Separable Differential Equations
A first order ordinary differential equation
d
o =FY)
X

IS said to be Separable if it can be written in the form

% ~ p(x) q(y)
X

Or equivalently: f(x)dx=g(y)dy.
In this case the solution Is obtained by integrating both

T k=) dy



Example 1
Solve the following differential equation:
dy x*+1
dx  y?-1
Separating variables, and integrating both sides we get
(y2 —1)dy = (x2 +1)dx

j(y2 —1)dy :j'(x2 +1)dx
%y3—y:%x3+x+c

y?> -3y =X

34+ 3x+cC.



Example 2:

Solve the differential equation

dy 3x®+4x+2
dx  2(y-1)

Separating variables, then integrating both sides we obtain:

2(y —1)dy = (3x? + 4x + 2 )dx
Zj(y—l)dy = j(3X2 +4X + 2)dx
y° —2y =X’ +2Xx°+2x+C



Example 3

Solve the initial value problem:

Y COS X
:i/+3y3’ y(©) =1

Separating variables and integrating both sides, we obtain
1+3y°
y

j@+3y2jdy = jcosxdx

In|y|+y® =sinx+c
Using the initial condition we get ¢ =1, hence

dy = cos x dx

Iny+y’ =sinx+1



Example 4:

Solve the differential equation

oy XY+3X—-y-3
d_ p—
"Xy —2x+4y-8
First, let us factorize the numerator and denominator by
grouping to obtain

ay _ X(Y+3)—(y+3) _ (y+3)[x-1]
Tox(y—=2)+4(y+8)  (y—2)[x+4]
Now, separating variables, then integrating both sides we get:

y—2 _ x—1
V+3 dy X+4 dx



y—2
:>jy+3dy j—x+4dx

= y—-5In|y+3}=x-5In|x+4|+c.

Homework
Solve the DE

dy . P,
&_smx(cos(Zy) COS yj.



Example 5:

Find the equation of the curve passing through the point (2,1)
X—1

and has a slope (—)3

y+2
Solution. Since the derivative represents the slope at any point
we have the DE & — (X_—1)3
dx y+2
Separating variables, then integrating both sides we obtain:

(y +2)°dy = (x —1)°dx
j(y+2)3dy — j(x—l)sdx

(y+2)* =(x—-1)* +4C
Since the curve passing through the point (2,1)we get C=20 .

Hence the equation of the curve is

(y+2)* =(x—-1)* + 20.



Example 6

‘Solve the initial value problem

e’ %: cos(2x) +2e” sin*(x) -1, y(£)=1In2.
X

Solution. By separating variables, we obtain:

y ﬂ: cos(2x) + 2e” sin“(x) -1

dx
=e”(1—cos(2x)) — (1 — cos(2x))
=(e” —1) (1—cos(2x)),
_[ = 1dy _[ (1—cos(2x)) dx,

sm(2x)

hence

therefore In|e’ —1|=x- +c,

and using the given condition we get

sin(2x) gz

Inje’ -1|=x-—==>-Z%.




Separation by substitution

First order ordinary differential equations of the form

%: f(ax+by+c), a,b,ceR
X

can be reduced to a separable DE by the substitution:

u—ax+by+C:>d—u—a+bdy
dx dx

Example 1

Solve & = tan*(x+y).

_d
Solution: Let = x+y:> =d_

Thus we have % =14 tan’ (u):> b — sec?(u)



Which Is a separable differential equation.

Separating variables and integrating both sides we
obtain:

cos” (u)du = dx
— jcosz(u)du =jdx
— [ 4@+ cos(2u))du = | dx

— s (U+3sin(2u) = x+cC
— 2> (X+y+3sin(2(x+Yy)) = xX+cC.



Example 2
Solve the DE

Y _2=Jy-2x+3.

Solution: Let U= y—2x+3:>% =& 42
Separating variables and integrating both sides we
obtain:

du __
W—\/u
=1

— u?2du = dx

1
—> 2U? = X+C

— 2,/y —2X+3 =X+C.



Example 3

Solve the DE
dy  1-x-y dy  1-(x+y)
dx — X+y = dx — x+y

Solution: Let U=X+y=>J=_
Using these values in the DE we obtain:

du _1-u du _ 1-u
wl=7 =g =1+
= & === udu = dx
= lu*=x+cC

= 1(X+Yy)’ =x+C.



