Definition
Let f be a function in two variables x
and vy, then the differential of T,

denoted by (df ) Is defined by
(o)

df =(f,)dx+(f,)dy

or



Exact Equations

A first order DE on the form
M (X, y)dx+ N(x,y)dy=0
is said to be exact if there is a function f(X,Y) satisfies:

df =M (X, y)dx+ N(X, y)dy

Thatis  f (x,y)=M(x,y), f,(x,y)=N(xY)
hence  f(x,y)=[M(x y)dx
or  Fxy)=[N(xy)dy

then the solution of this DE is given implicitly by f(X,y)=c



Theorem

oM ON .
Suppose M, N, — and o are continuous on an open

oy
region A in the xy~plane.Then, the differential equation
M (X, y)dx+ N(X, y)dy =0
Is exact if and only if

M = N , for all (x,y)InR
oy  OX




Example 1

The DE (x® +5y)dx+ (y® +5x)dy =0

is exact, since M(x,y)=x*+5y, N(x,y) =y’ +5x
oM o ON _.
and 7, =

While, the DE (x*+ y?)dx+ (3y+x)dy =0
IS NOt exact, because
M (X, y) =X +y*,N(X,y) =3y +X

and @:Zy#_-a_l\l:l
oy OX



Example 2

Solve the differential equation

(ycos X+ 2xe”)dx + (sin X+ x*e¥ —1)dy =0

Here
M (X, y) = ycosx+2xe¥, N(X,y) =sin x+x°e’ —1

hence
— y _ 1
M, (x,y) =cosx+2xe’ = N,(Xx,y) = D.E. isexact

Thus
f(Xx,y) :II\/I (X, y)dx = I(ycosx+ 2xey)dx

= ysin X+ x°e’ +g(y)



But

% =N = a%(ysin X+ x°e¥ + g(y))zsin X+ x°e’ —1

= sinX+Xx°y+g'(y) =sinx+ x°e¥ -1

= g'(y)=-1

= g(y)=-y+¢

Therefore, f(X,Yy)=ysinx+x°e’ —y+c,

hence the solution is given implicitly by
ysinx+x%e’ —y+c¢, =c

or .
ysin X+ x’e’ —y =k



Example 3

Solve the following differential equation.

dy+x+4y:O & (x+4y)dx+(4x—-y)dy =0
dx 4x-y

Here we have
M(X,y)=x+4y, N(X,y)=4x—-y

hence M, (X, y)=4=N,(x,y) = the D.E.isexact
(Also, itishomogeneous D.E.)

Thus, the solution is given by f(x,y)=c where

f.(X,y)=M(xy), f,(x,y)=N(xY)

Hence 1
f (% y) = [M(x,y)dx = [ (x+4y)dx = Ex2 +4xy +g(y)



But
of o (1
— =N= | =x°+4xy + = 4X —
o 8y[2 Xy g(y)j y
= 4x+g'(y)=4x—-y
= g'(y)=-y

=g(y)=—-31y’+gc

Hence f (X, y)z%x2 +4xy—% y2 +C,

It follows that the general solution is given by

1,2 12,0 =
7x +4Xy 2y +G, =C

3 1,2 _1.2_
7x +4Xy ?y =K



Example 4
Solve the IVP
@L+Inx+2)dx=A-Inx)dy, y(@)=2
First, put the DE on the form
@L+Inx+2)dx-+(Inx—1)dy =0

Hence

M =(+Inx+3), N =(Inx-1)
=M, =1 =N, =theDEisExact

—>thereis a function f (X, y) such that
fyv =M and fy =N



Therefore
f(X,Y) =j|\| dy =j(|nx—1)dy
=yInx—y+ h(x)

But f. =M = Y 1 h'(x) =1+Inx+2

X X
= h'(x) =1+Inx

= h(x) = [ L+ In x)dx
= XInX+c,
= f(X,y)=yInx—-y+xInx+c,
thus, the general solution is givenby
yinx—y+xlnx =Kk
Since y1)=2=k=-2
—thesolutionof the ivp is: yInx—y+xInx+2=0



Example 5

Solve the differential equation.

(2x—ﬂ+6x2y)dx+(2x3 2 _)dy=0.
Here we have ‘/_
2 3_ X
M =2Xx—_/y +6x<y, N =2X 2\/_
_ 2 2__1
:>I\/Iy_ T+6x N, =6X N the DEI1s Exact

—the solutionis f(X,y)=c,where f isa function satisfies
fy =M and fy=N.

Hence

f(x,Y) :JM (X, y) dx :J(Zx— Y +6x2Y)dX = X2 =Xy +2X° Y+ G(Y) corrrrnn (1),



Also, we have

f(xy) = [N(x.y)dy =[ (2¢° —iy)dy = 2%y = xfy +h(x)

2y

Comparing (1) and (2), we find that
f(Xy) =X =Xy +2x3y +¢,,

Hence, the solution is given by
f(Xy) =X =Xy +2x°y +¢, =c,,
or
x> —xy +2x%y =Kk,

Where k = C, —C,.



Integrating Factors

Sometimes, it is possible to convert a non-exact DE to an exact
equation by multiplying it by a suitable function (X, y)

(the function p Is called an integrating factor) :

Consider a non-exact D.E. M (X, y)dx+ N(X,y)dy =0

1
Case 1: If N(My —N,) = f(x), that is it does not depend on y.

f (x)dx
Then ,U(X)Iej 7 :

1
Case 2: If M(Nx —M,) =49(Yy), that is it does not depend on Xx.

Then wu(y) = ejg(y)dy.



Example 6
The following DE is not exact

(Bxy + y2)dx + (x* + xy)dy =0
Here, M =3xy+y® +1, N = X° + xy

=> M, =3x+2y, N, =2Xx+y

1 X+Yy 1
— —\M_,—N )= =— = f(x), (free of
(M, =N, ey x OO y)
. J‘de
= 1.F.is u(x)=e’* =x

Multiplying both sides of the DE by u(x) = x, it becomes
(3X°Y + xy2)dx + (x° + x°y)dy =0
Which is exact DE.



Example 7

The following DE is not exact
6xydx + (4y +9x*)dy =0
Here, M =6xy, N =4y + 9x°
—> M, =6x, N, =18x

1 12x 2 _
— (N, - M |J=——=—= . (it 1s free of x
= o N =My )= =2 =0, ( )

= 1.F.is u(y)=e"’ =y°
Multiplying the DE by u(y) it becomes
6xy dx+ (4y° +9x°y?)dy =0
Which is exact DE.



Example 8

The D.E. (3x* + y)dx+(2x*y —x)dy = 0 is not exact
Find an appropriate integrating factor and solve it.
M=3x*+y, N=2x°y-x
=M, =1 N, =4xy
:i(My B Nx)zl—(ézlxy—l) _ 2(1— 2xy)
N 2X°Y — X X(2xy —1)

— T2 1 (x)
X

I;de L1
X = X :—2

X
Multiplying the DE by u(x) it becomes
(B+-3)dx+(2y —3)dy =0
Now, M =3+%, N=2y-i=M,6 =N, =21

= 1.F.is u(x)=e



Hence the equation is exact and the general solution is f(x,y) =c,
where, f =M & fy =N
Hence

f(X,y)=j(3+xi2)dx=3x—%+g(y).

Since f, =N = 3+9'(y)=2y—5
=g(y) =Yy’ +c,

Therefore, f(X,y) =3x—<+ Vo + C,,

and thesolution is 3x—<+y? =c.



Example 9

Find the values of m & n so that the function #(x,y)=x"y"
is an integrating factor for the DE Y(x° — y)dx — (x* + xy)dy =0
Solution. Multiplying both sides by x™y" we get

(XM3y ™l My ne2y gy (xMHAyn 4 My gy — g

Now,
m,,N+2

M = Xm+3yn+1 — X y — % _ (n_l_l)xm+3yn _(n+2)xmyn+1

m+1,,n+1

N =—x"*y" —x™y™ S N = _(m+4)x™y" — (m+1)x
But the last DE is exact, because (X, Y) is an I.F., hence
m+3,,N m,n+l m+3,,N m,,n+l

& =5 2> ()XY = (n+2)x7y"™ =—(m+4)x"y" - (m+1)x"y
= (N+1)=—(m+4) and (n+2)=(m+1)
orn+m=-5and n-m=-1

=>N=-3 mM=-2

m,,n+1
y



