Ch 4: The Continuous-Time Fourier Transform

Fourier Transform of x(t) —> X (Jjw) = _[x(t)e‘j“"dt

—00

1 % : :
Inverse Fourier Transform ——> X (t) = J- X (joe'*do
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Continuous-time aperiodic signals

Example 4.1

Consider the signal x (t) =e 2u(t), a>0

Find its Fourier transform.

X (jo) = Tx(t)e‘j“’tdt

—(a+jo)t |®

€
—(a+ jo)t

1
, atjo

=[eut)e ' dt = [e “dt =
—o0 0

a—jo
a’+ o’

X (Jo)l=

1
a+jo

B a’ N o’ _ 1
(a2 + w2)2 (a2 + 0)2)2 va’ + o’
ZX (ja))ztanl( 2 A ij—tanl(gj

a’+w® a‘+w a

Ghulam Muhammad, King Saud University



Example 4.2

x(t)=e, for a>0

X(t
(1 €= Time-domain

frequency-domain

t 4

The Fourier transform of the signal is: X(jw)

X (jo) = [ x(t)e"dt = [ e~Mle " dt

0 00
= I ee 1dt + J' e e 't
—00 0

ala-jo) 0 o-@riont |”

(a-jo)|,

1 1 a+ jo+a— jow

T o + S 2, 2
—jo a+jo a“+w

_ 2a
a’+w

+—
—(a+ jo)|,
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Example 4.4

=it T Xt
1o, JtpT,
_Tl Tl t
Ty _ “jot T, | |
X (JCO) - jl'e_Jwtdt :e ; Z—L[G_Jwﬂ _eJWT1:|
-T; _Ja) T, Ja)
= il:eja)Tl _e—ij1:| _2jsin(@l,) _ 2sin(al,) X(jw)
jo » X .
/\\// W/\\/\
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Example 4.5

X (j ) {1, | w |[<W
)=
0, |o>W Complete by yourself.

Draw the signals.

W .
X(0) == [ 1e7d = 2D
27 3, st
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(a)

X (jo) = j x(t)e dt = j e 2Dy (t —1)e ' dt

Problem 4.1

Use the Fourier transform analysis equation to calculate the Fourier transforms of

(@) e Pu(t-1)

(b) &

o0 o0

T=t-1

—00

= I e?u(r)e " dr=e I e >u(r)e ' dr

0 e—(2+jw)r
:e—ije—(2+jw)rdT _g e :
0 _(2+ Ja)) 0
e
2+ jo

(b)

X(jo)= [ x(t)e""dt = [ e Yo dt

—00

:J‘ g 2lg-iot )y _ oo J‘ N P

—00 —00

0 0
=g 1? j e e l"dr + e““’je‘” e lordr

—00 0
o (2= i) o (2t jo)r
=" T @+ o)
—o0 0
Qe 1o
4+
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Problem 4.2

Use the Fourier transform analysis equation to calculate the
Fourier transform of

(a) St +1)+5(t -1

o0

X (Jow)= J X (t)e '“dt Some useful Fourier transform:
- @) =00)
::[0[5(t+1)+5(t ~ D “dt X (jo) =1

X () =0t +1)

= [ 8t +e i dt + [ 5t -1k Idt S X (jo)=ei®
—0 —0 @)=

—e-j0l-D) | g-jo®) _gio | g-io X (t) = S(t —1)
:2x(ejw+zew =2C0Sw =X (jo)=e7”
| X () @) |=2]cos(w)

Ghulam Muhammad, King Saud University 7



Problem 4.2

d
(b) E{u (—2-t)+u(t -2)}

X (jo) = Tg—t{u (-2-t)+u(t —2)}e'“dt

—00

= j—a(—z—t)e-l'wtdt + j S(t —2)e 1 “dt

X (jo)=-e%2+e7®
=|1-|—|2 p2io _g-2jo
: :_2”( 2) j
|, = | —6(-2-te'“dt, Let r=-2-t,d7r=—dt
1 j ( E g g =-2j sin(2w)

—00

. | o | X (jo)=2]sin(2a)|
= [ -o(xe! P (-dr)=—e*° [ S(xl'"dr =<

l, = [ ot -2 "dt ="
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Fourier Transform for Periodic Signals
X (Jo)= i a, 270 (w—K w,)

x(t)=> ae’™
k =—o0

Example 4.6 ™

S N I 1 1 Y

]
—27 1' -7, T, I 2T t
2

sin(k a,T ;)
The Fourier series coefficients of the above periodic signal: N Tk

X (joy=3 22 3MKAN) 50, v y= 23'”(kk”0T1) 50—k a,)
k =—o0 k =—o0

T
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Example 4.6 - continued

Using T = 4T,

r
F

X{]w)
T
Fr‘*.
L]
I b
y 1
J k|
21 v 2
; L
f L
r L
r L
r L
r L
1 h -
f 1 . . iy —
g

- = '.-r 1‘
1 "'\-“. "‘l Lq",
-h-\_!r"lll o b l
%
u -
- -
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Example 4.7

X (t) =sin(a,t)

X (t) = Sln(a)ot) = Zie J at _i-e—ja)ot

2
: : .. 1 1

Fourier series coefficients: & = E’a_l = _Z’ak =0 for |k [#1

Find Fourier transform: X(jw).
. X(jo) |
X (jo) = Zak 276 (0 —K w,) ] /]
P
:2—7_[5(@—@0)—;—7_[5(&)4-0)0) "(Do g @
=L S(w-w)-Z5(w+a,) /]

Do for x(t) = cos(w,t)
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Example 4.8

x(t)=kZ St —kT) - )
. 3
Impulse train with 1 A A T 4
a period of T. | h 'l |
! L.-———L‘—'" B
= == ——':*Z—T"'—:T o T

The Fourier series coefficients for this signal are:

T1/2

1 - 1 - 1
a, =—|[xt)e *dt == | Stk **dt = —e®
, TTJ (t) = | sk =

T /2

Therefore, the Fourier transform is:

X (Jo)= i 27zak5(a)—ka)o)=3_—7Z i o(w—Kw,)

k =—0

~ S S(0-2Ek)

T k =—o0 Ghulam Muhammad, King Saud University
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Example 4.8 - contd.

X(jo) = 2n/T
A A A A A A 4
6n/T  -4n/T 20T 0  27r/T=w, 61/T = 3w, ®
Art/T =20,
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Problem 4.3

Determine the Fourier transform of each of the following
periodic signals.

: T T
(a) SIn| 2zt +— (b) 1+cos| 6zt +—
4 8
Solution:
(a)
. T . . . T 27
X (t) =S|n(27rt +—j; comparing with x (t) =sin (a)ot +—j, and T ===
4 4 0,
w, =2m;T =1
j (ot +7/4) —Jj (ot +7/4) / )
X(t):ej —e! o e
2)
a,= 0, for
a, a, all other k
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Problem 4.3-contd.

The Fourier transform of the periodic signal

X (jo)= Y a 215(0—kmy) = =& 1™5(w-27) - Ze 175 (w+27)
j j

K =—o0

(b)

e j (67t +7/8) +e —j(6xt+7/8)

X (t) = 1+cos(67zt ﬂ e’ +

=67
j (O)t 3, j 6t h — 67t
a, 5 a, All othera, =0

1
X (Jw)= Z a, 276 (w—K w,)
k =—c0

=278 (w) + e "5 (w —67) + 7 V%5 (w + 677)
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Problem 4.4

Use the Fourier synthesis equations to determine the Fourier transform of

(@) X,(jo)=2715(0)+75(0—bx) + 75 (0 +47) (2, 0<o<2
(b) X, (jo)=1-2, 2<w<0
| 0, | |>0
Solution:
. Xl(t):zij[2775(@)+7z5(a)—47z)+7r5(a)+47z)]ej“’tda)
T

_ j&(a))ej“"daﬁ% [ 5(0)—472)ej“’tda)+% [ S(@+ark"do

oo Lot 1 jun
2 2
=1+ cos(4xt)
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Solution:

(b)

Problem 4.4 - contd.

1 2 jot 0 j ot
XZ(t):the da)+_j2—2e dow

B 1 eJa)t 2 eja)t 0 ) 1 " 1 l i
e —ﬂ—jt[(e -)-(1-e"?)]

i 0 -2 |
| G R R L B (LR |
L 7t

N (alt _a-it _
= 4 - =_—43in2(t)

Tt 2] ) 7t

Ghulam Muhammad, King Saud University
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4.3 Properties of Cont. Time Fourier Trans.
Linearity

X)X (jo) ™

Time shifting

3 I
X(t—t,)ee X (jo) X(t)—g_[ox (jo)e'“do

Proof: — ¥ (t _to) :i J‘ X (J a))ejw(t—to)d w
2 7

—

If a signal is time-shifted,
the magnitude of the
Fourier transform does
not change; only there is _
a phase-shift in the = 3J(x(t -t,)) =X (jw)
Fourier transform. -

=Xt —ty)=e 1 == [ X (jok"do
21 7
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Example 49
tx(t)

15 By shifting 2.5

=

1 2 3 4 ; 1.5 -05 05 15

~

| X, (t) t X,(t)
1.5
1___ + 1
1 | |
-1.5 -05 05 1.5 t= -1.5 05 05 15

X(t) = %2 x4(t - 2.5) + x,(t - 2.5)
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Example 4.9 - contd.

From Example 4.4 and the signals of the previous slide, we get:

2sin(w/ 2) 2sin(3w/ 2)

X (Jo)= and X,(Jw)=

By linearity and time shifting properties:

X (j0) =5 3, ~25)}+ 3, -2}

:%e—Z.Sjwo« Xl(t)}+e—2.5jwc~ Xz(t)}

1e 25i0 2SIN(@ 1 2) L2500 2sin(3w/ 2)

2 0, 0,
_ g 2500 (sin(w/ 2)+2sin(3w/ 2))
a
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Conjugation and Conjugate Symmetry -1

If X ()X (jo) then X *{)<>X *(—j )

If x(t) is real, x(t) = x*(t), hence X *(jw)=X (—jw)

Alm

?X(j(”) = Re{X(jw) +j Im{X(jw)} \

[Re{X(jo) +j Im{X(jo)}]*
= Re{X(-jw)} +j Im{X(-jo)}

Re

® X*(jo) = Re{X(joo) - ] Im{X(jeo)}

Ghulam Muhammad, King Saud University
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Conjugation and Conjugate Symmetry -2

For real x(t):

Re{X (Jw)}=Re{X (-jw)} ——> Evenfunction of w
Im{X (Jw)}=—-1m{X (-] @)} > 0dd function of

In polar form:

IX (jo)HX (-jo)] ——> Even function of ®
ZX (Jw)=-4X (-] ) |:> Odd function of ®

For real and even x(t):

x(t) X (jo)
Even{x (t )}<i> Re{X (jw)}
Oda{x (t)}<> j IM{X (j )}
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Example 4.10

Evaluate Fourier transform of x(t) = e@!tl fora >0

Example 4.1:

X()=eu(t), a>0 [ etult)o

a+ jw

X (t) =e " —e Ty (t)+eu(~t) = 2{e_at“ (t);eat“ (‘t)} _ 2Even{e “u(t)}
*

f
t>0 t<O0

t x(t)=e,
e u(t) isreal; from symmetric property,

for a>0

&

2Even{e *u (t )}i) 2Re{e u(t)} /
1 a—jow

:>X(ja))=2Re{ _ }:ZRe{2 2}
a+jow a‘+w

t

_ 2a
a’+ w’

Ghulam Muhammad, King Saud University
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Differentiation and Integration

K== [X(joR™do  —> xO)SX (jo)

Differentiating both sides w.r.t. time t

dx (t) _ 1 d
dt 27 dt

e . - 1 % Cood o
X e do=—"|X —e'“d
__[O (Jw) 0, 27[__[0 (ja))dt 0,

:%_ij (ja))jweiwtda)zij(ij (jw))e'“dw

—0o0

dxdt(t)éij (jo)

Similarly, T X (7)d ﬂijix (jow)+7X (0)0(w)
@

—0o0
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Example 4.11 L

Determine the Fourier transform of the unit step function.

X(t)=u(t) =X (jo)="?

t
du , l 3(t)

v

d—t=5(t); For unit impulse,g (t) =5(t) =G (j w) =1
A t ;
Now, /1 o)
X(t)=__t[o5(f)dfz>x (ja))zgﬁ)@+(w)
®

= X (ja)):_i+7r5(a))
jo

Also, we observe that

~

3 0
5(t)=d—u<—>ja){_i+7z5(a))}:l+7r ' w) =1
dt Jw
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Time and Frequency Scaling

I X (1) > X (jo)

Where ais real and

Then x(at)<i> Ly (Ja)) NONZEro
a

a|

Proof:
3{x (at)} = j X (at )e 1 “dt
Let, T = at, and we get two cases:

i) When a > 0:

] = _ f —jorla
r—at >dr-adt >dt = dr ”‘{X(at)}—[ox(f)e (L/a)dz
a -

Att =—o0,7=—00; at t =00, 7= =E]§x(r)e“”’a)fdrzix (J_a)j
a - a a

R
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Time and Frequency Scaling - contd.

i) When a > 0:

r=at =>dr=adt = dt =Edf

Att =—o0,7=00; at t =00,7 =—0

Therefore,

3{x (at)} =

In particular,

X ()X (—] @)

a _

Reversing a signal in time reverses its
Fourier transform also.

Ghulam Muhammad, King Saud University

IH{x (at)}= Tx (r)e1"?(1/a)dz

1
a

=2 [x(r)e g r = 23X
a —0

27
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a
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Duality

%401
| )
| T -,
- T T, t
*a(t) Ko}
1
L3 3: i | \
—W W F
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Example 4.13

What is the Fourier transform, G(jo) of g(t) =2 / (1 + t?)?

2a

2

From example 4.2: xt)=e M a>0 =X (jo)=
a’+o’°

_ . 2
Fora=1, x(t)=e™ =X (jo)= 5
1+ o

x(t):i]gx (jok ' dw [> 2 et = T(li

Interchanging tand m, and then substituting tby —¢,

27e 1 = j(ﬁje”’tdt :_O_[ (H(Z_t)z]ej“’t (—dt) -

—Qo0

G(jw)=27e"

Ghulam Muhammad, King Saud University
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Convolution

For an LTI 3
system: y (@) =h{)*x({t)oY (Jo)=X (jo)H (] »)

A convolution in time domain implies a multiplication in Fourier domain.

Example 4.15
An impulse response of an LTI system: h(t)=0(t —t,)

The frequency response of the system: H (jow) = I S(t —to)e_j”tdt N

The Fourier transform of the output: Y (j®) =H (jo)X (jo)=e '™ X (j o)

This is consistent with the time shifting property.

. . y(t)=x(-t,)
Y (jo)= [y (e dt = [ x (t —t,)e '“dt

—00

Slide 18

o0

=e-1wtojx(f)e-iwtdfze-wox (j )

s Ghulam Muhammad, King Saud University 30



Examples 4.16, 4.17

X(t) — LTI System — Y(t)

dx (t)

Differentiator

y(t)=

dt
From differential property,
Y (Jo)=]oX (Jo)
This implies that
H(Jo)=]o

1

Frequency response of a differentiator.

Ghulam Muhammad, King Saud University

t
y(t)= I X(z)dz | Integrator

—00

The impulse response of the system is a
unit step, u(t).
ha):uaﬁzkijy:juﬁk‘mﬂt

From example 4.11

H (ja))=_i+7r5(w)
o
Y (jo)=H (jo)X (jo)
:(_i+7r5(a))jx (jw)
Jw
L X (jo)+ @)X (jo)
Jo

=1 X (jo)+ w(@)X (0)
Ja) 31



Example 4.19

Find the response, y(t) of an LTI system, if X (t)=eu(t), h(t)=e™u(t); a>0,b >0

H(jo)=[e™u(t)e'“dt = [e e Idt = [e “"I"dt = L
b 9 0 a+ Jo
. R —bt —jot 1
X(Jw):je ut)e “dt = ——
7 b+]w
: : : 1 1
Y(JCO)=H(J@)X(J&))=£ : )( : j
a+jo )\b+jo
( 1 )L 1 ] A B 1
= + Ab+Ba=1; A+B=O:>A=b—=—B

atjo/\b+jo) a+jo b+jo -a
=>1=Ab+jw)+B(@+jw) / Y (joo) = 1 11
—=1=Ab+Ba+jw(A+B) b-ala+jo b+jow

Ghulam Muhammad, King Saud University 32



~

e Mut)e>———— and e™u(t)

a+jo b+jw

This implies, y(t):ﬁ(e—at _e—bt)u(t)’ b -2

Ifb=a Y(ja)):( 1 ][ 1 ]: L
’ at+jo)\b+jo) (a+jo)

Example 4.19 - contd.

j > y(@t)=teu(t), a=b

s ( du dvj
V-——U-—— _ _
= d_(u_jz dx _dx)_ d( 1 )_(@+je)0)-maG))
g dx \v v? dola+jo (a+ja))2
d 1 1
:>Jd ( i ]: — =Y (jo)
o\a+jo) (a+jo
— 3 ;
< T _ 5 1
X (t —X teut)) <«
% Oely, ()= 1 u) Jda)(a+ja)
|_
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Some Important Cont.-Time Relationship

Unit Impulse: o(t) Unit Impulse Response: h(t)

Continuous
. - > .
Tpiics 540 Time LTI System Output: y(t)

Time Domain

Unit Impulse: 1 Frequency Response: H(jm)

Continuous
Time LTI System

Input: X(jm) » Output: Y(jo)

Frequency Domain
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TABLE 4.1 PROPERTIES OF FOURIER TRANSFORM

Property

Linearity

Time Shifting
Frequency Shifting
Conjugation

Time Reversal
Time and Frequency Scaling

Convolution

Multiplication

Differentiation

Integration
Differentiation in Frequency

Conjugate Symmetry for Real
Signals

Real and Even Signals
Real and Odd Signals

Even-Odd Decomposition of
Real Signals

Aperiodic Signal

x(t) X(jw)
y(t) Y(jw)
ax(t) + by(t) aX(jw) + bY (jw)
x(t — tp) e J@tX (jw)
el @ty () X((w — wop))
x*(t) X'(—jw)
x(—t) X(—jw)
x(at) iX <]_a)>
|al a
x(t) xy(t) X(jw)Y(jw)
x(D)y(t) 1 fw X(jO) Y(j(w—0))do
2m J
dx(t) joX(jw)
dt
t
f () dt jin(jw) + X (0)8(w)
cd
tx(6) j 7= X ()

X(jw) = X*(~jw)
Re{X(jw)} = Re{X (—jw)}
x(8) real ImiX (jw)} = —Im{X(—jw)}
X ()| = 1X(—jw)|
WX (jw) = —<xX(—jw)

x(t) real and even X(jw) real and even

x(t) real and odd X(jw) purely imaginary and odd
xXe(t) = Ev{x(t)}, x(t) real Re{X(jw)}
X0 (t) = 0d{x(t)}, x(t) real JIm{X(jw)}
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TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS

Selected

1, <1y 2 sin (wT4)
-5 iin _
1

o(t)

1
jo tTO@

e “tu(t), Re{a} >0 L :
a+jw
te " u(t), Re{a} >0 L
(a+ jw)?
tn—l o 0 1
-1 e “u(t),Re{a} > @+ o)
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