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3.1.9 Theorem LetX = (x, : n € N) be a sequence of real numbers and letm € N. Then
the m-tail X, = (xm+n :n € N) of X converges if and only if X converges. In this case,
limX, = limX.

Let § = 3%, x, be an arbitrary series. Let A = {n : x, is changed } be
a finite set, and let 5" = 377, x, be a new series, created by the changes

from A.

Since A is a finite set, ng = max{n: r, € A} exists. So, forn > ng, =, is

not changed, which means that 5" = 377% ;| x, is the ng-tail of 5’ and §

Now srem 3.1.9 states that S converges 8" comverges, & G
Now Theorem 3.1.9 states that § converges <= 5" comverges, and that
5" converges <= 5" converges. These two statements together say that:

S comverges <= 5’ converges

which is what we needed to prove.
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Suppose x,, — . This means for all € > ( there exists some NV such that if n > N, then
\zn — x| < e

Now suppose x4, is a sequence such that for n > M, then z}, = x,,.

Let € > 0, there exists some [N that 'works' for the original sequence x,,. Now take
N’ = max(N, M). Thenifn > N’, we have |z}, — | < e. Hence 2}, — .

Now consider a convergent series > x,. If welets, = x1+. .. +x,, then we have s, — s.

Now consider the series ) x/, where forn > M, then x;, = . Let 57, = x| +... +x.
Note that for n > M, we have s}, — sy, | = z/,,+... 2} = zm+... 2, and so

8y — 8y =8 —SM-1—>8— SM 1.

Hence sp, — (s — spr—1 + 8%y )-

Cauchy's criterion for convergence (assuming we're dealing with R" or C", technically a
complete space in complete generality) says that a series {s,, }2° ; with

Sy, = ag + a1 + - - - + ay, converges if and only if for every € > 0, there isan N > 0 so that
for allm > n > N, we have

m n m
|80 — 80| = E ak—g ay| = E ai| < e.
k=0 k=0 k=n-+1

The key thing to realize is the "there is an N > 0 so that for all m > n > N." This is basically

casrnna that 1+ dacont mattar uhat hannano far a finita namhar Af tarmeo hafara wa oat +A
So, suppose we change a finite number of terms in a series and say that K is the largest a g
that we change in the series. If we take Ny > max (K, N), where NN is given as in the
equivalence above (since we know the original series converges), we still obtain

m n m
E ak—E ap| = E a,| < €.
k=0 k=0 k=n+1

for allm > n > N,. Therefore, the convergence of the series is not affected in the sense that
one converges if and only if the other does also. However, they may in fact converge to
different limits because the Cauchy Criterion does not give any information about the limit
itself.
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Since ¥ a,, s convergent, 3.7.3. The nth Term Test states that lim(a, | = (.

This means that for e = 1 > 0 there exists a N = M so that forn = N

following is true:

iy, — 0] = ¢

i, =1
0<a, <1, (1, = 0.'%n)

y= 3 ” ” .
Since we know that == < for 0 << = < 1, we have:
. a - - W, - -
U<a; <a,<1.%n =N

. ) . _ .
Finally, 3.7.7 Comparison Test (a} states that % a2 is convergent.
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Let s, := ay + as + ... + a, be n-th partial sum. Since a, > 0, we know

that (s,) is an increasing sequence, therefore s, > s = a;.

From the definition of b, we get:

| 1
81 < 8y t
T
81 fSm
— 1\_\_\. —
T TL
11 ]
— < b,
T

Since we know that the harmonic series Z:T diverges, which means that

A=y Z% also diverges, the 3.7.7 Comparison test (b} states that:

3 by diverges as well.
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(f) The alternating harmonic series, given by

o0 _] n+1 1 l l _] n+1
i W S B o Vo

™ Z n 1 23 + n

=1

1s convergent.
The reader should compare this senes with the harmonic series in (b), which is

divergent. Thus, the subtraction of some of the terins in (7) is essential if this series is to
converge. Since we have

_(1 1) (1 1)+ 1 1)
w=\172)"\37 3 \mT1 )

1t is clear that the “even” subsequence (s,,) 1s increasing. Similarly, the “odd” subsequence
(.12n+]) 1s decreasing since

Li(ll_(ll) (1 1)
=77 2 73 475) 7 T \an T 1)

Since 0 < 5,, < 5,, +1/(2n+ 1) =5,,,, <1, both of these subsequences are bounded
below by 0 and above by 1. Therefore they are both convergent and to the same value. Thus

the sequence (s,) of partial sums converges, proving that the alternating harmonic series
(7) converges. (It is far from obvious that the limit of this series is equal to In 2.) O
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\JF/)/ (Theorem 8.4)Assume that a, < b, foreachn = 1,2,.... Then we have:

lim infa, < lim infb, and lim supa, < lim supb,.
n—c0 n—o0 n—0 h—0

Proof: If lim inf,» b, = +o0, there is nothing to prove it. So, we may assume that
lim infyew bn < 400, That is, lim inf,.c b, = —c0 or b, where b is finite.

For the case, lim inf,. b, = —o0, it means that the sequence {a,} is not bounded
below. So, {b,} is also not bounded below. Hence, we also have lim infy. an = —.

For the case, lim infy-.. b, = b, where b is finite. We consider three cases as follows.

(1) if lim inf,. @, = —o0, then there is nothing to prove it.

(i) if lim infy-w a» = a, where a is finite. Given £ > 0, then there exists a positive
integer N such thatas n > N

a—-¢e2 <a, < b, <b+¢&

which implies that a < b since ¢ is arbitrary.

(iii) if lim infy- an = +co, then by Theorem 8.3 (a) and (c), we know that
limp-w an = +oo which implies that lim,.. b, = +00. Also, by Theorem 8.3 (c), we have
lim inf,-w b, = 40 which is absurb.

So, by above results, we have proved that lim infy.wa, < lim infyew bp.

Similarly, we have lim supp-wan < lim SUP - bn.

8.4 1f each ay > 0, prove that

P Aptl < lim i 1/n . 1,’n< : Apsl
ng mf—an _}ng inf(ay,) Si]_g sup(an) _LLrpo sup —z-.

Proof: By Theorem 8.3 (a), it suffices to show that

NPy PSR T 1/n . Un < s
lim inf =4 < lim inf(a,) ™ and lim sup(a.) ™ < lim sup

An+l
An '

an

We first prove

An+l
dy

: 1/n .
< Iim
le sup(a,.) !:l—mo sup
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which implies that
c<a+b
since ¢ is arbitrary. So,

lim sup(anbn) < (nm sup a,,) lim supb,,).

Remark: (1) The equality may NOT hold. For example,
anp = 1/nifnisodd and a, = 1 if nis even.
and
b, = 1ifnisodd and b, = 1/nif nis even.

(2) The reader should noted that the finitely many terms does NOT change the relation
of order. The fact is based on the process of the proof.

(3) The reader should be noted that if letting 4, = loga, and B, = logb,, then by (a)
and logx is an increasing function on (0,+), we have proved (b).

8.3 Prove that Theorem 8.3 and 8.4.
K}; (Theorem 8.3) Let {a,} be a sequence of real numbers. Then we have:

(a) lim infpawan < lim SUPpacw n.

Proof: If lim sup,.oan = +o0, then it is clear. We may assume that
lim sup-oan < +00. Hence, {a,} is bounded above. We consider two cases: (i)
lim sup,-oa, = a, where a is finite and (ii) lim sup,.wa, = —.

For case (i), if lim inf,.e a, = —o0, then there is nothing to prove it. We may assume
that lim inf,-w a, = a', where d’ is finite. By definition of limit superior and limit inferior,
given ¢ > 0, there exists a positive integer N such that as » > N, we have

a-—¢e2 <an<a+éel

which implies that a' < a since ¢ is arbitrary.

For case (ii), since lim sup,.«a, = —0, we have {a,} is not bounded below. If
lim inf,.wa, = —oo, then there is nothing to prove it. We may assume that
lim infpwan = a', where @' is finite. By definition of limit inferior, given & > 0, there
exists a positive integer N such that as » > N, we have

a —¢l2 < a,

which contradicts that {a,} is not bounded below.

So, from above results, we have proved it.

(b) The sequence converges if and only if, lim sup,-«~a» and lim inf,-« a, are both
finite and equal, in which case limy.w @, = lim infp.wa, = lim SUp-ew an.

Proof: (=)Given {a,} a convergent sequence with limit a. So, given € > 0, there
exists a positive integer N such that as » > N, we have
a-g<ap<a+e.
By definition of limit superior and limit inferior, a = lim infyae an = lim sSup - an.
(<)By definition of limit superior, given € > 0, there exists a positive integer N such
that as » > N, we have
an<a+e

and by definition of limit superior, given € > 0, there exists a positive integer N, such that
asn > N,, we have
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Remark: In order to show the series D _ sin + diverges, we consider Cauchy Criterion

as follows.
rin() < (k) )

and givenx € R, forn = 0,1,2,..., we have

|sinnx| < nsinx]|.
So,

| : 1 : |
sin5 = sm(n+ 1 ) +...+s1n(n+n )
for all n. Hence, Y sin + diverges.

Note: There are many methods to show the divergence of the series Y sin+. We can
use Cauchy Condensation Theorem to prove it. Besides, by (11), it also owrks.
(9) O-Stolz’s Theorem.
Proof: Let S, = Z};l jL and X, = logn. Then by O-Stolz’s Theorem, it is easy to see
limS, = oo,

(10) Since ITj_, 1 + - diverges, the series ) | 1/k diverges by Theorem 8.52.

B i OB G el skl ol w of e ST () 4
'Za’nbn
D an o B ek Y el o )i ol e (i)
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((@ . (2) Suppose that a, € R, and the series Z:ll a? converges. Prove that the series

b n
anl “r. converges absolutely.

Proof: By 4. P.> G.P., we have
az + "—12
2
which implies that % converges absolutely.

> |41

Remark: We metion that there is another proof by using Cauchy-Schwarz inequality.
the difference of two proofs is that one considers a,, and another considers the partial
sums Sy.

Proof: By Cauchy-Schwarz inequality,
n 2 n n
an |
() =(Za)(Z#)
k=1 =1 =1
which implies that Z::l 4. converges absolutely.

Double sequences and series

8.28 Investigate the existence of the two iterated limits and the double limit of the
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0_6// (1 1) Lemma: If {a,} is a decreasing sequence and Y, a, converges. Then

limpaa nan = 0.

Proof: Since a, - 0 and {a.,} is a decreasing sequence, we conclude that a, > 0.
Since Y an converges, given £ > 0, there exists a positive integer N such that as n > N,
we have

an+. . +an < &2 forallk e N
which implies that
(k+ Dapi < &/2 since a, .
Let &k = n, then as n > N, we have
(n+1)az, < &2
which implies thatas n > N
2(n+ 1)ay, < €
which implies that

lim2nas, = 0 since lima, = 0. *
=00 n—+w
Similarly, we can show that
L1_g_3(2n + l)a’zm.[ = 0. *k

So, by (*) adn (**), we have proved that lim,.. #na, = 0.
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I 1
Y, = L=t o ——lOgn
2 n

¢ ¢y — W ;e 59 Euler's constant ,lgjf Cul guld ey jLazs
.y =0.577215665---
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One elegant way to show that the sequence converges is to show that it's both decreasing and
bounded below.

It's decreasing because u,, — u, 1 = % —logn +log(n — 1) = % +log(1 — %) < 0 for all n.
(The inequality is valid because log(1 — z) is a concave function, hence lies beneath the line —x
that is tangent to its graph at 0; plugging in =z = % vields log(1 — %) = — % J)

It's bounded below because
T n+1

1, > f ? = log(n + 1) > logn,
B 1 ;

and so up > 0 for all n. (The inequality is valid because the sum is a left-hand endpoint Riemann
. . 1 . .
sum for the integral, and the function $ is decreasing.)
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Suppose that f is positive, decreasing, and locally integrable on [1, oc], and let

n n
ay = flk)— ] flx)dx.

(a) Show that {ay} is nonincreasing and nonnegative, and

0< lim a, < f(1).
n—00
(b) Deduce from(a) that
v — 1 . 1 1 1 !
y = Jim (145 430+ 5 —oen)
exists, and 0 < y < 1. (y is Euler’s constant; y == 0.577.)

https://www.youtube.com/watch?v=E9z1mCpjRCo

https://www.youtube.com/watch?v=JL6C6Gj1QMo



https://www.youtube.com/watch?v=E9z1mCpjRCo
https://www.youtube.com/watch?v=JL6C6Gj1QMo

