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Proofs Involving Divisibility of Integers

Divisibility of Integers

For integers a and b with a # 0, a is said to divide b (written
a| b) if b= ac for some integer c.

If a does not divide b, then we write a1 b.

7] 21 since 21 = 7(3) and 6 | (—30) since —30 = 6(—5).

4 1 42 since there is no integer ¢ such that 42 = 4c.

If a| b, then a is a divisor of b and b is a multiple of a.
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Proofs Involving Divisibility of Integers

Example 1

Result Let a, b and ¢ be integers with a# 0and b#0. If a| b
and b | ¢, then a | c.

Proof. Assume that a| b and b|c. Then b= ax and ¢ = by,
where x,y € Z. Therefore,

¢ = by = (ax)y = a(xy).

Since xy is an integer, a | c. O
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Proofs Involving Divisibility of Integers

Example 2

Result Let x € Z. If 2| (x? — 1), then 4 | (x> — 1).

Proof. Assume that 2 | (x> —1). So x> — 1 = 2y for some
integer y. Thus, x> =2y + 1 is an odd integer. It follows that x
too is odd. Hence, x =2z + 1 for some integer z. Then

=1 = @zl =1 =il g 1) =1
422 + 4z = 4(2° + 2).

Since z2 + z is an integer, 4 | (x* — 1). O
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Proofs Involving Divisibility of Integers

Example 3

Result Let n€ Z. If 51 (n?>+4), then 5{ (n—1)and 5 (n+1).
Proof. Assume that5|(n—1)or5|(n+1). We consider these
two cases.

Case 1. 5| (n—1). Then n—1 = 5a for some integer a. So,
n = 5a+ 1. Hence,

nPir4 = (5a+1)2+4:(2532+103+1)—|—4
= 5(5a% +2a+1).

Since 5a® + 2a+ 1 € Z, it follows that 5 | (n? + 4).
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Proofs Involving Divisibility of Integers

Example 3 (continued)

Case2. 5| (n+1). Then n+ 1 =5b, where b € Z, and so
n=5b— 1. Hence,

P +4 = (5b—1)2+4=(25b>—-10b+1)+4
= 5(5b°> —2b+1).

Since 56> — 2b+ 1 € Z, it follows that 5 | (n? + 4). O
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Proofs Involving Divisibility of Integers

Even and Odd Integers

If nis an even integer, then n = 2q for some integer gq.
If nis an odd integer, then n = 2q + 1 for some integer q.

It follows that if n is divided by 2, then the only possible
remainders are 0 and 1.
By the same reasoning, every integer n can be expressed as

n=3g,n=3g+1orn=3g+2
or as

n=4q,n=4qg+1,n=4qg+ 2 or n = 4q + 3 for some integer q.
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Proofs Involving Divisibility of Integers

Example 4

Result Let x,y € Z. Then 3 | xy if and only if 3| x or 3| y.
Proof. First, we show that if 3| x or 3| y, then 3| xy. Assume
that 3 | x or 3| y. Without loss of generality, we may assume that
3 divides x. Then x = 3z for some integer z. Hence,

xy = (32)y = 3(zy).

Since zy is an integer, 3 | xy.

Next, we use a proof by contrapositive to verify the converse.
Assume that 31 x and 3t y. Then either x=3p+1orx=3p+2
for some integer p and y =3g + 1 or y = 3qg + 2 for some integer
g. There are four cases.
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Proofs Involving Divisibility of Integers

Example 4 (continued)

Casel. x=3p+1andy =3q+1, where p,g € Z. Then

xy = (Bp+1)(Bg+1)=9pg+3p+3¢g+1
= 3B8pg+p+q)+1.
Since 3pg + p + g is an integer, 3 1 xy.

The proofs of the remaining cases are similar to the proof of
Case 1 and are therefore omitted.

Case2. x=3p+1andy =3q+2, where p,q € Z.
Case3. x=3p+2andy =3q+1, where p,q € Z.

Case 4. x=3p+2 andy =3q+2, where p,q € Z. O
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Proofs Involving Congruence of Integers

Congruence of Integers

For integers a, b and n > 2, a is said to be congruent to b
modulo n, written

a=b (mod n)
if n| (a—b).

17 =2 (mod 3), 17 =2 (mod 5) and 14 # 4 (mod 6).
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Proofs Involving Congruence of Integers

Example 5

Result Let a,b,c,d,n € Z where n > 2. If a= b (mod n) and
¢ =d (mod n), then a+ c=b+d (mod n).

Proof. Assume that a= b (mod n) and ¢ = d (mod n). Then

a—b=nxand c—d=ny

for some integers x and y.
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Proofs Involving Congruence of Integers

Example 5 (continued)

Adding these two equations, we obtain
(a—b)+(c—d)=nx+ny

and so
(a+c)—(b+d)=n(x+y).

Since x + y is an integer,
n|[(a+c)—(b+d).

Hence, a+ c= b+ d (mod n). O
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Proofs Involving Congruence of Integers

Example 6
Result Let a,b,c,d,n € Z where n > 2.

If a= b (mod n) and ¢ = d (mod n), then ac = bd (mod n).

Proof. Assume that a= b (mod n) and ¢ = d (mod n). Then
a—b=nxand c —d = ny, where x,y € Z. Thus,

a=b+ nxand c =d+ ny.
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Proofs Involving Congruence of Integers

Example 6 (continued)

Multiplying these two equations, we obtain

ac = (b+ nx)(d+ ny) = bd + dnx + bny + n’xy
= bd + n(dx + by + nxy)

and so ac — bd = n(dx + by + nxy). Since dx + by + nxy is an
integer, ac = bd (mod n). O

v
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Proofs Involving Real Numbers

Some Basic Facts about Real Numbers

a’> >0 for acR.
a" > 0 for a € R and every positive even integer n.
If a < 0, then 3" < 0 for every positive odd integer n.
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Proofs Involving Real Numbers

Example 7

Result Let x,y € R. If xy =0, then x =0o0or y = 0.
Proof. Assume that xy = 0. We consider two cases, according to
whether x = 0 or x # 0.

Casel. x=0. Then we have the desired conclusion.

Case 2. x # 0. Multiplying xy = 0 by the number 1/x, we obtain

Since

it follows that y = 0. Ol
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Proofs Involving Real Numbers

Example 8

Result Let xe R. If x3 —7x2+3x —21 =0, then x = 7.
Proof. Observe that

X3 —Tx*+3x—21=x*(x—7)+3(x—7) =0
and so (x? + 3)(x — 7) = 0. Therefore,

x—7=0o0rx2+3=0.

Since x> +3 # 0, it follows that x — 7 =0 and so x = 7. O
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Proofs Involving Sets

Set Operations

Recall: For sets A and B contained in some universal set U,
the intersection of A and B is

ANB={x : xe€ Aand x € B},
the union of A and B is

AUB={x : xe Aor x € B},
the difference of A and B is

A-B={x : xeAand x ¢ B}

and the complement of A is
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Proofs Involving Sets

Example 9

Result For every two sets A and B,
A—B=ANB.

Proof. First, we show that A— B C ANB. Let x€ A— B. Then

x € Aand x ¢ B. Since x ¢ B, it follows that x € B. Therefore,

x€Aand xe B;soxe AN B. Hence, A— BC AN B.

Next, we show that ANBCA—B. Let yc ANB. Theny € A

and y € B. Since y € B, we see that y ¢ B. Now, because y € A

and y ¢ B, we conclude that y € A— B. Thus, ANB C A— B.
L]

v
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Proofs Involving Sets

Example 10

Result Let A and B be sets. Then AUB = A if and only if B C A.
Proof. First, we show that if AU B = A, then B C A. We use a
proof by contrapositive. Assume that B is not a subset of A. Then
there must be some element x € B such that x ¢ A. Since x € B,
it follows that x € AU B. However, since x ¢ A, we have

AU B # A.

Next, we verify the converse, namely, if B C A, then AU B = A.
We use a direct proof here. Assume that B C A. To verify that
AUB = A, we show that AC AUB and AUB C A. The set
inclusion A C AU B is immediate (if x € A, then x € AU B). It
remains only to show then that AUB C A. Let y € AU B. Thus,
y€AoryeB. If ye A, then we already have the desired result.
If y € B, then since B C A, it follows that y € A. Thus,

AUB CA. O

v
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Proofs Involving Sets

Example 11

Result For sets A, B and C,

Ax (BUC)=(AxB)U(Ax C).

Proof. We first show that Ax (BUC) C (Ax B)U(A x C).
Let (x,y) e Ax (BUC). Then x€ Aand y € BUC. Thus,

y € Bory € C, say the former. Then (x,y) € A x B and so
(x,y) € (Ax B)U (A x C). Consequently,
Ax(BUC)C (Ax B)U(Ax C).

Next, we show that (Ax B)U(Ax C) CAx (BUC). Let

(x,y) € (Ax B)U(Ax C). Then (x,y) € Ax B or

(x,y) € Ax C, say the former. Then x e Aand y e BC BUC.
Hence, (x,y) € A x (BU C), implying that
(AXxB)U(AxC)CAx(BUC). O

4
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