Linear D.Es of Higher Orders

In general, an N order L.D.E. is on the form
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If g(x)=0, then Equation (1) is called homogeneous
L.D.E, otherwise it IS nonhomogeneous.

For example: x° y"-8x y'+5y =0 is a homogeneous L. D.
E., while x°y'"—8Xxy'+5y =e“* —3 isanon-
homogeneous L. D. E.

Solving equation (1) subject to the constraints:

Y(Xo) = Yo y'(xo) — y'o preey y(n_l) — YO(n_l)1 (2)
is an n" order initial value problem.



The specified values given in (2) are called
Initial conditions.
By solving the |.V.P.
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\y(Xo) = Yo y'(Xo) — y'o ----- y(n_l) — yo(n_l)’ (2)
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we mean to determine a function ¥(X) defined on
some interval 1 containing X, and satisfies
equation (1) and all the conditions given in (2).



Theorem (Existence and uniqueness)
et a.(x).a,.(x)....a(x),8(x) and g(x) be continuous on an
Interval 1 and a (x)=0 for all X in this interval.

If X=X, IS any point In this interval, then there exists
a unique solution Y(X) defined on the interval |
satisfies the initial value problem given in (1)-(2).

Example
It Is easy to see that the function y —ge> ;g2 _3x IS
a solution of the I.V.P.

y'—4y =12x, y(0)=4, y'(0)=1.



Since the coefficients a, (x), a,(x), a,(x)

as well as g(x) are continuous and a,(x)#0 on any
interval containingx, =0 . Therefore, In view of
the above theorem, this function is the unique
solution of this problem on the interval | = (oo, ).

Example
Find the largest interval on which the I.V.P.
X(X2 = 4)y" B xy+x3y = In(x +3),

YD) =1 y'(-1)=0
has a unigue solution.
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Solution.

Here we have

a,(X) = X(x* ~4) which is continuous on (e, «),
a,(x) =—/5-x is continuous on (—,5],
a,(x) = X* IS continuous 0N (—oo, ),
g(X) =In(x+3) IS continuous on (=3,),

and a,(x)=0, at x=0, 2.

hus, the functions a,(x), a,(x), a,(x) and g(x)

are all continuous on the interval! = (-2,0) which
containsx, =-1and &(x)#0, on I. Hence, the IVP
admits a unique solution on the interval |.
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Homework

Determine the largest symmetric interval on which
the following I.V.P has a unique solution

;In(x +2) y"—\/9——x2 y'+3y =tanx,

y(0)=1 y'(0)=2,




Linear dependence

A set of functions f.f,....f, IS sald to be linearly
dependent on an interval |, if there are constants

C,,C,,...,C, (at least some of them are not zero)
such that c, f(x),+c, f,(x)+...+c f (x)=0, Vxel.

Example 1. The functionS'

fL(x)=x", f,(x)=e™, f,(x)=xe™, and f,(x)=(3-5x) e

Are linearly dependent on | = (—oo, o).

Because f,(x)=(3—-5x)e " =3e* —5xe”"
=0f,(X)+3f,(x)—5f,(x)




= 0* f,(X) +3*f,(X) —=5*f,(x)—1* f,(X) =0
for all xin 1. Hence there are constants
c,=0,c,=3,¢c,=-5,and c, =-1
not all zero such that

c, f(x),+¢,f,(x)+c,f,(x)+c, f,(x)=0 forallx in 1.
Example 2. The functions:

f.(x)=1, f,(x)=cos(2x) and f,(x)=sin’(x)
are linearly dependent on 1 = (—o0, ).
Since, 2sin?(x) = [1—cos(2x)]

hence, 1—cos(2x)—2sin*(x)=0 forall x in I,



which implies

1*f,(x)-1*f,(x)—2*f,(x)=0 forall xin I,
that iIs, there are constants ¢, =1,¢c,=-1, and c,=-2
not all zero such that c, f(x),+c, f,(x)+c,f,(x)=0
forall xin 1.

Hence f,, f, and f, are linearly dependent on the
Interval | = (—o0, 00).

Remark. If f,, f,,..., f_are linearly dependent
functions on some interval / then one of them can
be written as a linear combination of the other ones.



Linear independence

A set of functions f,, f,,..., T issaid to be
linearly independent on an interval |, if they are
not linearly dependent on /. That is if

c, f,(x)+c, f,(X)+...+c. f (x)=0 for all xin |
then all the constants C;,C,,...,C, must be zero.
Example.
The functions: f,(x)=x* and f,(x)=x
are linearly independenton | = (—oo, ).



Because, if ¢, f(x),+¢,f,(x)=0 for all xin I,
then, ¢,x*+c,x=0 forall x in (—oco, o).
In particular for x =1 and x =—1 we get
c,+¢, =0, and
c,—¢, =0
hence c, =c, =0.
Example 2. The functions: f,(x)=x and f,(x)=|X]|

are linearly independent on [—1, 1], but they are
linearly dependent on [O, 1].



Example 2. Show that the functions:
f,(x)=x, f,(x)=sinx and f,(x) =cosx

are linearly independent on the interval | = (—o0, ).
Solution. Assume that

c, f(x),+c,f,(x)+c,f,(x)=0 for all xin I.

In particular for Xx=0, Xx=7 and X=7% we have
X=0=c¢,(0)+c,(0)x+c,(1)=0 = c, =0,
X=m = Cc/(r)+cC,(0)x+c,(-1)=0 = ¢, =0,
X=%2=c¢(%£)+c,()x+c;(0)=0 = c, =0.

Hence the functions are linearly independent on /.



Definition
Assume that the functions s T5.--, T, possess at

least n —1 derivatives on an interval I. Then the
determinant
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is called the Wronskian of T, for-es T



Theorem. (Criterion for linear independence)

Assume that the functions f;, f,,..., T, possess at
least n —1 derivatives on an interval I .

If W(x, f,,..., f_)= 0 for at least one value Xoin I,
then f,f,,....f, arelinearly independenton I.
Example 3. Verify that the functions
f,(x)=x,f,(x)=e",and f,(X)=e""

are linearly independent on | = (—o0, 20).
Solution. Since,

X e* e
W(x, f,,....,f.)=11 e* —e*=2x=#0 forall x=0in I,
0 e e

hence the function are linearly independenton | .




Corollary.

If the functions f,, f,,..., . are linearly dependent
on an interval I, then W(x, f,,..., f )=0 for all X

In 1.

Remark. if w(x, f,,..., f_)=0 for all X In the interval |,
then it does not imply that f,, f,,..., fare
linearly dependent on 1.

Example. The functions f(x) = x?, and g(x) = x| |
are linearly independent on | =[—1,1], (check), but

N

X° x| x

W(x, f,q)= =0, for all xIn 1I.
( 9) 2X 21X




Theorem. Let Y,;,Y,,..., ¥ be solutions of the Hom.

L.D.E.

d n-1
2 (0 b
X

on an mterval /, then for any constants C;,C,,...,C, the

functiony =c,y, +¢C,y, +... +C, Yy, is also a solution
on the interval /.

Definition. Any set Y,,Y,,..., ¥, of n linearly
Independent solutions of the n" order Hom. L.D.E.

d
+...+a1(x)d—§+ao(x)y =0,

d n-1 y
dx"”

a(x

1 (X) +...+a1(x)%+ao(x)y:0, D

on an Interval /, is called a Fundamental Set of
Solutions on this interval.



Theorem. Let Y;,Y,,....,Y, be n solutions of the Hom.

L.D.E.
008
on an mterval /. Then, these solutions are linearly
Independent on / if and only if

W(X, Yy, Y, )# 0
for every X in /.

Definition. Let Y1:Y2:--» ¥n be afundamental set of
solutions of the Hom. L.D.E.

002
on an mterval /. Then, the general solution on /s defined by
y=c¢C,Y,+C, ¥, +...+C. VY.,
where C;,C,,...,C, are arbitrary constants.

d
+...+a1(x)d—§+ao(x)y =0,

a, (x +...+al(x)%+ao(x)y=0,
X




Example. Verify that y, =1, y, =e*, and y, =e™*
form a fundamental set of solutions of the H.D.E.
y"'=y'=0,

on the interval 1 = (-0, ), then write down the
general solution.

Solution. It is easy to check that y,,y, and y;are
solutions of Eq.(1). On the other hand we have

1 e e~

W(X,¥,,Y,,Y5)=1|0 e —e ™ =2=0 for all xin I,
0 e* e~

hence they are linearly independent on 1.
Therefore the general solution isy=c, +c,e* +c,e™.




Definition.

Let Y, be any particular solution of the

nonhomogeneous L.D.E.

d n—1
2 (0 )/

on an mterval /ana Iet
Y. =C Y, +C Y, +... +C Y.,
be the general solution of the associated Hom. D.E.

+ ot 3y (X) y+a(x)y g(x), @

d n—1y
dx"™

d
+...+al(x)d—i+ao(x)y=0,

n1 (X)
on this interval, then the general solution of Eq.(1) Is

y: yc +yp :Clyl+C2y2 T .. +Cnyn +yp'



Example. Verify that y=c, +c,e* +c,e™ + x* —x

IS the general solution of the Nonhom. D.E.
y'''—y'=7—3x°,

on the interval | = (—oo, «) .

Solution. It is easy to see that y, =1 y,=¢"and y, =¢™

are solutions of the Hom. D.E. ¥ —Yy =0,
and

1 e* e
W(X,V,,Y,,¥:)=10 e* —e™*|=2=0 for all xin I,

0 e e*

hence they are linearly independenton | .

Hence Y. =¢, +C,e" +Cse™".



On the other hand the function y = x* — x
satisfies the Nonhom. D.E. y''—y'=7 — 3x°,
i.e. Yy,=Xx"—x isa particular solution.
Hence Y=Y, +Y, =C, +Ce*+Ce”™ + X’ —X,

IS the general solution of the above Nonhom. D.E.



