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Proofs in Calculus

The proofs that occur in calculus are considerably different than
any of those we have seen thus far. The functions encountered in
calculus are real-valued functions defined on sets of real numbers.
That is, each function that we study in calculus is of the type

f: X — R, where X CR.

In the study of limits, we are often interested in such functions
having the property that either

(1) X = N and increasing values in the domain N result in
functional values approaching some real number L or

(2) the function is defined for all real numbers near some specified
real number a and domain values approaching a result in
functional values approaching some real number L.

We begin with (1), where X = N.
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Limits of Sequences

Definition
A sequence (of real numbers) is a real-valued function defined on
the set of natural numbers; that is, a sequence is a function

f:N—R.
If f(n) = ap, for each n € N, then
f={1,a),(2 2),(3,23)....}.

Since only the numbers ay, a», as, ... are relevant in f, this
sequence is often denoted only by aj, as, a3, ... or by {a,}.
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Limits of Sequences

Definition

The numbers a1, ap, a3, etc. are called the terms of the sequence
{an}, with a; being the first term, a, the second term, etc. Thus,
a, is the nth term of the sequence.

1
{} is the sequence 1,1/2,1/3,..;
n

n .
() e sence /5275377

In these two examples, the nth term of a sequence is given and,
from this, we can easily find the first few terms and, in fact, any
particular term. On the other hand, finding the nth term of a
sequence whose first few terms are given can be challenging.
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Limits of Sequences

For example, the nth term of the sequence

111
27476
is 1/2n; the nth term of the sequence
1 1 1
142, 14+, 14, -
—|—2, +4, +8,

is 1+ 1/2"; the nth term of the sequence
315 3 7

527117 7 17
is (n+1)/(3n — 1); the nth term of the sequence
1, -1, 1, -1, 1, -1

g ee e

is (—1)™*L; while the nth term of the sequence 1,4,9,16,--- is n?.
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Limits of Sequences

1 . .
For the sequence {} the larger the integer n, the closer 1/n is
n

n
to 0; and for the sequence < ——— », the larger the integer n, the
2n+1

closer n/(2n+ 1) is to 1/2. On the other hand, for the sequence
{n?}, as the integer n become larger, n> becomes increasingly
large and does not approach any real number.
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Limits of Sequences

For some sequences {a,}, there is a real number L (or at least
there appears to be a real number L) such that the larger the
integer n becomes, the closer a, is to L.

Definition

A sequence {a,} of real numbers is said to converge to the real
number L if for every real number ¢ > 0, there exists a positive
integer N such that if nis an integer with n > N, then |a, — L| < e.

The number € is a measure of how close the terms a,, are required
to be to the number L and N indicates a position in the sequence
beyond which the required condition is satisfied.
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Limits of Sequences

Definition

If a sequence {a,} converges to L, then {a,} is a convergent
sequence and L is referred to as the limit of {a,} and we write
lim a, = L.
n—o0
If a sequence does not converge, it is said to diverge.

Consequently, if a sequence {a,} diverges, then there is no real
number L such that lim a, = L.
n—o00
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Limits of Sequences

For a real number x, the ceiling [x] of x is the smallest integer
greater than or equal to x.

18/3] = 3, {fz] =2,[~1.6] = —1 and [5] =5.

Example 1

|

Result The sequence {—} converges to 0.
n

Proof Let e > 0. Choose N = [1/€] and let n be any integer

1 1
such that n > N. Thus, n > 1/e and so ;_0 =_-<e O
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Limits of Sequences

Example 2

|

Result The sequence {3 T —2} converges to 3.
n

Proof Let e > 0. Choose N = { 2/e-| and let n be any integer
1

such that n > N. Thus, n > \/2/e and n®> > 2/¢. So 2 < % and

— <€ Therefore,

(0+3)-4-
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Limits of Sequences

Example 3

=]
—

Result The sequence {m} converges to 5"

Proof Let e > 0 be given. Choose N = [1/4¢| and let n > N.
1 1 1 1
Thenn>—>——_—andso4n>=—2and 4n+2 > 1/e.

4e 4de 2 €
Hence, i < €. Thus
n 1 _ 2n—2n—1 - 1 _ 1 < -
on+1 2| | 20@n+1) | | ant2| an+2°°

v
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Limits of Sequences

Example 4

Result  The sequence {(—1)""'} is divergent.

Proof Assume, to the contrary, that the sequence {(—1)""'}

converges. Then lim (—1)""! = L for some real number L. Let
n—o0

€ = 1. Then there exists a positive integer N such that if n > N,
then |(—1)”+1 — L| < e=1. Let k be an odd integer such that
k > N. Then

‘(—1)’<+1 - L‘ —l-L=|L-1<1.

Therefore, —1 < L —1 < 1and 0 < L < 2. Next, let £ be an even
integer such that £ > N. Then

‘(—1)“1—4 =|-1-L=|L+1=1+L <1

So—-1<L+1<1and -2 < L <0. Therefore, L <0 < L, which
is a contradiction. OJ

v
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Limits of Sequences

A sequence {a,} may diverge because as n becomes larger, a,
becomes larger and eventually exceeds any given real number. If a
sequence has this property, then {a,} is said to diverge to infinity.

Definition

More formally, a sequence {a,} diverges to infinity, written

lim a, = oo, if for every positive number M, there exists a
n—o0

positive integer N such that if n is an integer such that n > N,
then a, > M.
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Limits of Sequences

The sequence {(—1)"*1}, although divergent, does not diverge to
infinity. However, the sequence {n2 + %} does diverge to infinity.

Example 5

|

Result lim (n2 + —) = 0.
n

n—oo

Proof Let M be a positive number. Choose N = [\/ I\/I-| and let
n be any integer such that n > N. Hence, n > vM and so
1
n? > M. Thus n® + = > n*> > M. O
n

’
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Infinite Series

Definition
An important concept in calculus involving sequences is infinite
series. For real numbers a1, as, a3, ..., we write

Zak=a1+a2+a3+~-
k=1

to denote an infinite series (often simply called a series).

For example,

1 1
Speltptgte
k=1

and
vk 123
=2k2+1 3 9 19

are infinite series.
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Infinite Series

Definition
The numbers a1, ap, a3, . . . are called the terms of the series

oo
Zak:31+32+33+"'-
k=1

The notation certainly seems to suggest that we are adding the
terms asg, ap, as, . ... But what does it mean to add infinitely many
numbers? A meaning must be given to this.
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Infinite Series

Definition

For this reason, we construct a sequence {s,}, called the sequence
of partial sums of the series. Here s; = a1, s = a; + a»,
S3 = a1 + a» + a3 and, in general, for n € N,

n
Sn = a1-|-az-|--~-+an=Zak-
k=1

<

Because s, is determined by adding a finite number of terms, there
is no confusion in understanding the terms of the sequence {s,}.
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Infinite Series

Definition
If the sequence {s,} converges, say to the number L, then the
o

o0

series Z ay is said to converge to L and we write Z ax = L.

This number L is called the sum of Zak.
k=1

oo
If {s} diverges, then Z ay is said to diverge.
k=1

Mathematical Proofs: A Transition to Advanced Mathematics Chartrand, Polimeni, Zhang



Infinite Series

We consider an example of a convergent series.

Result to Prove

o
The infinite series Z p converges to 1.
k=1

(k+1)
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Infinite Series

Lemma

For every positive integer n,

1 1 1 1 n
m=12%2373.47 tamrl) A+l
Proof. We proceed by induction. For n = 1, we have
11
TT1 2T 141
and the result holds. Assume that
1 1 1 1 k
*=12T23 32 T ks Tkt

where k is a positive integer. We show that
Skil= s+ttt : e
17127237 3.4 (k+1)(k+2) k+2
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Infinite Series

Proof (continued)
Observe that

1 1 1 1 1
sk“:[1-2+2-3+3-4+"'+k(k+1)]+(k+1)(k+2)
& 1  k(k42)+1
Tkl kT DG+ R+ Dk+2)
k% +2k +1 (k+1)?*  k+1

o (k+1)(k+2)  (k+1)(k+2) k+2

By the Principle of Mathematical Induction,

n
n+1

Shp =

for every positive integer n.
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Infinite Series

Lemma
. n
lim =1

n—oo n-+1 o
Proof. Let ¢ > 0 be given. Choose N = [1/¢] and let n > N.
1 1 1
Thenn>->-—-1.Son>—-—1. Thus, n+1> — and
€

€ € €
< €. Hence,
n+1
n -1 1
— — = . D
n+1 ’ n—l—l‘ n—|—1<6
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Infinite Series

We are now prepared to give a proof of the result.

Example 6

oo
1
Result The infinite series E ———— converges to 1.
— k(k+1)

Proof.  The nth term of the sequence {s,} of partial sums of the
(o9}
. 1 .
series kE_l m IS

SN NI S S
"T1.2723"73.4 n(n+1)
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Infinite Series

Example 6 (continued)

By the first lemma,

P U P S
"T1.2 2.3 3.4 n(n+1) n+1
n
and so s, = PR By the second lemma,
lim ——1
n—oo n4+1
> 1
Since n||—>nc1>o sp, = 1, it follows that kz_:l m =1. ]

Mathematical Proofs: A Transition to Advanced Mathematics Chartrand, Polimeni, Zhang



Infinite Series

Definition

o0

. 1. . . .
The series E % is a famous series, called the harmonic series.
k=1

Example 7

(0.0}
1
Result The harmonic series Z P diverges.
k=1

o
1
Proof. Assume, to the contrary, that Z P converges, say to

k=1
n

. 1
the number L. For each positive integer n, let s, = Z —. Hence,
k=1

the sequence {s,} of partial sums converges to L.
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Infinite Series

Example 7 (continued)

Therefore, for each € > 0, there exists a positive integer N such
that if n > N, then |s, — L| < €. Let's consider ¢ = 1/4 and let n
be an integer with n > N. Then

1< L<1
g = 4

, . 1
Since 2n > N, it is also the case that |y, — L| < 7 and so

1< L<1
—— < S — —.
4 7 4
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Infinite Series

Example 7 (continued)
Observe that

aF 1 aF 1 = + L > s, + L -I-l
Sop = S, —t—— 44+ — > 5 n|—|)=s —.
2n " n+1 n+2 2n " 2n "

Hence,

1 1 1 1 1 1
Z>S2n_L>S”+§_L:(S"_L)+§>_Z+§=Z’

which is impossible. O
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Limits of Functions

Definition

Let f be a real-valued function defined on a set X of real numbers
and let a € R such that f is defined in some deleted neighborhood
of a.

A number L is the limit of a function f(x) as x approaches a,
written lim f(x) = L, if for every real number € > 0, there exists a
X—a

real number § > 0 such that for every real number x with
0 < |x — a| < 4, it follows that |f(x) — L| < €. This implies that if
0 < |x — a| < 4§, then certainly f(x) is defined.
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Limits of Functions

If there exists a number L such that lim f(x) = L, then we say
X—a

that the limit lim f(x) exists and is equal to L; otherwise, this
X—a

limit does not exist.

Thus, to show that Ii_r)na f(x) = L, it is necessary to specify € > 0
first and then show )t(he existence of a real number § > 0.
Ordinarily, the smaller the value of ¢, the smaller the value of §.
However, we must be certain that the number § selected satisfies
the requirement regardless of how small (or large) € may be.

Even though our choice of § depends on ¢, it should not depend on
which real number x with 0 < [x — a| < ¢ is being considered.
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Limits of Functions

Result lim (3x —7) =5.
x—4

Proof. Let € > 0 be given. Choose § = ¢/3. Let x € R such that
0<|x—4|<d=¢/3. Then

|(3x—7)—5| = [3x— 12| = |3(x—4)| = 3|x—4| < 3(¢/3) =¢. [

<
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Limits of Functions

Example 9

. 4x2 —9Q
Result |im
x—>% x—3

=6.

Proof. Let e > 0 be given and choose § = ¢/2. Let x € R such
that 0 < [x —3/2| < d =¢/2. So 2|x —3/2| < e and [2x — 3| < e.
Hence, |(2x + 3) — 6] < €. Since 2x — 3 # 0, it follows that

—6| <e

(2x +3)(2x — 3)
‘ 2x —3
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Limits of Functions

Example 10

Result lim x*>=0.
x—3

Proof. Let € > 0 be given and choose 6 = min(1,¢/7). Let

x € R such that 0 < |x — 3| < 0 = min(1,¢/7). Since |x — 3| <1,
it follows that —1 < x—3 < 1landso 5 < x+3 < 7. In particular,
|x + 3| < 7. Because |x — 3| < ¢/7, it follows that

x> =9 = |x=3|x+3|<|x=3]-7<(e/T)-T=¢. [
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Limits of Functions

Example 11
Result lim (x° —2x* —3x —7) =3.
X—2

Proof. Let € > 0 be given and choose § = min(1,¢/170). Let
x € R such that 0 < [x — 2| < 6 = min(1,€/170). Since
|x — 2| <1, it follows that 1 < x < 3 and so

Ix* 4+ 2x3 4+ 2x% 4+ 4x + 5] < |[x*| + |2x3| + |2x?| + |4x| + |5] < 170.
Since |x — 2| < €/170, we have
I(x® —2x* —3x —7) = 3| = |x® — 2x® — 3x — 10|

=|x =2 |x* +2x> + 2x* + 4x + 5|
< (€/170) - 170 = e. O

4
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Limits of Functions

Example 12

2

xc—1

Result lim =
x—1 2x —1

0.

Proof. Let € > 0 be given and choose 6 = min(1/4,2¢/9). Let
x € R such that 0 < |x — 1| < d. Since § < 1/4, it follows that
|x —1] < 1/4 and so 3/4 < x < 5/4. Hence,

Ix+ 1] <5/4+1=9/4 Also, [2x — 1| >2(2) —1=1/2 and so
1

— <2
2x—1] °
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Limits of Functions

Example 12 (continued)

Therefore,
x+1] 9

L =-c 5
2x—1] " 4 2
Since |x — 1| < 6 < 2¢/9, it follows that

x2 -1 ’_

x> =1  |x+1|
2x —1

- ~1l<
1| ¥ Y

2¢
9

-gze. Ol
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Limits of Functions

Example 13

|

Result lim — does not exist.
x—0 X

. 1
Proof. Assume, to the contrary, that I|m0 — exists. Then there
x—0 X

exists a real number L such that )I(i_)mo )—1< = L. Lete=1. Then
there exists 6 > 0 such that if x is a real number for which

0 < |x| <9, then % — L| < e =1. Choose an integer n such that
n>[1/6] > 1. Since n > 1/4, it follows that 0 < 1/n < §. We
consider two cases. )
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Limits of Functions

Example 13 (continued)

Casel. L<0. Letx=1/n. So0 < |x| <d. Since —L >0, it
follows that

1
‘__L‘:|n—L|:n—L2n>1:e,
X

which is a contradiction.

Case2. L>0. Let x=—1/n. So, 0 < |x| <. Thus,

1
——L‘:]—n—L|:\—(n+L)\:n+L>n>1:e,
X
producing a contradiction in this case as well. Ol
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Fundamental Properties of Limits of Functions

If lim f(x) =L and IiLn g(x) = M, then
X—a

X—a

lim (f(x)+ g(x)) =L+ M.

X—a

Proof. Let e > 0. Since €/2 > 0, there exists ; > 0 such that if
0 < |x — a| < 01, then |f(x) — L| < €/2. Also, there exists d> > 0
such that if 0 < |x — a| < d2, then |g(x) — M| < €/2. Choose

d = min(d1,02) and let x € R such that 0 < |[x — a| < 4. Since

0 < |x —a| <4, it follows that both 0 < |x — a|] < 471 and

0 < |x — a| < d2. Therefore,

|(F(x) + &(x)) = (L + M)| = [(f(x) = L) + (g(x) = M)]

< |f(x) = L[ + lg(x) = M|
<ef2+ef2=¢ O
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Fundamental Properties of Limits of Functions

If lim f(x)=Land lim g(x) = M, then
X—a

X—a

lim f(x)-g(x)=LM.

x—a )
If ,!Ta f(x)=1Land )I(lna g(x) = M # 0, then
lim f—x) = i
x—a g(x) M

v
Theorem

Let n € N and let f(x) = x" for all x € R. Then for each a € R,

H LN
)I(TQ f(x)=a".

A
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Fundamental Properties of Limits of Functions

Let f1,f,- -, f, be functions (n € N) such that
xp, b =L

for 1 <i<n. Then

lim () + 600 + -+ () = L + Lo + -+ Ly,

lim(x®* —2x3 —3x —7)=2°-2.23-3.2-7=3.

x—2
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Continuity

Definition
Let f : X — R be a function, where X C R, and let a bea real
number such that f is defined in some deleted neighborhood of a.

If f is defined at a, then f is said to continuous at a if
Iil;n f(x) = f(a).
X a

Therefore, a function f is continuous at a if for every € > 0, there
exists 0 > 0 such that if [x — a|] <, then |f(x) — f(a)| < e.
(Notice that in this instance, 0 < |x — a| < 0 is being replaced by
|x —a| < d.) Thus, for f to be continuous at a, three conditions
must be satisfied:

(1) f is defined at a;

(2) )I(ina f(x) exists;

(3) lim £(x) = f(a).
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Continuity

Example 14
A function f is defined by

Fix) = x2—1

for all x € R—{—1,1}. Is f continuous at 1 under any of the

following circumstances?
(a) f is not defined at 1;
(b) £(1)=0;

(c) f(1)=-1/27

x2 —3x+2

Chartrand, Polimeni, Zhang
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Continuity

Example 14 (continued)
Solution.  For f to be continuous at 1, the function f must be
defined at 1. So, we can answer question (a) immediately. The
answer is no. In order to answer questions (b) and (c), we must
first determine whether Iim1 f(x) exists. Observe that

X—

X2 —3x+2 (x—1)(x—2) x-2
x2-1  (x=1)(x+1) x+1

f(x) =

since x # 1.
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Continuity

Example 14 (continued)

X —2

Because f(x) = T is a rational function, it follows that

X

’ x—2 limy51(x—=2) -1

m = = — = ——,
x=1x+1  limys1(x + 1) 2 2

Hence, if (1) = —1/2, then f is continuous at 1. Therefore, the
answer to question (b) is no and the answer to (c) is yes. ¢

v
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Continuity

Example 15
Result The function f defined by

() = V&

for x > 0 is continuous at 4.

Proof. Let € > 0 be given and choose 6 = min(1,3¢). Let x € R
such that [x — 4| < 0. Since |x — 4| < 1, it follows that 3 < x <5
and so /x + 2 > 3. Therefore, 1/(1/x +2) < 1/3. Hence,

_ | =2)(Vx+2)| _ Ix—4 1.,
lVx—2| = Jx+2 —\/)—<+2<§(36)—6. O
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Differentiability

Definition

A function f : X — R, where X C R, that is defined in a
neighborhood of a real number a is said to be differentiable at a
f(x) — f(a)
if lim ————=
X—a X —

at a and is denoted by f’(a). Therefore,

exists. This limit is called the derivative of f

f'(a) = lim M.

X—a X — a
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Differentiability

Example 16

Show that the function f defined by f(x) = 1/x2 for x # 0 is
differentiable at 1 and determine f'(1).
Solution. Thus, we need to show that
1
- 11
lim flx) - (1) = lim X~
x—1 x—1 x—=1 x—1

exists. In a deleted neighborhood of 1,

L-1 ¢ 1 (1-x)(+x) lix

x2 . x?
x—1 x—-1 x*(x—1)  x®(x—-1)  x2
Since 2X is a rational function, we see that
—X
i 1+x  limys1(1+x) 2 5
| = = —= —
x—=1 —x2 IimX_>1(—x2) —1
and so /(1) = —2. ¢
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Differentiability

An € — § proof of the previous example:

Example 17

Result Let f be the function defined by f(x) = 1/x? for x # 0.
Then (1) = —2.

Proof. Let € > 0 be given and choose 6 = min(1/2,¢/16). Let
x € R such that 0 < |x — 1| < 4. Since |x — 1] < 1/2, it follows
that 1/2 < x < 3/2. Thus, x> > 1/4 and so 1/x? < 4. Also,
|2x + 1] < 4. Since |x — 1| < €/16, it follows that

1

f(x)—f(1) 21 14 x
2 ) (—2)| = |2 —(=2)| = |- 2
x—1 (=2) x—1 (=2) X2
2x%2 —x — 1|  [2x +1|
_ > — k1
<4.4.° 0
4. — =€
16
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Differentiability

Theorem
If a function f is differentiable at a, then f is continuous at a.

Proof. Since f is differentiable at a, it follows that

. f(x)—f(a)

lim ———~

X—a X — a

that f is continuous at a, we need to show that IiLn f(x) = f(a).
X—a

We write f(x) as

exists and equals the real number f/(a). To show

f(x) — f(a)
f(x) = — f(a).
() ==~ 5) + f(a)
Now, using properties of limits, we have

lim f(x) = [Iim flx) = Fa )] lim (x — a) + lim f(a)

X—a X—a X — a X—a X—a

= f'(a) - 0+ f(a) = f(a). O
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The converse of this theorem is not true. For example, the
functions f and g defined by f(x) = |x| and g(x) = ¥/x are
continuous at 0 but neither is differentiable at 0.
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