~:i.i~··~·c·~·~·~\::::r~ ....... ;~::::::::::::::::::::::::::::::::::::::::: 
o( 2. _D( 

···············································································~························································:···· 

······································=············- 0. 2 ;; .... {~.:::.~.~····························································· 
tX2-o<. 

..... t/..0.~ ......................................................................................................................................... . 
:f c o . fj ) - PI\ co . ~ ) = - o . 2 h 

................................................. 4 ..................................................................................................... . 

........ ~ ...... 0.., .. 5 ..... :::: ....... - ~:~ Jj ro!... ::..9!..~ ...... :;; .... -:::.9.:.~€ ........ ................ ... 
'i>( -o<. 
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.. ;? ... a.!. s. .... + ...... 0.·.2.?. ..... . I~. 77.~.~ ....... ;;-... . -:-. .9:.~. fi. ................................ . 
_(o( -o{2) 

......................................................................................... ·················· ........ . 

. .. . . . :::) ..... :-:-.. 9. .·. 2. f). ....... :;:;.~ ... Q., .7: .li. ......................................................... . 
/. o<. C>( 2. 

0. 0 ••• 0 •••••••• 0 0. • ••••••• :-: •• 0 •••••••••••• 0 ••••••••• 0 •••• 0 ••••• 0 0 •• 0 ••••••••• 0 ••••• 0. 0 ••• 0 •••• 0. 0 •••••• 0. 0. 0 0 •• 0. 0 • 

....... ~.... ' ...... ::;: ...... o ... :l:.fi ....... = .... "3. .............................................. . 

. . . . . . . . . . . . . . . . . I.~ .. ::.~.~ .......... 9. .... ~.'?. ............................................................. . 

:::::: :; :::::::; :z;: ;:~ ~::: :::;: J.:::: ::: :~:.:: :j :t~:::;, ~~:): ::; : ;: ::.::::.:: ... ::: 
...... ~ .. ~.'?(~.::-: .. ~.~ .. ± ... \ ... ~ .. C? ................................................................. . 

...... ~ .... R<..\ ... ~ .. o. .. ~.J.2.7.!:.1 ........... .t .... ~.~ ... ;; ... O.· .. ~.X.2 ...................... . 

. . . . . . . . ,P. ..... th t. ..... _(g_~~- .... V.~. d. .. o.{ .. . h .... 0. ~. 8.12 ................. . 
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Example: Construct the table for (a, Q(a)) by evaluating the 
integral 

Q(a) = f1
2 (a- 1) dx, 

At a = 1, 1.5 , 2.5 , 3.5 , 4 . Then use the constructed table to 
find the best approximation of Q(3.4) by using quadratic 
Lagrange polynomial. Compute the absolute error. 

Solution: 

······································2··························································2.. ..................................................... . 

... QC~) ...... =. .... J. {.o<.."'" _1 ).J.t. . =· .. (QI... :::-J). ;t..\ ... ···" .. .2 .<.o~, .. :.' ). ::: t~ :::.'. L 
\ ~ ............................................................................................................................................................ 

........ ~ ...... G..t~.J ..... -::::.~ .. :7:" .. \ .•....•....•.•....•..•...•..••..•...•....•.•.......•••.•••...•....•••...•....•••...•..•..•.........••. 

....... N .. o..~ ....................................................................................................................................... . 

.......... ~ ........ ~ ........... 1 .............. ) .. ~.5. ............ 2: .. 9. ............ 1.~.fi. ........... ':-:l ....................................... . 

..... Q(~) .... ; .......... 0 ............ 9.: .. fi .......... , ...... 5 ............ ~.~.5.". ........... ~ ........................................ . 

.......... !!~~ ...... i.h~ .... b.~ .... P9.~~-t5 ... t.Q ... fi?P.ro..~!!Y!~ ... G.(.1.~.~) ............ . 

.............. ~.a .. F.". .... l~.H. ..... j ...... ~). .... ~ ... ~ .. ~.Ji ......... .l. ... ~~---·~····~········································ 

......... :? ...... G.< .. J.~.Y.} .. ~ . .P2.\.~.~-~) .................................................................................... . 

............ :; ... l.9. . .C3..:.~.t .. f..(g.~-~J ... ±.6tl.J.: .. ~J .. t.~.~-~--~J.±.l1..l.J..~.Y.) .. tt~.) ..... . 
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... Lo.C~:.~.t.;:: .. C..3·Li- "3·15)('3.'i -Lf) ...... ~.L .................................... . 
( 2. ~ - ~. ~) ( 2.1)- 4) 2~ .................................................................................................................... 

. L,.(.3 ... ~t .. ;; .... Ci.~.Cj:.:~:2.~5.) ( 3 ·l.f - ~} ... ::i: .... ll .................................... . 

. . . . . . . . . . . . . . . . . . . . . . . . .<. ~ ... ?: .. :: .!!::. ~,) J.~ ... ~ .. ~. ~J ........ ~. ~ ..................................... . 

. La..L.1~~.t.~ ... (J.4- 2·Ji){J.~ -1.r> .... ~ .... :--l ................................ . 

... .. . . . . .... .. . . . ... . .. . ~ .'i. :~.~ ~ .~) J.Lj .. ~ .. ~ :. ~ ), ............... ~.~ ................................. . 

. ;:;). .. P2. (7.: .':!). :~ ... .L. {.1 •.. ~i.).. ·t-.ll.. (a·'-.).·"' . .1.... {. 3).-=. J, .. 4 ......... . 
21i 16 2.~ 

....... N.r?. ~ .... t. .~ .... J j!?r/. .. t h.~ ... f) b$ Rf#.:k ... e. t(o.( ................................... . 

. . . . . . . . .l .. G. (?: .~) .. ~.&. ( .~.~ .q} .\ .................................................................... . 

. . . . . . . . . . G. ( .~:. ~.) .. :~ .... '-: .. ~ ... :7 . .\. ... :?. .. 2.:. ~ .................................................... . 

::~:::i::i.~: i:~\:: :;:&:r: 1.~:~ )I:;::~: j; :~ ::::j;~ 1.:: :~:o:::: ::::::::::::::::::::::::: 
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Example: the equation x- 9-x = 0 has a solution in [0, 1]. 
Compute the Lagrange polynomial on x0 = 0, x1 = 0.5, x2 = 1. 
By setting the interpolating polynomial equal to zero and 
solving the equation, find an approximate solution to the 
equation. 

Solution: _ ~ 
............................ t .(f.:.). ..... =:. .... ~ ... ~ .. 9 ......................................................................................... . 
~~· I 0 0 .f; I ... N. ......... ~ .......................................................................................................................................... . 

. . f(. ~~) .. ; ...... :::. ~ .............................. ~4. ............................ ~(9 ......................................................... . 

... f?1..(.'t.) .... 7!. .. .LaJ.??.).1(t.~) ... +.Lt.CX) .. f.(X:1) .. t.~.~.(f.J .. f.(~d ................................... . 

........ LQ.~f.L.;, ..... l.x .-:: o ·h) c x _,) .... = ... 2 .. (.x~ .. :-::.?a.t. .. t .. ~.) .. = .. 2.t.~.:::.?..~.+ 1 

............................... (~ .. :.<?..:.~1(.~ .. ~ .. '.) ...................................................................................... . 

... Lt.l.t.) . .:: .... l X- a) C X, -.~t .. L" .... :7:~ . .C.X.~.::.t..t .. ;::: ..... ~ .. ~.X.~ .. t.~.~ .................. . 
(t~.l)-o'(o.J)-l) .......................................... 'J. ................................... 00 ••••••• 0 ••••••••••• 0 00 •••••• 0 ••••• 000 00 ••••• 0 ••• 00 0 •••••• 0 •••••••••••••••• 

.. L'J..l.tl ... ::. ... L:t .. -o) ( ~- o. r;) .. := .. .2.l..x~ .. ~ .. ~(~.~J .... ;: . .2 .. X.~ .. ~.~ .............. . 
(1 -o)(l -o·f;) .......................................................................................................................................................... 

.................... :a::········································2·····························g_··········'l:······~;···································· 
-=- 2 x t]X -l - ~ ~ + ~1 X, + 1 Yq X - ~ J( 
···························································································································································· 

:9, .................................................................................................................................................... . 
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.................................. ~················································································· 
f2{JG) -=- - <g~ :t + 1~ X -I 

• • • • • •••• 0 ••• 0 0 0 0. 0 0 0 0 0 0 ••• 0 ••• 0 0 0. 0 •••••••• 0 0 .l .......................... 0 •••• 0 •••••••• 0 •••••••••••••••••••••••••• 0 

.... w..~.~ ....................................................................................................... . 

. . . . f. ( ~.) ... ~ ... ~('X l ..... ;::;::; .. Q ......................................................................... . 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ·-r ...................................................................................... . 
-=> - g/. 'X; + 2~ '£ -\ -= 0 ....................... ~ ................... 4 ...................................................................... . 

..... ~ ....... ~J. .. ;;: ... 2.,.:r.o.~.~ ...... r~s~ .. ..r.(~~~ .. ~J .. ¢..r~.~.iJ ................. . 

. . . . . . . . . . . . . . . ;t .. ~. :=;: ... o.· .. ~~.~. ~' ......... ~et.~ .... i .. £.1. ... ~ . .r.. ~Y.o ..................... . 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ·.:.·;t· .. 

. . . . 9. .. -th.~ . .~fY.i!.-xir-.c4.tP.r! . >..r~.Ud. iPt. d. ~iu.t'! ~. ::: .. 9 ..... ir 

0· 41151 ..................................................................................................................... 
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Example: Let f (x) = ~ be the function defined in the 
X 

interval [2 I 4] and x0 = 2 I x1 = 2.5 I x 2 = 4. Compute the 
value of the unknown point 1J in the error formula of quadratic 
Lagrange interpolating polynomial for approximation off (3) 
using the given points x0 I x1 I x2 . Also compute an error bound 
for corresponding error 

Solution: 
Now· .................. .J ........................................................................................................................................ . 

........ f.z.(~:} ..... ~ .. J..o.(J.) .. t.!.C1:) ... t..L~.C11.f.(~.:~) .. t. .. ~.~r~1 .. t~~l ................................ . 

::::::::::::::t.~:i.~:::~:::::~~:::::::~::::::¥.~~:·:~:~::~::1i.::::::;::t.:~~T:~::y~::::::::::::::::::::::::::::::::::::::::: 
....... Lo.C~l.::: .... ,C-:1. ... ::.2.:.5) ( i- Lf l .... = ...... - .. .L ..................................................................... . 

2. 
.......................... .C~ .. ~ .. ~.:.£)(.~ .. :-:-.. ~) ............................................................................................. . 

.... 4.(.1} .... ; .. ( :1 -.2 ) ( '3 - 4 ) ........ ~ .... fL ................................................................... .. 

.......................... (~.:.'i. .. ~.~).~.~ ... !i..:.~.) ................ ~ ................................................................... . 

.. J,2.L1) ...... ;; .... J .. 3. .. :-:-.~).(.J. .. - 2. ~ ) ..... : .... ~ ................................................................ . 

............................... \.~ .. ~~) .. ~ .. ~ ... :.~:.!?..) .................................................................................... . 

.. $..~ ... 1.C1.l ... ~ .. &tr.l..;; .... (~.~~\C~2~ .. ±J .. :~1J..LY.~.) .. .t.~.~Q.).~ .. ~~t ................ .. 

........................................... ;:;. .... 0.~ .. ~ .. ~.;, ........................................................................................ . 
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Now the. et"Y'' I"" is 

E = ::: :i:f.~:~:;:: ;: f~:~;) \: :~:::\::~:; :~~~::; :~:~:~:~:~:~::: :;,::: ~ ~:~:~i.: :::::::::::::::::::::::: 
.... NQ!':-! .... ih~ ... ~Q.( ... tCJ.'(/1~ .. !!. ...................................................... . 
. Ec:.!. .1. w. ::)~.W.I .. :~ . .1! 1,). { Qt -· ~. ).(. ~ ·"" Z.l )LX: :-:.:;11(~1. ~·.1 .. 6. ( ~-". ~ 

"3l 
....................... \ ............................. ·~' ........................ ·f3·J' ............................... . 

..... NP.~.;.· .... f.t.'f.t-:: ... ~J_ ...... J .. fr-x-> .:::::.~ ..... ') ... f..t-t.J.;:; ... - 6 .............. .. 
'P2. ~j rt '1 

............. (";t'} .................................................................................................. . 

. . . =--) .. ;f.,{ 1.).. ;;, . d ................................................................................. . 
~1 

..................................................................................................................... 

..................................... ?:S ............................................................................ . 

-~- .. .'.o .•. o~2! . -~·/· -~ '1- .. ( 3 -2 -}( 7/·- 2 •. 10 ).(..1..-::. '1.} / ............... . 
$. ................................................... ······ ········· .................................................. . 

"' ....... 9 ...... ~.~.0 .. 0. . .8 ...... = .... 0 · ~ ...... z) ... f .... :. ..... 0 · [ ..... z..62.~.h, .. 

... ...... ... ... .. . .. . .. . .. . .. . .. . .. . .. . .. . .. . .. 1. ................................ '?. :.~.q .8. ..................... .. 

... ... .. ~ ... '2 ... ~ ... 2 ... ~.P. 1 .. ~ ... C~/..4). ...................................................... . 
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Example: Letx0 = 0.5 I x1 = 0.7 I x2 = 0.9 I x3 = 1.1 I x4 = 
1.3 I x5 = 1.5 I x6 = 1.7 and f(x) = ln(x + 3). Compute am 
error bound for the approximation of ln(3.6) using six degree 
Lagrange polynomial. 

Solution: 
......... -F..C?. .... CK.~;.uk. ..... ~.c..~~~ ..... f.(!.r...~1~~ .... ~~~~~ ..... t.(~J. .. ~.1.l.x:~::1J 
...... i.O .... .I.~.~~'!:0. ..... f.9.:.~.;..J..~.1..J ..... ~~ .. pt4...~.~.Q~.6. ........................................ . 
·······················1·-rJ ............................................................................................................................. . 

... & .... ~.J.fs 1) I ·\{~-:t ... )b'-·-·~+}Lx..,,?t.2.)L:rG,~J)L~::.X.!I\ .. IX:::,.,;sl.&..~%) I 

.......................... ::!:.l ....... C'rl' .................................................. G) .................................................... . 

.......... blb~ ........ , ... +ttli···~··,M.··-;;:f:;~j-i~(~.!.l.. ............................................. . 

................... , ............................................................... .:.:;l'"'''"'''''"'''"''"''''"''''''''''''"''"''''''''''"'"'''' 

... ,;;:;;). ..... :l..t..x..} .... =····- \ ······~······'··~.+. .. "1..) ....................................................................... . 
~+1 ................ '\\· ........................................... :.:.: :2 .................. f3J ................................... ·:.:.·7}· .................... . 

............ f..r .. t.} ..... ;; ......... ~.r~ .. +.ll ......... )· ...... f. .. L~l ... ~ .... 2 .. J..~.±"J..} .......................... . 

.. .. . . .. .. . .. . . J.':ll .................................... :.:.·cf .............. t,G".J ........................................ .-.. ~ ....................... . 

. . ... .. . ... . . f. cx..l. .. ~ ... :7. 0.. .C. ."it .. ±'-J ...... ; ...... I..J .~. ) .... ~ .... ~ .. ~ .. l. .'& .. t ~) .............................. . 

............. l{!. ..................................................... -£-............ t.L. ........................................ "'?·· 

........... t(.¥:J .. ~ ....... ::;, \ 1 ° . .J.~ .. ± .. ~) ............. J~ ..... (~J ... ; .. 1.2..9..L*.:t. .. j) .......... . 

.... ~> .... M .... ;;; ... ~.:~:/';;~·:7 .. \--( ; ! ~ ):i/ .... "' ... ('~~2~ )7i .... ., ... ~.p.\.~ 

............................................................................................................................................................ 
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=> E 
oooooooooooo~ ooooooooooooOOOooOOOOOoOOOooOOOOoOOOOoOOOOOOOOOOOOOOOOoOOOOOoOOOOOOOOOoOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 

Oo 0 0~00 M fo(o.6ot'\o~ll)La !6. 7oQ ;J) (~·06"0'70'?.:9}(«?.·0~ ~~ _.0~). (~:t.o·J~) .C~:P.o-:-ol: _r){C!:l -1.1) J 

2' oooooooooooooooooooooooooooooooooOOOooOOOooooooooooooooOOOooOOOOooOOOOOOOOOOOOOOOo00080000oOOOOOOOOOOOOOOOOOOOOOOOOO 

0 0 0 0 0 0 ;:;; 0 0 0 0 0 0 o. 0• 0 .1.1° J 0 q 0 0 ~0 .(.o 0 • 0 o. oJ ) 0 0 0 0-=- 0 0!20. 02.2 a 2. 0 X \0 9. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

x' ...................................................................................................................... 
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Example: Let x0 < x < x1 and h = x1 - x0 • By using a 
suitable Lagrange interpolating polynomial drive the linear 
polynomial P1 (x) that interpolates the function f(x) at the 
points x0 , x1 E I. Prove also that the error in this linear 

interpolates is bounded above by h 2 M where M = maxlf" (x)l. 
8 xei 

Solution: 

·············································································\r············································································ 

... E.~.l.l.:rt.1:::~ .. 8.J.r:JL,$. J m% iuJ ..1 U .. x; .. ~.~) .. C.x: .. ~x.,.) . .L .................. . 
2! ..................................... ,, ................................................................................................................... . 

.. . .. M .. ::::. .. m. P.1t. ... f.(!(..) ............................................................................................................. . 
Xo ~ x~x, 

..... H..r)..~ ...... ld. ....... ~J~l ... ;:-'..~ ... 7..~.~.)(~ .. ~.'¥1} ..... ; ............................................ . 

........... f..~ ..... t.o.t!.. .. i.h.~ .... m.~M.~ .. Y.~ .... ~ ... lt. ............................................ . 
······3'.cx..l. ... ;;. ... .a:: .. ::: .. ~ .... +. .. 2? .. .. :: .. ~.~ ....... ;; .. !?. .................................................................. . 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . & . .t. ......... ~ .... _;;t::" _+, '. ~-1 ................................................................................ . 

......................... ::~ ......... ~ .... ?. ...... Xo + ~\ ......... c.r.itr~ ... JO.g.frJ.f ............................ . 
~ 

I $(..':~;J;+.~.'.)..I..: .. }.(..~.'?. .. J.~! ... -.a-: .. J(·b.: ICi .... ~.%f).l ................................. . 
............................................................................................................................................................ 

................................. E=.j .. .( Xo + ~ -2 X'o}··{%• + i.' -21tt.)., ................. ... 
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....... :: .. t ... (%1. --~-~~ .c -~·- -~~~}I· ............................................................ . 

... ......... ......... ......... ... ... ... ...... ... ...... ... ... ... ... ......... ········· ................................ . 

. .. . . . . . . . . . . . . ... . . . . . . . w. ....... h .. ::: ... X. .l .. ·1· .~ ~ ................................................ . 
- \ ~ l-h) \ ~/ 

................ -:: ............... '-t ...... ·) .... ,-;:, ........... ~ ................................................... . 

- E M L. ~ AA h~ 
.. -) ....... ~ • ... ~ .. # ... .f./ ......... ::;:: ... J.':. L ........................................................ . 

Q 7f ~ ............ ········· ............................................................................................... . 
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Example: Let f (x) = 0 be defined on the three numbers 
-hI 0 1 h where h =I= 0. Use Lagrange interpolating polynomial 
p(x) which interpolate f(x) at the given numbers. Then show 
that this polynomial can be written in following form: 

p(x) = 2~2 [f( -h) - 2{(0) + f(h)]x 2 + 2~ [f(h) - f( -h)]x + f(O) 

Solution: 
................. Xa ... ;;: .. :-:: .. h.;)········~.I ..... :7: .. C?. •..••.. J. .. X.~ ... ?::.h ......... .l ..... J1 .... +.. .. .9. ..................... . 

.... &.(~.) ... ;; .. LQ.(.~) ... f.~~~l ..... t:~~-~~) .. fr.~.,) ... ±.~.'l:li.} .. f..rt.?..) ................................... . 

································································································································'l·························· 

.... LoJ~l ... :: ... Cx .. ~ .. x.,}{X .. ::.%2). .. ·=··-' ~ -o) ( ~ - h~ .... .:..1.-... ::.~h. ............... . 

............................. ~.~::.~.\).J~-:%:.~.) ..... (~.h .. ~.~) . .\.~.~-~-~) ........... 6.h~ ................... . 
······························································································································~·······.:z:················· 

.. t,.c.~) ..... = .... Lt. .. :-::.~QJ(.t..::-.X1 ) ... :;, ... ( X.±bJl ~-k) .... .:; ..... % .. ,7:" \:1 ................ . 

........................ ..Ct..l .. ~.~tt).t%..t::: .. 't.t.l.. .... .tP. .. ±.h) . .l~.:::.ht ............ :::.b.~ ..................... . 
·································································································································2.························· 

.L2Jx) ... ; ..... Cx ... ~ .. x~.) . .C.%. .. ~.t..tt.-= . .l ~+h) l % -:.9} .... ~ .... x + x. h .......... 
'2. 

........................ J~.t.-.-: .. ~.~).t~~.: .. ~.\l ....... .lht.hl(h..:-::.0 .. ) ................. 6.~ .................... . 

·*···················································································································································· 

... ~l~l; .. i:~7:.'t-h .:/.(-:-.h) .... +. ... xt.- h~.f.L.o.} ..... ~ .... x2+ x:t1 .. icnl. ............... .. 
2h"" -}12. 2ht 

.... 1:1..9.~ ......................................................................................................................................... . 
r~( -t) ·= .... f<-: h 1.x.~.-..... lf:.hl.%···+··· .. i!J:J .. t~. ·+-fLo.) ... +····!:<.bl.'£~ ... ~ .. f.CbJ .... 'X 

2ht 2h -h'" .1h2 1.h 
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···~············································································································· 

~ (.Lo ) .•.... ( ;~~-~ .. ~. -~i~ .. ~· ~~ l. ! -~~. ~{: ~#.! .. ·-.. -~h ~ l.! -~·. ~. ~~() l 
· ·· ·· =· ···~·[ ·f{-k)·-2-· 'k_o~ .. tfch~ · i ·+*[/£h.). -1-(~.h] £ -4-.fca) 
.......... 2.h ..................................................................................................... . 
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Divided Difference 

Zeroth D. D f[xd = tCxa 

1 t D D f[ . . ] = f[xi+l] - f[xd 
s . xtl xt+l 

xi+l- xi 

[ ] _ f[xi+V ··· 1 xi+nl - f[xil ··· 1 Xi+n-1] 
nth D.D f xi~···1xi+n ------------

xi+n- Xi 

Newton's interpolating divided difference polynomial 

P1 (x) = f[xo] + f[xo~ x1] (x- xo) 

p2 (x) = f[x0 ] + f[x0~x1](x- x0 ) + f[x0~x11 x2](x- x 0)(x- x1 ) 

Note: 

tCn)cxa 
f[xi~···~xd= , 1xin+ltime n. 
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Example: If the best approximation of f(l.S) using Newton's 
~J,c, interpolating polynomial is 7 and {[1,2,3,4] = 8. Find the 

Newton's cubic p3 (1.5) . 

Solution: 

................. ??~ ... ::::. .. 1 .. ..1. •.•...• ~t. .... :;:.k.1. ..... ~2. .. :;; .. 1 ... 1. .... ~3 ...... ~ .... ~ ....................................... . 

... B..cx~) ... ;: ... fi(t.J .:t .. 1:. [b.~..~Lt .. ~. ~.l ).Ct.~ .. ~.e~)(.t. .. 7 .. ~,) .. ( x...-:~z.~.) .............. . 

......... q.i.~~r!. ... e~.{l ... l5.1 ... ~ .... ~ ....... ~ ...... 1..ft,.~, .. l.~..q) ... ~ .. 8. ............................... . 

~.&D:.~J. .. ; .. /l.<!.:.~) ... t.=!..C.h.t~.l.! .. ~].C./:.?. .. ~ .. ~)(.~~.~ .... :~)(!: .. '"i.~ .. ~) ................. . 

... ~.B.a ... G..) .. ~ ... ~ .... t ... 0..<./: .. ~ .. ::-...~){.1: .. 1?...:!:.).(!: .. ~~~) ...... ~ .. \.9.. .................. . 
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Example: consider the points x0 = 0, x1 = 0.4, x2 = 0. 7 and 
for a function f (x), the divided difference are 

so 
f[x2 ] = 6, f[x11 x2] = 10, f[xo, xv Xz] = 7· 

Use Linear Newton's polynomial to find the 
approximation off (0.5) . 

Solution: 

......... Bl.~t?.: .... t.r~.~J. ... ~ .. r.r~~~..~.J.c~.~--~-q,) _________ ................................................ . 

..... 1..(9.:.!?.) .... ~ .... e.(~.:.!?.) ........................................................................................................... . 
··········································· ·······-······························· ................................ ; ........ -............................ . 

'1.~-· ..... o.:-::.0. .. 0 ............................... ~.-:-:,JP..:.O.. ........................................ ~-::o.t&...t).D .................... . 
0 .... :f.(~.'?].; .. ?. .................................................................................................................................. . 
o-tf f[ -t,,J =? #['to~xJ = ? 

················································································'··········································································· 

0·1 .... t..r~.~J..::.& .......................... r.r~Jl.~~1 .. ::.1Q. .......................... t.r.~/~ .. ~.x.~1 .. ; .... ~(x 
...... tr.z.,.~ .. xtJ .... = ..... tr't.l..~ .. ri~a ....... ~ .... ,.Q ..................................................... . 

.......... ~ ......... lt. ... ~ .... t..r.'f:.a ..... :::: .. \ .. () ..... 9 .... 1. .. r...~.a .... ::: .... ~ ..................................... . 
o·1-o·'\ ............................................................................................................................................................ 

...... J~ ...... Q.~ ........ P~M~ ... b ....... ~.~ ... ;;; .. ~ ... 4. .. .1. .. ~.l ... ; .. ~ .. :.1 ..................................... . 

..... P.,.r.~.:.f..) .. ::: ...... t..r~ ... ~1. .... ±.t.(~:~J . .9..:1.J..(.~.~-f.:~.~-~--~) .................................... . 
:; 3 -t \o( o·1) -.::: '-' .............................................................................................. 1 ............................................................ . 
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Example: If a function f(x) satisfies the conditions 
f[-1,1] = 1,['(1) = 5, f'( -1) = -1. Find [[1,-1, 1] 

Solution: 

....... fY.CJ..~ ........ 1. .. C.rt..Q., .. ~J.f .. xJ ..... ;;-.......... t .C x..ll,t.?:-l ..... : .. 1 . .C.~~..~.J. .......... . 

................................................................................................. ~.~ .... ::::.'¥=!! ..................................... . 

•••••••• , •••, 4, • • 

............... f.r.t.~ .. ~J . .~. .. tJ ....... ;; ...... t. .. r:.~.~ .. \~. .. ~J ................................................................... . 

............................................................................................................................................................ 

................ ::7: ............ !. ... [..1 .. ~.,1] - 1 [- \,~ ~ ................................................................ . 
\ --\ 

........................................................... , .............................................................................................. . 

...................... t..r.~~ .. ~.J. ... ~ ........ i..{.t.} ....... ~ .... i. ....... tlm.r~::: ... r .. ::.~.~.(1 ..... ~ .. ~ ................... . 

....... ~ .... i. ... f. .. ~l .. :::.~!. .. JJ ........ J:. ..... li - ' ........ : ..... 2 .................................................... . 
2 
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1 1 
Example: If f(x) =- then show that f[l,l, 1,2] = --

X 2 

Solution: 

···························································································································································· 

...... f.[J~ .. IJ..\./.2..l .. E ... t.[~d.t.2.J. ... :: .. ti~.!.J~JJ ....................................................... .. 
2 -\ 

.............................................. ,\··········································································································· 

..... t..r.~.~J.! .. J .. J ..... :::: ..... fc,) ..................................................................................................... .. 
2 '· ................................. , ............................................... \\'''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''' 

........... N.o.~ ....... i..(t.J ... ~ .... :-..if ........ / ....... f(.~1 ... ~ ...... _2__ ............................................. . 
~ x3 

................ ~\········································································································································· 

.............. t.~ I) ..... ; .... ~ ..... : .. ~ ................................................................................................... . 
2~ 2 

.... ~ ..... t.f .. 1.!..~..! ... 1.J ..... ~ ... ~ ......................................................................................................... . 

......... ~d. ......................................................................................................................................... . 

........ fr..~.!.J.I..2..1 .... :~ .... t [ 1 .~ 2] - t [ ~., '1 ............................................................. . 
2 -' ............................................................................................... \. .......................................................... . 

.................................. ::; ......... £ ( 2) - f ( I) .... ~ ... JJ.D. .................................................... .. 
2 -\ \\, 

............................................................................................................................................................ 
- \/1) -\ +\ :=\/ 

............................................... ~ ••••.••••••••••••••.•••••••••••••••• ,1,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ..••••••..•••••.•• 

.... ~'l ...... f .. (J.~ ... L .. L ... 2.J .... E .... ~!.2 .... : .. L ........ ";;. ........ : ... ~!2 .......................................... . 
\ 
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Example: 

Let f(x) = eCx+4) and x0 = 1, x1 = 1, x2 = 2, x 3 = 2 
compute {[1,1,2,2] and then find the approximation of e 5·5 by 
using cubic Newton's interpolating polynomial and absolute 
error. 

Solution: 

.......... f.r.L~..t! .. 2.L~.J ..... ~ ..... t.I .. \:' 2121. ... ;: 1 r, , 1,21. .................................................. . 

....................................................... !: ........ ~ .. \ ................................................................................... . 
-;;) .... ifhh2·l=···f. [ t,~)] - f [ l, 11 .................................................... ... 

1 _, 
···························································································································································· 

=> ... f..[.t.~.2.,.2.J. ... = ...... f..[2 .. i.2J. ... ~ ... t..f.1.(.2l. ................................................................ . 
2 -l .................................................................................. , ......... j) ........................................................... . 

..... t..LJ! .. 2.1 ... ~ ..... f.L.2.l.:. .. f.LO .... = .. e - e .... ::: ... 2 .. 6.~ .. ~.o.l6.t..J. ................... .. 
2-\ \ ........................................ ~::····················s························································································· 

.... t. .. r~.!..JJ ...... ~ ....... f:..(.~) ...... ~ .... ~ ...... ;F: .. '-4.2> .. ~.~.,~ . .\ ........................................................ . 

.... i. .. r .. ~.~.2.J ...... ;;, ..... t.J..~) .... ; .. e~ .... ?. ... ~~.!..: .. L).~.5..$ .................................................... . 

~?. .... .t .. c~l . .ll .. 2.1 ... ;;, .... ~5...~.~~.,.?..( .. ::: ... ~.~.~ .. ~.~.~.~.~ .... ~.\.Q6.: .. R..o..z..fi .................. . 
....... .t..I.t .. ~ .. '2., ... ~.J. ... ;; ..... ~.~.i..~ .. ~.~.~.$. .... ~.~.f.~.~~.~.~~ .. :: .. ~.~.~ .. :.~.~.~2. .................. . 

9. ... f..[~~..!t .. ~.~.2.1 .. ~ .. 1.~.s..~ .. ~ .. ~.'J.) .... ~.\~f.~.a..e.~~ ................................................... . 
....................................... :::: ... ~.l.~.B..l..9.1 ........................................................................................ . 



Math 254 Khaled A Tanash 

... No~;.1he ... ~~~.~~~ .... p9l'd.·.d..d.~~fee. .. 3 ......................................... . 

. &J.1.) ... ~.tr.~~ .. ~.fr~~~.J.(~.~.~).t..f~~~~~.'~~.J~~.~~)~~~~a ...................... . 

. . . . . . . . . . . . . . . . . . . . . . . t. f.I.~~~~t t.X, 1.~ .:1} ( 1:.--:. ~.~ )(~ .-:-.~.•).( .~::: ~?.} ........................ . 
·~ .... .. P.4. .... .. ~ .. . ~ .. 1 : .. '?. .............................................................................. . 
.. f.3.<!:!?J ... ~ .. t rn ·*··r..r.~.~ .. a.c.,:.?. ::.') .. t.f. r ~!. ~~.~J.(~ ... ~ ~. ~!~.~ :.r~.~ ! ......... . 
.. . .... .. .. . *· .. t.( ~ !. !~ .. ~.!.~] J.! .'. ~ ~.~~·~·'·: .~ ~.') ~.!.·.~ . .-:~J} .................................. . 
. ==>- .............................................................................................................. . 

... P1( l:.t!t. ?. . .!.~.$ ... ~ I}L .t. )~.~···~.I} ~J~:~} ±.\.t?.4.~6. C?.~J{?. :.?)~.~ ........... . 
~ 

............... t.~.~ .... 3..19l.( ~:.~).(~.~·.~} ..... ~ ... 2..~.4.~.o.~.l9 ....................... . 

::J.h~:::"j;M.::~~::~::~:ii~:;i:):::;:&<i~:~)J:::::::::::::::::::::::::::::::::: 
.................. ;; . .;; ............................... '[ ........................................................... . 
. . ,:;:, .... .\ .... ~ ...... .-~ ... ~ .. ~ .~ .. : .~. ~.!. ~ .. l .... ~ .. . 0. ~9. q ~ ..................................... . 
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Example: Let f(x) = eCx+z) and 

x0 = -0.2, x1 = -0.1, x2 = 0, x3 = 0.1, x4 = 0.2, x5 = 0.3. If 
p4 (0.05) = 7.7679 and f[ -0.2, -0.1, 0 ,0.1,0.2,0.3] = 0.0649 
then find the approximation of e 2·05 using fifth degree Newton's 
interpolating polynomial. Compute error bound and absolute 
error 

Solution: 
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Example: Given f(x) = x ln(x + 1) at the points 
-1,0, 1.5 ,2 ,2.8 and 3. Use quadratic Newton's divided 
difference formula to find the best approximation of 2.5ln 3.5 , 
also compute exact error. 

Solution: 

.......... pcd. .... X. ... ::;:;,,2.,,.,6,,,,,, ........................................................................................................ . 

.. ~ ... .. the. .. b.e.P.:Ji .... p.o.ttJ.t!. .... ............................................................................................... . 

.............. X.t;>; .. ::;:: .. 2 .... ,J •••••••• t.l ... ;:;: .... 2 .... .8 .... J. ••.• X .. 2. .. ::: .... 3 ........................................................ . 

.. ;;:::-) ..... f.(l.?..) .... ~ ... &.c.~.) ......................................................................................................... . 

. ~ ...... !.(~.:.!?.) ... ~ ... & .. (.~.:.!?.) ............................................................................................... . 

...... ~ .... =f: ... r.~.J. .. ± .. t..r..~.-~..2..~.$.1.t~ ... 5. . .-~.~).±.i..r2)..2·.2.~.~1.(~=.5.:7.2)(2:.~~ 2.8) 

........... t.L2. .l~ .... f.C?..\ .. ~ .. 4 .. l.f1 .. 3. .. .;: ... 2 .. !. L9 .. ~.2 ............................................................ .. 

. . . . . . . . . . f. ( .2 .. : .8. ) .... :;. ... 2 ... 2>. .l.o .. 3. ~.8. ... ~ .. } ..... 1.3 .3. .............................................................. . 

......... !...~ .. J..) ...... :: ....... ~ .. J..t:! ... ~ ....... ~ ...... '1.:.1.~.~.9 ................................................................ . 

....... N.P.~ ........................................................................................................................................ . 

......... f..cgJ ... 2 ... $.l .. ~ ....... f( 2. 3) - t c 2l ...... : ... J.~ .. 9 .. 2.t ........................................ . 
1. .g - 1 ............................................................................................................................................................ 

...... f..f.2.~.2 .. J ... ;r.J. ..... ~ ...... J:. ( J) - t{2 · ~J ..... = .. 2 .... Lo..~ .. ~~ ............................ .. 
"7-2·1> ............................................................................................................................................................ 

.. 1.£.~.)..1 ... 8;).3.1 .... ~ ... f f2 · 8.~.}1 .... ~ .... t.f.f . .J. .. 2 .8] ... :: ... o.~..J..1.S.b. ............. .. 
3-:2. 
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.... ::!?. .. &.<.~:.?.) ............................................................................................ . 

. F.. ... 2 ~.t ~ ."1 z .. t .. ). ~ .9. ~~. (.e ... f?). + .. o J .1.~. ~ .C 9. ~. !i) .\.~. 9.~ J 1 .................. . 
• . :::::7 .•• • 1. = .l.l.1. 9. ........................................................................................... . 

. . . . . . . N R.'!-1. .. . t.b.~ .. fJ b.!.~ 1!4e: ... e. ((o.C .......................................................... . 

....... 1 ... 1.(.?~.~) .. ~.~.<~:.~).~ ...................................................................... . 

. . . . ~ .. .l. .. Q:. 6. .Ln.~;:.~} .. ~ ... ~:.'.~ .!.~J ... ~ .. ~. !.O P. .1.. X .l. .9.~. ~ .................... . 
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Example: let f(x) = x + 2ln(x + 2) be given at points 
x = 0, 1, 2 ,4 and 5. Use the quadratic Newton's interpolating 
formula to approximate f(2.5) ,and compute the error bound for 
your approximation. 

Solution: 
........ .f.td ... ~ .. ::: ..... ~.~.!i ......... ~ ..... ~h.~ .... b.~t.P?\~P.~ .... ~f. ................................................ . 
....... ~.C?. ... = .. J ........... .i ..... ~<j .. ;;" ... 2 ...... ..( .... ¢...(, .... .;::.,,~ ....................................................................... . 

........ ff.~.~ .. :::: ... .1.~.~.~ .. 11 .............. ..( .. t.(~j,,~.lj.,~l."i.):9. ... J ...... tt.4J .. ;.,,,l.~ .. b.~.~.~ ....... . 

:::::::&:(1~~:;::;.:::#i.:~i::::;::t.:tj:;:~:J:::(~:;:~:::~:\\::~:1.:~~:~::~:~::~J:ii:.:~:~:~~:(~:~~:~i) 
....... t!.o.':':-1. ......................................................................................................................................... . 

.... f..r..~.J ... -;,.f.(~) .. ~.J..~.\.4.~g ... J .... f.[~J..7..1('),),,;::,4..•.1.l.M. .... ;.t..f.~7.~.~~J.:l~~'6! 6 

.... f.f! . ., .. l} ... ;; ..... j [ 2.] - fr.IJ ..... ;;; .. / .... 6.16..~ ............................................................ .. 
1- -\ ............................................................................................................................................................ 

....... f[.2..J.~] .... :: ...... t.L~.J...::.tr~J. .... ::..J., .. ~~.~~ ........................................................ .. 
L.f - 2.. ............................................................................................................................................................ 

...... f..·E·1··, .. 2 .. ,.4] ...... = .... i,.(1:~..~l.~ .. .t..[l.! 2l .... = .. ~.a .. ~.o.5..6.0. .............................. . 
4 - \ 

9 .... i..<.'J..!.6.) ... ';;: .. P'2.~.~ .... s;) ...................................................................................................... . 
.... ~ .... ~ .... ~.~."!..2. ... t.. .. !.~.~.l.!?.~ .. ~.~.:.~ .. ~.~) .. !.~ .. '?.:.~.~~4..C.~.:.f?..~ .. l).(~:.Fi.-::.~.) .......... . 
. . ,-;:;::: ... li .. ~ .. r:i. J 1. .~ ............................................................................................................................. . 

Now· ................ ). ........................................................................................................................................ . 
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... t 9 .... ~~.4.~ ... th~ .... .. e;r(q(. b.'?~ ... fC('( .. q.pp ~rt.irt:t.c4/f1:(! ..... .............. . 

. E.;:; . .1. tc 2 .. JJ. ~.& (~:.J?JI. ~ . .1::1.(. {. :J...6. ~.t). c2 ,.r; ~ .2,) .C2. ~ ~ ~. ~) .l .............. . 
3! 

................................................. ·f'J·} ............................................................. . 

. . . ~. h~~ ..... M .. .. .;:: .... . m.~ ..... :f..~.~) ........................................................... .. 

. . . f. r ~. l .... ~ .... x. .. +. ~ .. L~. c~. + ~). ................................................................ . 

....... ~ ........................................................................... , ............................... . 

..... f.~.~t?:.J ... +... 2 .... = .... 1 ... + .. 2.C~ .. t.~.l~ ................................. . 
't +2 

...... ,, ................................. ~1········································································ 

... ~~.fr) ... ;:: .... ~. ~. (.X. t.~) .~1 ....................................................................... . 

.... t.~.t.l..::: ...... ~.L.~ .. ~.~) ....... :=........ ~ .. '3 .......................................... . 
(X.+2) .................................... C~J ........................................................................... . 

.... H~~ ........... ~.~J.f.(~.H ...... :; .... :f.(.l.\ .. :: ... o .. ~r.~.8J ............................. . 
\~¢.~'1 

·~················································································································· 
.... E~J.c;>} LJJ$1 . .(t .. .; .. ~l) t 2 .. 1?..-::~)J~ .. .r :-<~1! ............................ . 

........... =. .... o.~.o2.1.l: ................................................................................ . 
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Example: let f(x) = 3x5 then compute the value of divided 
difference f[ -1,0, -1] and f[ -1,0,2,3,4,5] 

Solution: 

::::::t.i:;:~:~:P.~:;~:::;,::::t.:t.:~:i:~:;:~:~:~J:::::~:::t.l~·~;·~J::::~:t.:£~j:;-~·a·::::::::::::::::::::::::::: 
0- -\ 

·······················································································································,:;'·································· 

.... IY~.~ ..... f[-~.7.o]. .... = .... f![c] -fr-0 ......... _ a -1(-I) ...... = .... J. .................. .. 
1 \ 

... frfl..d. ..................................... -\· ...................................................................................................... . 
f [-' J -i] = f (_- \) .................... , ........................ 'i .................... , .................................................................................... . 

................. f..f:~.>. ... ::. .. !.§. .. ~ ....... ,;;;). ...... t.~ .. ::.~} ... ~.!.~ ............................................................... . 

.. :!;> .... t~_:1j"O"i'"H .... o;; .. :1. ; 15" ..... = ....... ::.1.2 ....................................................................... . 

. . . . . 8..4. .9 ................................................. .( t.i ), ...................................................................................... . 

........ .t..f-::.~1..9.J..2J.'lJ .. ~,.~l .... ;:.1JJ.:l ... .:: ..... =! . .c.?. . .x .. ~.~]~.~~D .... :::: .. ?. ..................... . 
-J -I ........................................................... ?..~ ................................. ?. .. ! .................................................... . 
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Example: Consider the points x 0 = 2, x1 = 2.5, x2 = 3, x3 = 
3.5 and for a function f(x) , the divided difference are f[x2] = 

1 
4, f[x 11 x2] = 5, f[x0 , x1 , x2] = 10 and f[x0 , x11 x2 , x3] = 5. 
Use this information to construct the complete divided 
difference table for the given points. Also find the 
approximation of f(2.9) using linear Newton's polynomial. 

Solution: 
...... 5.~ ..... -khle .. d... .. P .. P .................................................................................................... . 

I< ~!c ......... O .. :.P.·.O ................ J.:1.tP.~0. ................. 2:;:r..!.:P.:P.. ........................ J..77.rJ!.: . .0.,.0. ...... . 
o .~ ............... f..r~l.;:::.?. ........................................................................................................................ . 
' ~:~ .......... t.r~!l.;.?. ........... .r.t~.~.~ .. ~.~.~.? ................................................................................... . 
2 .~ ............. .t.r~~.~.~ ......... f..E~.L.!..~.~J.;:.~ .......... il.~~~~~!.~J .. ;.I.~ ....................................... . 
3 ~ ... ~ ............ (f~,.J..~?. .......... f:£~.Y .. ~7..J~? ........... ff.'!!.!!.X.~t..~.d .. ;?. ........... .f.f.~~!~l~~~t~1 = ,Yn 

..... N..Q..~ ...... f.(1 ... .. Ct:!.mp..ld. ... t.k .. W.le. ... [ ... ........................................................................ . 

. l.ft..~.lt.t,.'.t..t.,.Xll .. ;:: ... t[tf.~.~.'t..t~~J.:. ~~;}.~l~.t.,J .................................................... . 

......................................................... ~} .... ::: .. ~.~ ........................................................................... . 

... ~ .... .l .... £> ..... f..[~J~..z.t~.X.1] ... ~ .. .\.9. .... ~ .... ffx.~J..~t~-X·1] .. :: . .1.P..~.J .................. . 

........... ~ .................. 1: .. 5. .. :-::.6 ......................................................................................................... . 

..... f.[.~.~1.~).,.x.zJ. ... :; ..... t..c~.ll.x.2.l .. ~.t:.e.~~~.x J ...................................................... . 
X:2. - ;:td ............................................................................................................................................................ 

....... * .. J.a ... r:_ .... 6 - .. t.c..~~f.~J. ...... => ..... i.r~~.~.~J ... ~ .... ~ .. f?. ................................ . 
3 -2 
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::!.:r.:~:~: ~~~:;,;]: :~::: :1.:2:~:;~:~~1: :~: :1:i~~:,:~:~j: ::::::::::::::::::::::::::::::::::::::: 
i.-1 - X 1 ..................... ············ ................................................................................... . 

~ .... .\.o ... 3 .... = ....... .f-..l.~?:~.~:zJ ... -:-:.? .... ;:y .. f.[~1,.X11.?..).~!.~ ................. . 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ?. ~ . ?. . . ... -:-:~ •. 5. ................................................................ . 
... f:f .. ~.~/..~.:~J. .. =: .... t.r..~1l .. -t [xJ ...................................................... . 

XJ - X1.. ..................................................................................................................... 

·:?t···J~ .•. 3 ....... ~ .... 1r ~,l - 4 ... ;;:;> ... tf.~:J.1 .. ;.J\.· .. 6..Fi .................... . 
).;-- "3 ..................... ········· ······ ................................................................................ . 

... t[~t.J.~.~1 .... ; ... f [XJ ... ~ .. fJ~!l ....................................................... . 

·"9····6. ....... ::. .... 4 - 1-~x"J .... -z.~ ..... 9 ..... 1. . .C..~ .• 1. . .-.: ... l,.~ .................... . 
'3 -2.1; 

::f.£.:;~~:~~i:::::~::::~:i~1:1.tii::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: 
't-l -Xo 

•••••••••••• •••••••••••••••••••••••••••••••••••• 000 000 000000 ooooo•ooooooooooooooooooooo ooooooooo oooooo ooo •••••••••••• 

• ~). 0 0 0~ 0 .6. 0 0 0 ~ 0 0 0 0 .J.~ 0 ri 0 0 ~I .t. f. ~~1. 0 0 0 0~0 0 I 0 .t. [ 0 0~~0 0 0 0;; 0 0 ~0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

2 .;; -:L 
oooooo•••············ •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

........... ~'!.~ .... }h~ .. ~IY1?1~ ... t.~.t~ ..................................................... . 
······~··········································································································· 
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k ~K ..... o.~.D .. O ......... i.~s.t.0.0 ........... ~.~nd..0 .. 0 ........................... 1.-;.r:.4../J.0. .. . 
0 ~-- ...... i.~~J.:;..~ .............................................................................................. . 
' 2: 5 ..... .f.~. tJ];:.J •. r .... f.l ~'-~a.::: . :: ~ .................................................................. . 
2 ~ ....... . fr:~·a ~ ~ ..... .t. r.~, {.~~1; .. ? .... tr ~(.t.,~. ~~1;:: .1. o ................................... . 
3 '3:. ~ .... .f.f~.rJ ~ ~~ ... ~~- .f [~~t. ~.1.J. ::. !6,1.t.L~. ~. ~-11 . .1(J.; v:~~ 1 ..... :f.&.a.1. XuXY.~J. :=: .. Y F) 

.. No.~ .... t1~ .. Neh!.IP.~'s. .. D.O~.p9.~ .. d. .. ~~f;.; .. Pn.~ ...................... . 

. . . H (X) .... ~ .. f.c..~C:l1 .. ·*· .. f. [~~.~.X J. (X.. :-:-.Kc;~) ...................................... . 

. .. . p.ll:i .... ~. ::::: .. 2.. ~ .~ ....... ~ ..... ~. ~ ... ;:;::. :2 ... n. .. , ... X.L. -~· ~ ........................... . 
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. . . . . . . . . . . . . . . . . . . . ;;:, ... . I.·. ,1), ... +.h. ( .. ~ .... ':\ ... ~ ;: .&."). .............................................. . 
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Example: Let f(x) be defined on x01 x 11 x2 such that 

h = xi+l -xi I i = 0 I 1 then show that 

1 
f[xo~ Xv Xz] = Zh2 [f(xz)- 2f(x1) + f(xo)] 

Solution: 
................ h .... :::: ... ~~/ ... -:. .. ~f.· ....... ~ ....... ~.4.t.~ ..... ?...h. .. t.:.~~· ....................................................... . 
.... ~ ..... ~.1 ... -::; ... X..a ... +..h .............................................................................................................. . 
............ :X...1-.... ;;,,,,%,,,t,,±.h ...... ;',,,,~~ ... ±.h ... +.h ...... :: .... ~~ ... ±.~.h ........................................... . 
.... N.a.~ .......................................................................................................................................... . 
.......... f.r~~t..~.l1..~2] .... ::: ... tL.~u.~J .... ::.f[xf!U z.J ............................................. . 

X2. - 1t'o ···························································································································································· 

........................................... !.(~~1..--:..frxl) ... - .... i..('f:.Jl.;f()(;"o) ........................................ . 
:t1. - z, 

·······················=··············---~----·················································· 
-x., - 't Q 

........................................... /(;<..'L). .... ~.f..l~.J} .. :-:7 .. #.(¥:J} .... -:':':.£.( Xcl ..................................... . 
- h ·····················-·························------························································· 

............................................................................................................................................................ 

...................... ;; ............... tr 'f ~>. ... ~ ... f. .. I r ~' t ... :- fr;t~J. ............................................... . 
2. 

............................................................... ~.h ...................................................................................... . 

······ ········to7····~·-{fflt;)"" ~··t·-/'l?t"i) ···~ ft ?CoJ}·· · ···· ···· ········· ··· ··· 
............................................................................................................................................................. 


